Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  Hbrary  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http  :  //books  .  google  .  com/| 


► 


1 


?  ■» 


/ 


( 


QA 


PLANE 


TEIGONOMETKY. 


m 


•> 


HonDon:  C.  J.  CLAY  and  SONS, 

CAMBRIDGE   UNIVERSITY  PRESS  WAREHOUSE, 

AYE  MARIA  LANE, 
eiasgots:  263,  ABOTLE  STREET. 


I.(i9>ts:    F.  A.  BEOOKHAUS. 
^cfD  ISorft:   MACMILLAN  ANP  00. 


PLANE 

TEIGONOMETEY 


i'<f  C  6  0 


■>-f.^.; 


J^O' 


BY 


S.  LrLONEY,   M.A. 

LATB  FBLLOW  OF  SIDNEY   SUSSEX   COLLEOB,    OAMBBIDOE, 
PB0FE8S0B  AT  THE   BOTAL  HOLLOWAT  COLLEGE. 


SECOND  EDITION,  REVISED  AND  ENLARGED. 


CAMBRIDGE : 
AT    THE    UNIVERSITY    PRESS. 

1895 

[All  Rights  reserved,] 


CambnDge: 

PRINTED  BY  J.    &  C.   F.  OLAT, 
AT  THE  UNTVBB8ITT  PBBB8. 


IP 

N 

\ 


PREFACE. 

rilHE  following  work  will,  I  hope,  be  found  to  be  a 
fairly  complete  elementary  text-book  on  Plane  Trigo- 
nometry, suitable  for  Schools  and  the  Pass  and  Junior 
Honour  classes  of  Universities.  In  the  higher  portion  of 
the  book  I  have  endeavoured  to  present  to  the  student, 
as  simply  as  possible,  the  modern  treatment  of  complex 
quantities,  and  I  hope  it  will  be  found  that  he  will  have 
little  to  unlearn  when  he  commences  to  read  treatises  of 
a  more  difficult  character. 

As  Trigonometry  consists  largely  of  formulae  and  the 
applications  thereof,  I  have  prefixed  a  list  of  the  principal 
formulae  which  the  student  should  commit  to  memory. 
These  more  important  formulae  are  distinguished  in  the 
text  by  the  use  of  thick  type.  Other  formulae  are  sub- 
sidiary and  of  less  importance. 

The  number  of  examples  is  very  large.  A  selection 
only  should  be  solved  by  the  student  on  a  first  reading. 
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VI  PREFACE. 

On  a  first  reading  also  the  articles  marked  with  an 
asterisk  should  be  omitted. 

Considerable  attention  has  been  paid  to  the  printing 
of  the  book  and  I  am  under  great  obligation  to  the 
Syndics  of  the  Press  for  their  liberality  in  this  matter, 
and  to  the  officers  and  workmen  of  the  Press  for  the 
trouble  they  have  taken. 

I  am  indebted  to  Mr  W.  J.  Dobbs,  B.A.,  late  Scholar 
of  St  John's  College,  for  his  kindness  in  reading  and 
correcting  the  proof-sheets  and  for  many  valuable  sug- 
gestions. 

For  any  corrections  and  suggestions  for  improvement 
I  shall  be  thankful. 


S.  L.  LONEY. 


BOYAL  HOLLOWAY  COLLEOE, 
EOHAM,  SUBBBT. 

September  12,  1893. 


PREFACE  TO  THE  SECOND  EDITION. 

The  Second  Edition  has  been  carefully  revised,  ancj  it 
is  hoped  that  few  serious  mistakes  remain  either  in  the 
text  or  the  answers. 

Some  changes  have  been  made  in  the  chapters  on 
logarithms  and  logarithmic  tables,  and  an  additional 
chapter  has  been  added  on  Projections. 

.  Apnl  26,  1896. 
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THE  PRINCIPAL  FORMULA  IN 
TRIGONOMETRY. 

FABT  I. 

I.  Circumference  of  a  circle  =2irr.  (Art.  12.) 
7r  =  314159...     Approximatioiis  are-=-  and  yys    •    (Art.  13.) 

A  Radian  =  57**  17'  44-8"  nearly.  (Art.  16.)- 

Two  right  angles  =  180"  =  200«  =  ir  radians.  (Art.  19.) 

Arc 

Angle  =  — 1^—  X  Radian.  (Art.  21.) 

II.  ''sin»tf  +  co8«^  =  l; 

W^tf=l  +  taji«tf; 

\50sec*  tf  =  1  +  cot»  6.  (Art.  27. ) 

in.                           sin  O'*  =  0 ;  cos  0'  -  1.  (Art.  36.) 

sin  30**  =  ^ ;  cos  30**  =  ^ .  (Art.  34.) 

sin  45'  =  cos  45^*  =  4o .  (Art  33.) 

sin  60^*  =  ^;  cos  60"  =  i .  (Art.  35.) 

sin  90"  =  1 ;  cos  90"  =  0.  (Art.  37.) 

sin  18'  =  '^^Y^\  cos  36"  =  "J^^ .       (Arts.  120,  121.) 
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IV.             8m(-tf)  =  -fim0;  oob(-0)  =  oo60.  (Art.  68.) 

sin  (90*'-tf)  =  costf;  cos  (90' - tf )  =  sin  A  (Art.  69.) 

6in(90'*  +  ^)  =  costf;  cos  (90*  +  tf)  =  -  sin  ft  (Art  70.) 

sin  (180'  -  tf)  =  sin  tf ;  cos  (180'  -  tf)  =  -  cos  ft  (Art.  72.) 

8in(180'  +  tf)  =  -sintf;  co8(180'  +  tf)« -cosft  (Art.  73.) 

y.    If  8in^  =  sino,then  tf  =  fMr  +  (-l)"a.  (Art.  82.) 

If  co6^  =  cosa,  then  e  =  2mr^a.                       \  (Art.  83.) 

If  tan  6  =  tan  a,  then  0  =  htt  +  a.                         !  (Art.  84.) 

VT.  sin  (ii  +  j9)  =  sin  ul  006  J?  +  cob  ul  sin  ^. 

cos  (A+B)  =  COB  ii  cos  ^  -  sin  il  sin  ^.  (Art.  88.) 
sin  {A^  B)  =  RiaA  cob  £  —  cob  A  sin  B. 

•  

cos(ui  — -ff)  =  cosii  ooB^  +  sinii  sin  J?.  (Art.  90.) 


smC  +  smD  =  2sm  — 5 —  cos  — -  — . 
sin  C/  —  sin  //  =  2  cos  — ^ —  ^m  — ^ —  • 
cos  C/  +  cos  2/  =  2  cos  — ^ —  <50b  — 5 — . 
cos  Z>  -r  cob  C  =  2  sin  — jr —  sin  — ^ —  •      (Art.  94.) 


2  sin  it  cos.j9  =  sin  (il  +  ^)  +  sin  (ii  -  ^). 

2  COB  ii  sin  j9  =  sin  (ii  +  j9)  -  sin  (ii  -  B). 

2  cos  A  cos  B  =  COB  {A -^  B)  +  COB  {A  -  B), 

2  sin  ii  sin  J5  =  cos  (ii  -  ^)  -  cos  (il  +  B).     (Art.  97.) 
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sin  2il  =  2  sin  il  cos  A, 

cos2il  =  co8M-sin«il  =  l-2sinM  =  2cos*il-l.    (Art.  105). 

«''^2^=TTteEM5*^24  =  j^^j;^.     (Art  109.) 

sin  3il  =  3  sin  il  -  4  sin'  A, 
cos  3-4  =  4  cos*  A  -  3. cos  -4. 

«.      3tanil— tan'il  ,.    .    -^^v 

.j1  /I— COSjI  ii  /l  +CObA        /4_t,iA\ 

'"'2=*\/ 2~''^2=*V  2 (Art.  110.) 

2  sin  "5  =  *  Vl  +  sin  il  *  Vl  -  sin  ii. 

2  cos  -^  =  *  >/l  +  sin  il  T  Vl  —  sin  -4.  (Art.  113.) 

tan (iii  +  ila  +  ...  +  iln)  =  '^''^-^''''-  .  (Art.  125.) 

X     —"   OQ   t"    O^  ^   •  •  • 

VII.  loga  mn  =  loga  m  +  log<,  w. 

l0ga^  =  l0g«W-l0g«W. 

loga  m*  =  w  log<,  w.  (Art.  136.) 

loga  m  =  logj>  w  X  loga  b.  (Art.  147.) 
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VIII.  =  — T—  = .  (Art.  163.) 


t"' 


0, 


[ 


A 


a 

COS  A  ■ 

6           c     • 
"       26c       '••• 

A 

n»-h)(s-c) 

COS 


(Art.  164.) 
(Art.  165.) 

i  -  ^/^ <^  •»«■) 

2     

BinA  =  r-j8{8-a)(8-b){S'-c),,..  (Art.  169.) 

a  =  &cos(7  +  coos^, (Art.  170.) 

A.     B—C     b^c     ^A  /A   -    -int  \ 


S  ==  tja  (s  -  a)  {s  -  b)  {$  —  c)  =  ^  be  sin  A=-^ca  sin-5=^  a6  sin  C. 

(Art  198.) 

^  =  0-^=0-^=  o-^  =  ft-     (Arts.  200,  201.) 
2sin^      2  sin ^     2  sin  (7      4)S^       ^  ' 

r  =  -  =  («-a)tan -=...  =  ...     (Arts.  202,  203.) 

8  Ii 

O  J 

rj  =— ^  =  « tan -s  .  (Arts.  205,  206.) 

8  ^  a  a 


Area  of  a  quadrilateral  inscribable  in  a  circle 

=  J(8-a){8-b){8-c){8-d).  (Art.  2 1 9.) 

sin  0 

-rT-  =  1,  when  0  is  very  small.  (Art.  228.) 

Area  of  a  circle  =  m^.  (Art.  233.) 
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J.      /A      Dv      tan  J  +  tan  ^ 
*^<^-^-^>  =  l-tan^tanif 

tan(^-i?)=.,*^/-*^-^„.         (Art.  98.) 
^  '     1+taniltan^  ^  ' 

sin  2il  =  2  sin  A  cos  A. 

cos 2il  =  cos*il  -sinM  ==  1  - 2 sinM  =  2 cos'il  - 1.    (Art.  105). 

sin  2A  ^P^ ;  cos  24  =  ]^^^,  .     (Art.  109.) 
l+tanM'  l+tan»il       ^  ' 

sin  34  =  3  sin  il  -  4  sin'  A, 
cos  3-4  =  4  cos*  A  -  3. cos  A. 

ten  34  =  3tan^-tan'^  ^^^ 

1-3  tan*  A  ^ 

.A  /I -cos  4  4  /1+C084        /A-i.nA\ 

«"^2=*V  2— ^'''''2=*V  — 2 (Art.  110.) 

2  sin  "5  =  *  Vl  +  sin  4  *  n/1  -  sin  4. 

2cos-^=AVl+sin4ap  Vl  -  sin  4.  (Art.  113.) 

tan (4i  +  4,  +  ...  +  4n)  =  ^^"^»^^»^-  .  (Art.  125.) 

VII.  loga  mn  =  log<,  w  +  log^  w. 

l0ga^  =  l0gaW-l0gaW. 

loga  m*  =  n  loga  w.  (Art.  136.) 

logo  ^  =  l^gft  ^  ^  l<>ga  ^'  (Art.  147.) 
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a  0  c  ^ 

cosA= — 5T- — >•••  (Art.  164. 


A 

1  Cc:  h  '  ^ 


f.S.^-^rin^  =  ^^'-^n'-*^> (Art  162 

«»^=v^^ <^-^««- 

tan^=    /(fZ*Hl£i) (Art.  167. 

2    . 

sin A  =  r-j8(8-a)(8-b)(8-c),,.,  (Art.  169. 

a  =  6cos  (7  +  coo8^, (Art.  170. 

J.     B—G     6  — c    ^A  /  A  _A  i*Tt 

tan  — jr — =  ^ cot  jr  y (Art.  171. 


S  =  ,J8  (s  -  a)  («  -  6)  («  -  c)  =  ^besiaA^^ca  8in^= ^  aft  sin  C. 

(Art  198. 

^  =  T-^=o-^=o-^  =  S-     (ArtB.  200,  201. 
2  sin  ii      2  sin  ^     2  sin  (7      4^5^       ^ 

S  A 

r  =  -  =  («-a)tan^=. ..  =  ...     (Arts.  202,  203. 

8  A 

S  A 

r,  =  — —  =  « tan  -s  .  (Arts.  205,  206. 

s-a  2  ^ 

Area  of  a  quadrilateral  inscribable  in  a  circle 

=  J  {8 -a)  {8 -b) {8- c)  {8 -d).  (Art.  2 1 9. 

sin  0 

—J—  =  1,  when  0  is  very  small.  (Art.  228. 

Area  of  a  circle  =  irr^,  (Art.  233. 
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XVII.  x^  -  2a^'J^  cos  nO  +  a^ 

='~£r  {a?  -  Sooj  cos  (e  +  ^^  +  dA      (Art.  115.) 

—-—1 

aj*-l  =  (flr~l)     n     (a5*-2a5C08 +l),(»ieven) 

r=i    \  n         J 

aod  =(a;-l)    U    (a5*-2a5C0S  —  +  1 ) ,  (w  odd). 

r=i    \  n        J 

(Art.  119.) 


2      /                   2r  + 1  \ 

a;*  +  1  =     n     ( as?  -  2a;  cos tt  +  1 ) ,  (w  even) 

r=:0     \  w  /  =  ^ 


r=:0 

••-  2    /  ^     ^  2r+l 


2    /  2r  + 1  \ 

and  =  (a;  +  1)    IT    ( a*  -  2a;  cos tt  +  1 ) ,  (n  odd). 

r=o    N  n  / 

(Art.  120.) 

sin^  =  (?(l~J)(l-^)(l-3^) adinf.    (Art.  122.) 

cos(^=(l-^(l.^)(l-^) adinf.     (Art.  123.) 
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CHAPTER  I. 

MEASUBEMENT  OF  ANGLES,  SEXAQESIBIAL,  CENTESIMAL, 

AND  CIRCULAR  MEASURE. 

,  1.  In  geometry  angles  are  measured  in  terms  of  a 
right  angle.  This,  however,  is  an  inconvenient  unit  of 
measurement  on  account  of  its  size. 

2.  In  the  Sezageiimal  system  of  measurement  a 
right  angle  is  divided  into  90  equal  parts  called  Degreei. 
Each  degree  is  divided  into  60  equal  parts  called 
Minutei,  and  each  minute  into  60  equal  parts  called 
Seconds. 

The  symbols  V,  1',  and  1"  are  used  to  denote  a  degree; 
a  minute,  and  a  second  respectively. 

Thus  60  Seconds  (60'0  make  One  Minute  (1'), 
60  Minutes  (60')      „        „    Degree  (1°), 
and  90  Degrees  (90°)     „        „    Right  Angle. 

This  system  is  well  established  and  is  always  used  in 
the  practical  applications  of  Trigonometry.  It  is  not 
however  very  convenient  on  account  of  the  multipliers  60 
and  90. 
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3.  On  this  account  another  system  of  measurement 
called    the    Centesimal,  or    French,  system   has  been 
proposed.    In  this  system  the  right  angle  is  divided  into  \  l 
100  equal  parts,  called  Grades ;  each  grade  is  subdivided  \^ 
into  100  Minutei,  and  each  minute  into  100  Seconds. 

The  symbols  1*^,  1\  and  1^^  are  used  to  denote  a  Grade, 
a  Minute,  and  a  Second  respectively. 

Thus  100  Seconds  (100'')  make  One  Minute  (1'), 
100  Minutes  (100')  „  „  Grade,  (1«), 
100  Grades  (100«)        „        „    Right  angle. 

4.  This  system  would  be  much  more  convenient  to 
use  than  the  ordinary  Sexagesimal  Sjrstem. 

As  a  preliminary,  however,  to  its  practical  adoption,  a 
large  number  of  tables  would  have  to  be  recalculated. 
For  this  reason  the  system  has  in  practice  never  been  used. 

6.     To  convert  Sexagesimal  into  Centesimal  Measure^ 

am,d  vice  versa. 

Since  a  right  angle  is  equal  to  90°  and  also  to  100*,  we 

have 

90°  =  100«. 

•    r  =  l^    andP  =  -?-' 

Hence,  to  change  degrees  into  grades,  add  on  one- 
ninth  ;  to  change  grades  into  degrees,  subtract  one-tenth. 

Bz.  36°=  (36+i  X 36y=40«, 

and  64»=[64-^x64y=(64-6-4)°=67-6°. 

If  the  angle  do  not  contain  an  integral  number  of 
degrees,  we  may  reduce  it  to  a  fraction  of  a  degree  and 
then  change  to  grades. 


^  / 
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In  practice  it  is  generally  found  more  convenient  to 
reduce  any  angle  to  a  fraction  of  a  right  angle.  The 
method  will  be  seen  in  the  following  examples ; 

1.    Reduce  68°  14'  51"  to  Centesimal  Measure. 

17' 
51"=^  =  -86'. 


We  have 


and 


14'5r=14'86'==^^=«a475^ 

dU 

68*2476 
68<>14'61"=68-2476°=— ^  rt  angle 

=  «70275rt  angle 

=  70-276«=70«27-5*=70»27*5(r  . 


a. 

12e(iiic«94s2d'87* 

to  Sexagesimal  Measure, 

94s  28^  87'^  =  '942887  right  angle 

90 

84*81488  degrees 

60 

48-8898  minntes 

60 

58*8880  seconds. 
/.  94«  28*  8r*= 84^48' 58-888". 

6.    Angles  of  any  siie. 

Suppose  AOA'  and  BOB'  to  be  two  fixed  lines  meetiug 
at  right  angles  in  0,  and  suppose 
a  revolving  line  OP  (turning  about 
a  fixed  point  at  0)  to  start  from 
OA  and  revolve  in  a  direction 
opposite  to  that  of  the  hands  of  a 
watch. 

For  any  position  of  the  re- 
volving line  between  OA  and  OB, 
such  as  OPi,  it  will  have  turned 
through  an  angle  AOPi,  which  is  less  than  a  right  angle. 

1—2 
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For  any  position  between  OB  and  0A\  such  as  OPj, 
the  angle  AOP^  through  which  it  has  turned  is  greater 
than  a  right  angle. 

For  any  position  OPz,  between  OA'  and  0B\  the 
angle  traced  out  is  AOPs,  i.e.  AOB  •\-  BOA'  •\-  A'OP^,  i.e. 
2  right  angles  +  A'OP^,  so  that  the  angle  described  is 
greater  than  two  right  angles. 

For  any  position  OP4,  between  OB'  and  OA,  the  angle 
turned  through  is  similarly  greater  than  three  right  angles. 

When  the  revolving  line  has  made  a  complete  revo- 
lution, so  that  it  coincides  on^e  more  with  OA,  the  angle 
through  which  it  has  turned  isH  right  angles. 

If  the  line  OP  still  continue  to  revolve,  the  angle 
through  which  it  has  turned,  when  it  is  for  the  second 
time  in  the  position  OPu  is  not  AOPi  but  4  right  angles 
•¥AOP^.  ^ 

Similarly,  when  the  revolving  line,  having  made  two 
complete  revolutions,  is  once  more  in  the  position  OP^, 
the  angle  it  has  traced  out  is3  right  angles  +  AOP^. 

7.  If  the. revolving  line  OP  be  between  OA  and  OB, 
it  is  said  ^to  be  in  the  first  quadrant ;  if  it  be  between  OB 
and  0A\  i^is  in  the  second  quadrant;  if  between  OA'  and 
OR,  it  is  in  the  third  quadrant ;  if  it  is  between  OR  and 
0-4,dt  is  in  the  fourth  quadrant. 

8.  "Sat.  What  is  the  pontion  of  the  revolving  line  when  it  hcu  turned 
through  (if  226^  (2)  480°,  and  (3)  1050°? 

(1)  Since  225°=180''-f  45^  the  revolying  line  has  tnmed  through 
45°  more  than  two  right  angles,  and  it  is  therefore  in  the  third  quadrant 
and  halfway  between  OA'  and  0B\ 

(2)  Since  480°=  360° +120°,  the  revolving  line  has  turned  through 
120°  more  than  one  complete  revolution,  and  is  therefore  in  the  second 
qnadrant,  i.e.  between  OB  and  OA',  and  makes  an  angle  of  30°  with  OB. 
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(3)  Since  1050°= 11  x  90° + 60°,  the  revolving  line  has  tamed  throagh 
60°  more  than  eleven  right  angles,  and  is  therefore  in  the  fourth 
qnadrant,  i.e.  between  OB*  and  OA^  and  makes  60°  with  OB*, 

EZAMPLBa    I. 

Express  in  terms  of  a  right  angle  the  angles 

1.    60°.  2.    Wlh',  3.    63°  17' 26". 

4.     130°  SO*.  5.    210°  SO' 80".  6.    870°  20' 48". 

Express  in  grades,  minutes,  and  seconds  the  angles 

7.     30°.  8.    81°.  9.    138°  30'.  10.    85°  47' 16". 

11.    235°  12' 86".  12.    476°  18' 48". 

Express  in  terms  of  right  angles,  and  also  in  degrees,  minntes,  and 
seconds  the  angles 

13.     120K.  14.    46«86*24*\  15.    89«46*86*\ 

16.    266»8*9".  17.    769«0^6". 

Mark  the  position  of  the  revolving  line  when  it  has  traced  ont  the 
following  angles: 

4 
18.    g  right  angle.        19.    3i  right  angles.        20.    13|  right  angles. 

21.    120°.        22.    315°.        23.    745°.        24.    1185°.         25.    160». 
26.    420k.       27.    875<. 

28.  How  many  degrees,  minutes  and  seconds  are  respectively  passed 
over  in  11^  minutes  by  the  hour  and  minute  hands  of  a  watch  ? 

29.  The  number  of  degrees  in  one  acute  angle  of  a  right-angled 
triangle  is  equal  to  the  number  of  grades  in  the  other;  express  both  the 
angles  in  degrees. 

30.  Prove  that  the  number  of  Sexagesimal  minutes  in  any  angle  is 
to  the  number  of  Centesimal  minutes  in  the  same  angle  as  27  :  60. 

31.  Divide  44°  8'  into  two  parts  such  that  the  number  of  Sexagesimal 
seconds  in  one  part  may  be  equal  to  the  number  of  Centesimal  seconds  in 
the  other  part. 

Circular  Measure. 

9.  A  third  system  of  measurement  of  angles  has 
been  devised,  and  it  is  this  system  which  is  used  in  all 
the  higher  branches  of  Mathematics. 


TRIGONOMETRY. 


The  unit  used  is  obtained  thus ; 

Take  any  circle  APBE,  whose  centre  is  0,  and  from 
any  point  A   measure  off  an  arc 
AP  whose  length  is  equal  to  the 
radius  of  the  circle.    Join  OA  and 
OP. 

The  angle  AOP  is  the  angle 
which  is  taken  as  the  unit  of  cir- 
cular measurement,  i.e,  it  is  the 
angle  in  terms  of  which  iu'  this 
system  we  measure  all  others. 

This  angle  is  called  A  Radian  and  is  often  denoted 
hyV. 


10.  It  is  clearly  essential  to  the  proper  choice  of  a 
unit  that  it  should  be  a  constant  quantity ;  hence  we  must 
shew  that  the  Badian  is  a  constant  angle.  This  we  shall 
do  in  the  following  articles. 


11.    Theorem.     The  length  of  the  circumference  of  a 
circle  always  bears  a  constant  ratio  to  its  diameter. 

Take  any  two  circles  whose  common  centre  is  0.    In 
the  large  circle  inscribe  a  regular 
polygon  of  n  sides,  ABCD.... 

Let  OA,  OB,  OC,...  meet  the 
smaller  circle  in  the  points  a,  6, 
c,  d...  and  join  ab,  be,  cd,.... 

Then,  by  Euc.  vi.  2,  ahcd. . .  is 
a  regular  polygon  of  n  sides  in- 
scribed in  the  smaller  circle. 

Since  Oa  =  Ob,  and  OA  =  OB, 
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the  lines  a6  and  AB  must  be  parallel,  and  hence 

AB     OA  ,-,.  ., 

Also  the  polygon  ABOD. . .  being  regular,  its  perimeter, 
%.e.  the  sum  of  its  sides,  is  equal  to  n .  AB.  Similarly  for 
the  inner  polygon. 

Hence  we  have 
Perimeter  of  the  outer  polygon     n.AB     AB  ^OA 
Perimeter  of  the  inner  polygon  "^  n.db       ab  "^  Oa 

(1). 

This  relation  exists  whatever  be  the  number  of  sides 
in  the  polygons. 

Let  then  the  number  of  sides  be  indefinitely  increased 
(ix.  let  n  become  inconceivably  great)  so  that  finally  the 
perimeter  of  the  outer  polygon  will  be  the  same  as  the 
circumference  of  the  outer  circle,  and  the  perimeter  of  the 
inner  polygon  the  same  as  the  circumference  of  the  inner 
circle. 

The  relation  (1)  will  then  become 

Circumference  of  outer  circle  _  OA 

Circumference  of  inner  circle  ""  Oa 

Radius  of  outer  circle 


Hence 


"~  Radius  of  inner  circle ' 
Circumference  of  outer  circle 
Radius  of  outer  circle 

Circumference  of  inner  circle 


Radius  of  inner  circle 
Since  there  was  no  restriction  whatever  as  to  the  sizes 
of  the  two  circles,  it  follows  that  the  quantity 

Circumference  of  a  circle 
Radius  of  the  circle 
is  the  Mune  for  all  oirclei. 
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Hence  the  ratio  of  the  circumference  of  a  circle  to  its 
radius,  and  therefore  also  to  its  diameter,  is  a  constant 
quantity. 

12.  In  the  previous  article  we  have  shewn  that  the 

..    Circumference .    ,,  i*       n    •    i        mi_        i 

ratio  — T^r; 7 IS  the  same  tor  all  circles.    The  value 

Diameter 

of  this  constant  ratio  is  always  denoted  by  the  Greek 

letter  ir  (pronounced  Pi),  so  that  tt  is  a  number. 

„  Circumference     ,,  ... 

Hence      — ^^r^ 7 =  the  constant  number  tt. 

Diameter 

We  have  therefore  the  following  theorem;  The  cir- 
cumference of  a  circle  is  alwayi  equal  to  ir  timei 
iti  diameter  or  Hir  timei  iti  radius. 

13.  Unfortunately  the  value  of  tt  is  not  a  whole 
number,  nor  can  it  be  expressed  in  the  form  of  a  vulgar 
fraction,  and  hence  not  in  the  form  of  a  decimal  fraction, 
terminating  or  recurring. 

The  number  tt  is  an  incommensurable  magnitude,  i,e.  a 
magnitude  whose  value  cannot  be  exactly  expressed  as  the 
ratio  of  two  whole  numbers. 

Its  value,  correct  to  8  places  of  decimals,  is 

814159265.... 

22 

The  fraction  -=-  gives  the  value  of  ir  correctly  for  the 

22 

first  two  decimal  places ;  for  -=-  =  3*14285.... 

355  . 
The  firaction  ^^5  is  a  more  accurate  value  of  tt,  being 

355 
correct  to  6  places  of  decimals;  for  ^^0  =  314159203.... 
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855 
[N.B.    The  fraction  :r^  may  be  remembered  thns;  write  down  the 

first  three  odd  numbers  repeating  eaoh  twice,  thns  118855;  divide  the 
number  thns  obtained  into  portions  and  let  the  first  part  be  divided  into 
the  second,  thns  118)  855(. 

The  quotient  is  the  value  of  r  to  6  places  of  decimals.] 

To  sum  up.    An  approximate  value  of  w*,  oorreot 

sa 

to  3  plaoei  of  deoimals.  Is  the  flraotlon  —  ;  a  more 

acourate  value  ii  3*14159.... 

By  division,  we  can  shew  that 

-  =  •3183098862.... 

IT 

14.    Bz.  1.    The  diameter  of  a  tricycle  wheel  i$  38  inehee;  through 
what  Tdistanee  doe$  its  centre  move  during  one  revoluHon  of  the  wheel f 

The  radios  r  is  here  14  inches. 

Dhe  circumference  therefore  =  2 .  r .  14 =28ir  inches. 

22  22 

If  we  take  r  =  -=-,  the  circumference =28  x  -=-  inches=s7  ft.  4  inches 

approximately. 

If  we  give  r  the  more  accurate  value  8*14159265...,  the  oiranmference 

= 28  X  8*14159265. . .  inches  =  7  ft.  8  *96459. . .  inches. 


2.    What  muit  be  the  radiut  of  a  circular  running  path,  round 
which  an  athlete  mmt  run  5  timee  in  order  to  deecrihe  one  mUe  f 

The  circumference  must  be  v  x  1760,  i.e.  852,  yards. 

Hence,  if  r  be  the  radius  of  the  path  in  yards,  we  have  2Tr=852, 

176       , 
t.e.  r=  —  yards. 

r 

Taking  t=  -^ ,  we  have  r=  =56  yards  nearly. 

Taking  the  more  accurate  value  -  ='81881,  we  have 

r = 176 X -81881  =  5602256  yards. 
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EXAMPLES,    n. 

1.  If  the  radius  of  the  earth  be  4000  miles,  what  is  the  length  of  its 
circumferenoe? 

2.  The  wheel  of  a  railway  carriage  is  3  feet  in  diameter  and  makes 
3  revolutions  in  a  second ;  how  fast  is  the  train  going? 

3.  A  mill  sail  whose  length  is  18  feet  makes  10  revolutions  per 
minute.    What  distance  does  its  end  travel  in  an  hour? 

4.  The  diameter  of  a  halfpenny  is  an  inch;  what  is  the  length  of  a 
piece  of  string  which  would  just  surround  its  curved  edge? 

5.  Assuming  that  the  earth  describes  in  one  year  a  circle,  of 
92600000  miles  radius,  whose  centre  is  the  sun,  how  many  miles  does  the 
earth  travel  in  a  year? 

6.  The  radius  of  a  carriage  wheel  is  1  ft.  9  ins.,  and  in  ^th  of  a 

second  it  turns  through  80°  about  its  centre,  which  is  fixed;  how  many 
miles  does  a  point  on  the  rim  of  the  wheel  travel  in  one  hour? 

16.     Theorem.     The  radian  is  a  constant  a/ngle. 

Take  the  figure  of  Art.  9.  Let  the  arc  AB  be  a 
quadrant  of  the  circle,  i,e,  one  quarter  of  the  circum- 
ference. 

ITT 

By  Art.  12,  the  length  of  il  13  is  therefore  -x- ,  where  r 

is  the  radius  of  the  circle. 

By  Euc.  VI.  33,  we  know  that  angles  at  the^  centre  of 

any  circle  are  to  one  another  as  the  arcs  on  which  they 

stand. 

ZAOP     axe  AP       ?      2 


Hence 


ZAOB     axe  AB     w        ir 

—  r 
2 


i.e.  zAOP  =  -.  ZAOB. 

But  we  defined  the  angle  AOP  to  be  a  Radian. 


THE  RADIAN.  11 

2 

Hence  a  Radian  =  - .  Z  AOB 

v 

=s  -  of  a  right  angle. 

Since  a  right  angle  is  a  constant  angle,  and  since  we 
have  shewn  (Art.  12)  that  w  ia  a  constant  quantity,  it 
follows  that  a  Radian  is  a  constant  angle,  and  is  therefore 
the  same  whatever  be  the  circle  from  which  it  is  derived. 

16.  Magnitude  of  a  Radian. 

By  the  previous  article,  a  Radian 

=  -  X  a  right  angle  = 

TT  It 

=  180"  X  -3183098862...  =  57-2957796° 
=  57°  17' 44-8"  nearly. 

2 

17.  Since  a  Radian  =  -  of  a  right  angle, 

VT 

therefore  a  right  angle  =  ^ '  i^i^i^i 

so  that  180°  =  2  right  angles  =  ir  radians, 
and       360°  =  4  right  angles  =  iir  radians. 

Hence,  when  the  revolving  line  (Art.  6)  has  made  a 
complete  revolution,  it  has  described  an  angle  equal  to 
27r  radians ;  when  it  has  madq  three  complete  revolutions, 
it  has  described  an  angle  of  67r  radians;  when  it  has  made 
n  revolutions,  it  has  described  an  angle  of  ^nir  radians. 

18.  In  practice  the  symbol  "  c  "  is  generally  omitted, 
and  instead  of  "an  angle  tt®"  we  find  written  "an 
angle  w." 
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The  student  must  notice  this  point  carefully.  If  the 
unit,  in  terms  of  which  the  angle  is  measured,  be  not 
mentioned,  he  must  mentally  supply  the  word  "  radians." 
Otherwise  he  will  easily  fall  into  the  mistake  of  supposing 
that  TT  stands  for  180°.  It  is  true  that  tt  radians  (tt®)  is 
the  same  as  180°,  but  ir  itself  is  a  number,  and  a  number 
only. 

19.  To  convert  circular  meas'are  into  sexagesimal 
measure  or  centesimxil  measure  and  vice  versa. 

The  student  should  remember  the  relations 
Two  right  angles  =  180°  =  200  «  =  tt  radians. 
The  conversion  is  then  merely  Arithmetic. 

(1)  •45ir«=  -45  X  180°=81°=908. 

(2)  3«=?  X  ,r<»  =  -  X 180°=  -  x  200^. 

V  IT  V 

(3)  40°  15'  36" = 40°  15f ' = 40-26° 


»« 


=40-26  X  :r— =-2236ir  radiana. 
loU 

(4)    40«  16'  36"  =40-16368= 401536  x  ^  radians 

=  *2007689r  radians. 

20.  Bz.  1.  The  angles  of  a  triangle  are  in  a.  p.  and  the  number  of 
grades  in  the  least  is  to  the  number  of  radians  in  the  greatest  as  40  :  v; 
find  the  angles  in  degrees. 

Let  the  angles  be  (x-y)°t  x°,  and  {x+y)°. 

Since  the  sum  of  the  three  angles  of  a  triangle  is  180°,  we  have 

lQO=x-y+x+x+y  =  SXf 

so  that  ^=60. 

The  required  angles  are  therefore 

(60-y)°,  60°,  and  (60+y)°. 

Now  (60-y)°=^x(60-y)», 

and  (^'*"y)*'=i^  ^  (60+y)  radians. 
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Hence  ^(60-y) :  i^(60+sf) ::  40  :  ir. 

a0060-y_40 
*•     r   60+y~  w  ' 

i.«.  6(60-y)  =  80+y, 

The  angles  are  therefore  20°,  60°»  and  100*^. 


9.    Express  in  the  8  tyeteme  of  angular  meoiuremetU  the  magni' 
tude  of  the  angle  of  a  regular  decagon, 

'  The  corollary  to  Eac.  I.  82  states  that  all  the  interior  angles  of  any 
rectilinear  figure  together  with  foor  right  angles  are  eqoal  to  twice  as 
many  right  angles  as  the  figore  has  sides. 

Let  the  angle  of  a  regolar  decagon  contain  x  right  angles,  so  that 
all  the  angles  are  together  equal  to  IQx  right  angles. 
The  ccnrollary  therefore  states  that 

10x+4»20, 

80  that  xs:-s  right  angles. 

But  one  right  angle 

=90°=100»=s  radians. 
Hence  the  required  angle 

= 144° = 160K  =  ^  radians. 


EXAMPLES,    m. 

Express  in  degrees,  minutes,  and  seconds  the  angles, 

1.     ^.  2.    3^.  3.    10r«.  4.    K  6.    S^. 

Express  in  grades,  minutes,  and  seconds  the  angles, 

4t*  7ir° 

6.    ^.  7.    ^.  8.    10r«. 

Express  in  radians  the  following  angles : 

9.    60°.  10.    110°  80*.        11.    176°  46'.  12.    47°  26' 86". 

13.    895°.         14.    60».  16.    110«80\  16.    845*  26*  86  \ 

17.    The  difference  between  the  two  acute  angles  of  a  right-angled 

triangle  is  ^t  radians;  express  the  angles  in  degrees, 
o 
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2  8 

18.  One  angle  of  a  triangle  is  -^  grades  and  another  is  ^n;  degrees, 

whilst  the  third  is  rr=  radians ;  express  them  all  in  degrees. 

75 

19.  The  circular  measure  of  two  angles  of  a  triangle  are  respeotiyely 
^  and  ■= ;  what  is  the  number  of  degrees  in  the  third  angle? 

20.  The  angles  of  a  triangle  are  in  a.  p.  and  the  number  of  degrees 
in  the  least  is  to  the  number  of  radians  in  the  greatest  as  60  to  t  ;  find 
the  angles  in  degrees. 

21.  The  angles  of  a  triangle  are  in  a.  p.  and  the  number  of  radians 
in  the  least  angle  is  to  the  number  of  degrees  in  the  mean  angle  as  1 :  120. 
Find  the  angles  in  radians. 

22.  Find  the  magnitude,  in  radians  and  degrees,  of  the  interior 
angle  of  (1)  a  regular  pentagon,  (2)  a  regular  heptagon,  (8)  a  regular 
octagon,  (4)  a  regular  duodeoagon,  and  (5)  a  regular  polygon  of  17  sides. 

23.  The  angle  in  one  regular  polygon  is^to  that  in  another  as  3  :  2 ; 
also  the  number  of  sides  in  the  first  is  twice  that  in  the  second;  how 
many  sides  have  the  polygons? 

24.  The  number  of  sides  in  two  regular  polygons  are  as  5  :  4,  and 
the  difference  between  their  angles  is  9°;  find  the  number  of  sides  in 
the  polygons. 

25.  Find  two  regular  polygons  such  that  the  number  of  their  sides 
may  be  as  3  to  4  and  the  number  of  degrees  in  an  angle  of  the  first  to  the 
number  of  grades  in  an  angle  of  the  second  as  4  to  5. 

26.  The  angles  of  a  quadrilateral  are  in  a.  p.  and  the  greatest  is 
double  the  least;  express  the  least  angle  in  radians. 

27.  Find  in  radians,  degrees,  and  grades  the  angle  between  the 
hour-hand  and  the  minute-hand  of  a  clock  at  (1)  half-past  three, 
(2)  twenty  minutes  to  six,  (8)  a  quarter  past  eleven. 

28.  Find  the  times  (1)  between  four  and  five  o'clock  when  the  angle 
between  the  minute-hand  and  the  hour-hand  is  78°,  (2)  between  seven  and 
eight  o'clock  when  this  angle  is  54°. 

21.  Theorem.  The  number  of  radians  in  any  angle 
whatever  is  equal  to  a  fraction^  whose  numerator  is  the  arc 
which  the  angle  subtends  at  the  centre  of  any  circle,  and 
whose  denominator  is  the  radius  of  that  circle. 
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Let  A  OP  be  the  angle  which  has  been  described  by  a 
line  starting  from  OA  and  revolv- 
ing into  the  position  OP, 

With  centre  0  and  any  radius 
describe  a  circle  cutting  OA  and 
OP  in  the  points  A  and  P. 

Let  the  angle  AOB  be  a  radian, 
so  that  the  arc  AB  is  equal  to  the 
radius  OA, 

By  Eua  vl  33,  we  have 

ZAOP  ^  Z^OP^arc^P^arcilP 
A  Radian      ZAOB     axe  AB     Radius' 

so  that  jlAOP—  ^5— p —  of  a  Radian. 

'  Radius 

Hence  the  theorem  is  proved. 

29.    Bz.  1.    FindL  the  angle  subtended  at  the  centre  of  a  eirele  of 
radius  8  feet  by  an  are  of  length  1  foot. 

The  number  of  radians  in  the  angle  =  -  ,.     =  » • 

radius     8 

Henoe  the  angle 

=3  radians -.^  right angle=  ^  x9(y>  =  ^  =  19A^ 

22 
ialdng  t  equal  to  -=- . 


I.    In  a  circle  of  5  feet  radius  what  is  the  length  of  the  arc  which 
siibtends  an  angle  of  38°  15'  at  the  centre  f 
If  X  feet  be  the  required  length,  we  have 

X 

7= number  of  radians  in  88^15' 
o 

=?S^    (Art.  19). 

133 
~720'^* 

133     ,    ^     183     22.   ^         , 

•  *  =  i44'^eet  =  jr5^xy  feet  nearly 

=2f|  feet  nearly. 
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Bz,  8.  Asiuming  the  average  distance  of  the  earth  from  the  sun  to  he 
92500000  miles,  and  the  angle  subtended  by  the  sun  at  the  eye  of  a  person 
on  the  earth  to  be  S2',find  the  sun*s  diameter. 

Let  2)  be  the  diameter  of  the  sun  in  miles. 

The  angle  subtended  by  the  sun  being  very  small,  its  diameter  is  very 
approximately  equal  to  a  small  aro  of  a  circle  whose  centre  is  the  eye  of 
the  observer.  Also  the  sun  subtends  an  angle  of  82'  at  the  centre  of  this 
circle. 

Hence,  by  Art.  21,  we  have 


92600000 


=the  number  of  radians  in  32' 

8^ 
=the  number  of  radians  in  =-= 

lo 

""15  ^180 ""GTS' 

^    186000000         ., 
.-.  D=—g^g_  smiles 

185000000     22     .,  .      ^  , 

=  — ^=^ —  X  -=-  miles  approzmiately 

= about  862000  miles. 

Bz.  4.  Assuming  that  a  person  of  normal  sight  can  read  print  at  such 
a  distance  that  the  letters  subtend  an  angle  of  5'  at  his  eye,  find  what  is 
the  height  of  the  letters  that  he  can  read  at  a  distance  (1)  of  12  feet,  and 
(2)  of  a  quarter  of  a  mile. 

Let  X  be  the  required  height  in  feet. 

In  the  first  case,  x  is  very  nearly  equal  to  the  arc  of  a  circle,  of  radius 
12  feet,  which  subtends  an  angle  of  5'  at  its  centre. 

X 

Hence  ^o = nnmber  of  radians  in  5' 

-JL     _^ 
"12^180' 

••  ^=i^^^^*=Iio^T^^*^^^y 

=  r?  X  -=-  inches = about  ^  inch. 
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In  the  second  case,  the  height  y  is  given  by 

..^  - = number  of  radians  in  5' 
440x3 

■"12^180* 

80  that  ^  ~  ift  ^~  18  ^  T        n®*'^ 

= about  23  inches. 

EXAMPLES.    17. 

1.  Find  the  number  of  degrees  subtended  at  the  centre  of  a  cirde  by 

an  are  whose  length  is  '357  times  the  radius,  taking  -=s*818S. 

w 

2.  Express  in  radians  and  degrees  the  angle  subtended  at  the  centre 
of  a  circle  by  an  arc  whose  length  is  15  feet,  the  radius  of  the  circle 
being  25  feet. 

3.  The  value  of  the  divisions  on  the  outer  rim  of  a  graduated  cirde 
is  5'  and  the  distance  between  successive  graduations  is  *1  inch.  Find 
the  radius  of  the  circle. 

4.  The  diameter  of  a  graduated  circle  is  6  feet  and  the  graduations 
on  lis  rim  are  5'  apart;  find  the  distance  from  one  graduation  to 
another. 

5.  Find  the  radius  of  a  globe  which  is  such  that  the  distance  between 
two  places  on  the  same  meridian  whose  latitude  differs  by  1°  10'  may  be 
half-an-inch. 

6.  Taking  the  radius  of  the  earth  as  4000  miles,  find  the  difference 
in  latitude  of  two  places,  one  of  which  is  100  miles  north  of  the  other. 

7.  Assuming  the  earth  to  be  a  sphere  and  the  distance  between 
two  parallels  of  latitude,  which  subtends  an  angle  of  1°  at  the  earth's 
centre,  to  be  69^  miles,  find  the  radius  of  the  earth. 

8.  The  radius  of  a  certain  circle  is  3  feet;  find  approximately  the 
length  of  an  arc  of  this  circle,  if  the  length  of  the  chord  of  the  arc  be 
3  feet  also. 

9.  What  is  the  ratio  of  the  radii  of  two  circles  at  the  centre  of  which 
two  arcs  of  the  same  length  subtend  angles  of  60°  and  75°? 

10.  If  an  arc,  of  length  10  feet,  on  a  circle  of  8  feet  diameter 
subtend  at  the  centre  an  angle  of  143°  14' 22";  find  the  value  of  w 
to  4  places  of  decimals. 

L.T.  2 
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11.  If  the  circumference  of  a  circle  be  divided  into  5  parts.which  are 
in  A.  p.,  and  if  the  greatest  part  be  6  times  the  least,  find  in  radians 
the  magnitudes  of  the  angles  that  the  parts  subtend  at  the  centre  of  the 
circle. 

12.  The  perimeter  of  a  certain  sector  of  a  circle  is  equal  to  the  length 
of  the  arc  of  a  semicircle  having  the  same  radius;  express  the  angle  of 
the  sector  in  degrees,  minutes,  and  seconds. 

13.  At  what  distance  does  a  man,  whose  height  is  6  feet,  subtend  an 
angle  of  10'? 

14.  Find  the  length  which  at  a  distance  of  one  mile  will  subtend 
an  angle  of  1'  at  the  eye. 

15.  Find  approximately  the  distance  at  which  a  globe,  5^  inches  in 
diameter,  will  subtend  an  angle  of  6'. 

16.  Find  approximately  the  distance  of  a  tower  whose  height  is 
51  feet  and  which  subtends  at  the  eye  an  angle  of  5^'. 

17.  A  church  spire,  whose  height  is  known  to  be  100  feet,  subtends 
an  angle  of  9'  at  the  eye;  find  approximately  its  distance. 

18.  Find  approxipiately  in  minutes  the  inclination  to  the  horizon  of 
an  incline  which  rises  3}  feet  in  210  yards. 

19.  The  radius  of  the  earth  being  taken  to  be  3960  miles,  and  the 
distance  of  the  moon  from  the  earth  being  60  times  tfie  radius  of  the 
earth,  find  approximately  the  radius  of  the  moon  which  subtends  at  the 
earth  an  angle  of  16'. 

20.  When  the  moon  is  setting  at  any  given  place,  the  angle  that  is 
subtended  at  its  centre  by  the  radius  of  the  earth  passing  through  the  given 
place  is  67'.  If  the  earth's  radius  be  8960  miles,  find  approximately  the 
distance  of  the  moon. 

21.  Prove  that  the  distance  of  the  sun  is  about  81  million  geo- 
graphical miles,  assuming  that  the  angle  which  the  earth's  radius 
subtends  at  the  distance  of  the  sun  is  8*76",  and  that  a  geographical 
nule  subtends  1'  at  the  earth's  centre.  Find  also  the  circumference  and 
diameter  of  the  earth  in  geogrkphical  miles. 

22.  The  radius  of  the  earth's  orbit,  which  is  about  92700000  miles, 
subtends  at  the  star  Sirius  an  angle  of  about  *4";  find  roughly  the 
distance  of  Sirius. 


CHAPTER  n. 

TRIGONOMETRICAL  RATIOS  FOR  ANGLES  LESS  THAN 

A  RIGHT  ANGLE. 

23.    In  the  present  chapter  we  shall  only  consider 
angles  which  are  less  than  a  right  angle. 

Let  a  revolving  line  OP  start  from  OA  and  revolve 
into  the  position  OP,  thus  tracing  out 
the  angle  AOP. 

In  the  revolving  line  take  any 
point  P  and  draw  PM  perpendicular 
to  the  initial  line  OA.  o^  '»,    ^ 

In  the  triangle  MOP,  OP  is  the 
hypothenuse,  PMis  the  perpendicular,  and  OM  is  the  base. 

The  trigonometrical  ratios,  or  functions,  of  the  angle 
AOP  are  defined  as  fbUows : 

TTp  y  i'^'  fl^'  >  is  called  the  Sine  of  the  angle  AOP ; 
OM    .     Base  ^  ^ 

MP     .     Perp.  „ 

OF'^-^B^e'       "        "     Tangent 

OM     .     Base  ^  ^ 

SP'^'P^V       "        "     Cotwgent 

OP     .     Hyp.  ^  . 

OP    .     Hyp.  «         .     , 


>»         » 


>»  » 


»         » 


M  >» 


»     .  » 


2—2 
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The  quantity  by  which  the  cosine  falls  short  of  unity, 
%.e.  1  —  cos  AOP,  is  called  the  Versed  Sine  of  A  OP ;  also 
the  quantity  1  —  sin  AOP,  by  which  the  sine  falls  short  of 
unity,  is  called  the  Coversed  Sine  of  AOP. 

24.  It  will  be  noted  that  the  trigonometrical  ratios 
are  all  numbers. 

The  names  of  these  eight  ratios  are  written,  for 
brevity, 

sin  AOP,  cos  AOP,  tan  AOPy  cot  AOP,  cosec  AOP, 
sec  AOP,  vers  AOP,  and  covers  AOP  respectively. 

The  two  latter  ratios  are  seldom  used. 

26.  It  will  be  noticed,  from  the  definitions,  that  the 
cosecant  is  the  reciprocal  of  the  sine,  so  that 

cosec  AOP  = jtttt • 

sin  AOP 

So  the  secant  is  the  reciprocal  of  the  cosine,  i,e, 

sec  AOP  = jyy^ , 

cos  A  OP 

and  the  cotangent  is  the  reciprocal  of  the  tangent,  i.e, 

1 


cot  ^0P  = 


tan  AOP* 


26.     To  shew  that  the  trigonometrical  ratios  are  always 
the  swm/efoT  the  sa/me  angle. 

We  have  to  shew  that,  if  in 
the  revolving  line  OP  any  other 
point  P'  be  taken  and  jPif  be 
drawn  perpendicular  to  OA,  the 
ratios  derived  from  the  triangle 


J 
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OP'M  are  the  same  as  those  derived  firom  the  triangle 
0PM. 

In  the  two  triangles,  the  angle  at  0  is  common,  and 
the  angles  at  M  and  M  are  both  right  angles  and  there- 
fore equal. 

Hence  the  two  triangles  are  equiangular  and  therefore, 

MP     MlP* 
by  Euc.  VI.  4,  we  have  ^^p-  =  -Typt  >  ^^'  ^^  ®"^®  ^'  ^^  angle 

AOP  is  the  same  whatever  point  we  take  on  the  revolving 
line. 

Since,  by  the  same  proposition,  we  have 

OM^OM       ,  MP     MP' 
OP  "■  OP'  OM"  OM  ' 

it  follows  that  the  cosine  and  tangent  are  the  same 
whatever  point  be  taken  on  the  revolving  line.  Similarly 
for  the  other  ratios. 

If  0^  be  considered  as  the  revolving  line,  and  in  it  be  taken  any 
point  P"  and  P'M"  be  drawn  perpendicnlar  to  OP,  the  fonotions  as 
derived  from  the  triangle  OP'M"  will  have  the  same  values  as  before. 

For,  since  in  the  two  triangles  0PM  and  OP"M'\  the  two  angles 
F*OM"  and  OJIT'P"  are  respectively  equal  to  POM  and  OMP,  these 
two  triangles  are  equiangular  and  therefore  similar,  and  we  have 

M'*P'  _  MP  ,    OM"  _  OM 

OP'  -  OP  '  OP'  "  OP  ' 

27.  Fundamental  reloMona  between  the  trigonometrical 
ratios  of  an  angle. 

We  shall  find  that  if  one  of  the  trigonometrical  ratios 
of  an  angle  be  known,  the  numerical  magnitude  of  each  of 
the  others  is  known  also. 

Let  the  angle  AOP  (Fig.,  Art.  23)  be  denoted  by  0. 

In  the  triangle  AOP  we  have,  by  Euc.  I.  47, 

JfP«+OJIf  =  0P« (1). 
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Hence,  dividing  by  0P\  we  have 

i.e.  (sin  Oy  +  (cos  0y  =  1. 

The  quantity  (sin  0y  is  always  written  sin*  0,  and  so  for 
the  other  ratios. 

Hence  this  relation  is 

■ln«^+coB»(i=  1 (2). 

Again,  dmding  both  sides  of  equation  (1)  by  OM*,  we 
have 

(MPy      _  /OPy 
\om)  "^      \om)  ' 

i.e,  (tan  ^)«  + 1  =  (sec  0y, 

so  that  8ec>0=  1  +tui>0 >....  (3). 

Again,  dividing  equations  (1)  by  MP^,  we  have 

^'^[mpj  '\MP)  ' 

ie.  1  +  (cot  0y  =  (cosec  Oy, 

so  that  co8ec>0=l+cot'0 (4). 

Also,  since  sin  ^  =  jyp  and  cos  ^  =  jyp , 

sin^     MP     OM     MP     ,      . 

we  have       B**  7Td"^7Td==  7Tii>==**^^* 

cos  a      O-P      OP     OM 

Hence  tan^  =  — 3  (5). 

coia 

Similarly  cot^  =  -— —  (6). 

•in  u 
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28.    BX.I.    Prove  that  ./L-S^^:sco$€eA-eotA. 

V  l+eosA 

We  have  J^E^-J^E^, 

V   1  +  OOBil       V     l-0OB"il 
1-OOB^     _l-eoB^ 


by  relation  (2)  of  the  last  article, 

""eini     siiiil 


=00000  ^-OOtil. 


9.    Prtw^  that 

»Jie<!^A+eoiee*A^tanA'\-cotA, 
We  have  seen  that  seo^^sl+tan'il, 

and  ooBeo*^=:l  +  oot«^.' 

.-.  Bee«^+co8«^^=tanM+2+oot*ii 
=tan'^ +2  tan  il  eot  ^ +  oot*il 

=r{tan^  +  oot^)*, 
so  that  ^8e?J+oo8ei?Zstan^+oot^. 

Bz.  8.    Prove  that 

(co8eeA'-8inA)(8eeA''COiA){tanA  +  eotA)  =  l. 

The  given  expression 

l-8in»ii     l-co8^ii     sin'ii+oos'ii 
"     sinil      '     cosii  sinilcosii 

~  sin -4  *  oosii  *  sin^oosil 
=  1. 
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EXAMPLES.    V. 

Prove  the  following  statements. 

1.  oos*-4-sin*-4  +  l=2cos'ii. 

2.  (sin  A+eoaA){l-BinAooBA)= sin^  ^^  +  cos'  ^ . 

sinii        1+C08il    ^ 

3.  1  .  ^»  J  +      .^  J    =2  cosecii. 
1 + cos  A        Bin  A 

4.  C08«^  +  sin«ii=l-38in2iioo82ii. 

e          /I -am  A  J    J.       A 

0.'  .  /- : — -=8eCil-tan  A, 

\    l  +  SUlil 

0       coseoii  coseCii       ^      ,  . 

6.    J — 7  + J — =^=2seo'ii. 

oosec  A-1     oosec  A  +  1 

cotil+tan4  '' 

8.    (seCii+coSii)(seCii-coSii)=:tan^i^  +  sin'ii. 

_  _      1  -  tan  ii     cot  i^  - 1 


12. 


l+tan^^     oot^  +  1* 
l+tanMsinM 

l  +  COt«ii  "COB^A' 


-rt  secil-tanil    -     .         .^      ^     «x     «  ^ 

13.  TTT — ^=l-28ec-4tanii+2tan»ii. 

BieeA+ia,nA 

..  tan^  cotii  .  ^     ^ 

,.        oosil  sinii         .     ^ 

16.  (sin  ^  +  cos  il)  (cot  il+ tan  i^)= sec  il+ oosec  ^. 

17.  sec*ii-8eo'-4  =  tan*ii+tan*ii. 
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18.  oot^il + oof  il =00060* il-ooseo'^. 

19.  is/oOSeo'il- 1=008^00060^. 

20.  seo>iloo8eo*^=:tan'il+oot*il+8. 

21.  tAn*A-Bm^A=un*A8es?A. 

22.  (l+ootil-oo860il)(l+tanii+Beo^)=2. 

.23  ^  ^ 1  1 

^''^^       *  coseo^-cotil     siiiil     siiiii     oosooii+ootii* 


24. 


COtiiOOBii     _00t^-008il 
0Ot^  +  COBii~    OOtilOOB^ 


^-     ootil+tanB        ...      _ 
25-    ootB-Htan^=^*^^°^' 


26. 


(1  1  \       o      .  •        l-0OB«ann'a 

860*0-008*0     00860^  a  -  Bin*  a/  2  +  oo^a8m'a 

27.    sinM-oofl?il=r(8inM-oo8S^)(l-2BinMooBM). 

AA       OOSil  00860  il- Bin  il  860  il 

28.     TT— ! 5 =00860 -4- 860  ii. 

ooSil  +  Bin^ 

-.Q     tan^  +  860ii-l_  l+BJiiif 
^^'    tan^-Boo^  +  l"    008^    * 

30.    (tana+oo860/9)'-(oot/9-860a)'=2tanaoot/9(ooB60a+860/9). 

31.      2  860^0-860*0-200860*0  +  00860*0=00^*0-1011*0. 

32.  (sin  o  +  00860  o)' + (oo8  o  +  860  o)' = tan'  o + oot*  o  +  7. 

33.  (00060  ^ -|'0ot^)ooyer8^- (860  ii+ tan  ^)Y6r8^ 

=  (ooBoo  il  -  860  ^)  (2  -  yen  ii  ooYors  il). 

34.  (l+o»t^+tan^)(sin4-co.^)=3^-^. 

35.  2ver8in-4  +  oos*^  =  l+ver8in*i4. 

29.    Limits  to  the  vcUties  of  the  trigonometriccU  ratios., 
From  equation  (2)  of  Art.  27,  we  have 

8in*^  +  cos*^=l. 
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Now  sm^O  and  cos'^,  being  both  squares,  are  both 
necessarily  positive.  Hence,  since  their  sum  is  unity, 
neither  of  them  can  be  greater  than  unity. 

[For  if  one  of  them,  say  sin'  $,  were  greater  than  unity,  the  other, 
OOB^^,  would  have  to  be  negative,  which  is  impossible.] 

Hence  neither  the  sine  nor  the  cosine  can  be  numeri- 
cally greater  than  unity. 

Since  sin  0  cannot  be  greater  than  unity,  therefore 

cosec  0,  which  equals  - — ^ ,  cannot  be  numerically  less 

than  unity. 

So  sec  d,  which  equals  — ^ ,  cannot  be  numerically 

less  than  unity.     ^  ^ 

30.  The  foregoing  results  follow  easily  from  the  figure 
of  Art.  23. 

For,  whatever  be  the  value  of  the  angle  A  OP, 
neither  the  side  OM  nor  the  side  MP  is  ever  greater 
than  OP. 

MP 

Since  MP  is  never  greater  than  OP,  the  ratio  jyp  is 

never  greater  than  unity,  so  that  the  sine  of  an  angle  is 
never  greater  than  unity. 

Also,  since  OM  is  never  greater  than  OP,  the  ratio  yrp 

is  never  greater  than  unity,  i.e.  the  cosine  is  never  greater 
than  unity. 

31.  We  can  express  the  trigonometrical  ratios  of  an 
angle  in  terms  of  any  one  of  them. 
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The  simplest  method  of  procedure  is  best  shewn  by 
examples. 


1.  To  express  aU  the  trigono- 
Tnetrical  ratios  in  terms  of  the  sine. 

Let  A  OP  be  any  angle  0. 

Let  the  length  OP  be  unity  and  let 
the  corresponding  length  of  MP  be  s. 

By  Euc.  I.  47,  OM  =  ^OP*  -  MP' «  Vl^. 

.    ^    MP     s 

cos^=^=\/r^=Vl-8in»^, 


Hence 


tand  = 


cot^  = 


cosec  0 = 


sind 


MP_      s 
0Jf-Vl-«»"Vl-8in»^' 

OM     vT^^     Vl-sin«d 


JfP""      « 
OP    .1        1 


sin  ^ 


and 


sec^  = 


ifP"«"sind' 
OP  1 


OM     Vl-a»     Vl-sin*^' 
The  last  five  equations  give  what  is  required. 


Ex.  2.     To  express  all  the  trigonometricql  relations  in 
terms  of  the  cotangent. 

Taking  the  usual  figure,  let  the 
length  MP  be  unity,  and  let  the  corre- 
sponding value  of  dM'he  x. 

By  Euc.  I.  47,  ^^ 

0P  =  V0Jf»4.JfP«=VrT^ 
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Hence  cot  0  =  17^  =  =-  =  a?, 

MP     1 

sin  ^=s 


cos^  = 


tan^  = 


8ec^  = 


OP      Vl  +  iB"      Vl  +  cot«^' 
OM__x cotg 

OP  "  vT+P  "  vr+cot^^ ' 

OM     X     cot^' 

OP  _  Vl+^ _  Vl  +  cot'g 
OJf  a?      ""      cot^     ' 


and  dosec  ^  =  ^|y^  =  — ^ —  =  v  1  +  cot"^. 

Mr  1 

The  last  five  equations  give  what  is  required. 

It  will  be  noticed  that,  in  each  case,  the  denominator 

of  the  fraction  which  defines  the  trigonometrical  ratio  was 

MP 
taken  equal  to  unity.     For  exaihiple,  the  sine  is  y^p  ,  and 

hence  in  Ex.  1  the  denominator  OP  is  taken  equal  to 

unity. 

OM 
The  cotangent  is  -inrp,  and  hence  in  Ex.  2  the  side  MP 

is  taken  equal  to  unity. 

Similarly  suppose  we  had  to  express  the  other  ratios 
in  terms  of  the  cosine,  we  should,  since  the  cosine  is  equal 

OM 

to  yjp ,  put  OP  equal  to  unity  and  OM  equal  to  c.     The 

working  would  then  be  similar  to  that  of  Exs.  1  and  2. 

In  the  following  examples  the  sides  have  numerical 
values. 
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g 
B.    If  eot  $  equal  ■= ,  find  the  values  of  the  other  ratioi. 

Along  the  initial  line  OA  take  OM  equal  to  8,  and  ereet  a  perpen- 
dicular MP. 

Let  a  line  OP,  of  length  6,  revolve  roond  0  until  its  other  end  meets 
this  perpendicnlar  in  the  point  P.    Then  AOP  is  the  angle  $. 

By  Euo.  I.  47,        MP=z  ^OF^-OM^=  J^^^=^4. 
Hence  clearly 

sin  ^=7,    tan ^=5^,     oot^=T«    ooseo^=-7f   *>^^  teo$=-=. 

O  o  4  4  0 

Bz.  4.  Supposing  0  to  he  an  angle  whose  sine  is-^,  to  find  the  numeri- 
eal  magnitude  of  the  other  trigonometrical  ratios. 

Here  sin  ^=^,  so  that  the  relation  (2)  of  Art.  27  gives 


Qy+oo8«tf=i. 


1     8 
i.e.  oo82tf=l-5  =  s, 

t.«.  COB$  =  -^. 

„  ^     ^    one       1       J2 

Hence  *^^=iSr^  =  V2=  4  ' 

cosec  0=  . — ;,=8, 
sin^      * 

^ ''"cos  ^"2^2  "4    » 

2J2 

ven0=l-eo6  0=l--^ , 

1     2 

and  covers  tf=l- sin  ^=l--=  =  g 
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EXAM?T,T«.    VL 

1,  Express  all  the  other  trigonometrioal  ratios  in  terms  of  the  oosine. 

2,  Express  all  the  ratios  in  terms  of  the  tangent. 

3.  Express  all  the  ratios  in  terms  of  the  cosecant. 

4.  Express  all  the  ratios  in  terms  of  the  secant. 

5.  The  sine  of  a  certain  angle  is  7 ;  find  the  numerical  valaes  of  the 

other  trigonometrical  ratios  of  this  angle. 

12 

6,  Ji  fan$=ij^,  find  tan  $  and  yersin  $. 

4 

8.  If  cos  $=-= ,  find  sin  $  and  cot  $,  > 

o 

9 

9.  If  co8^=-7=-,  find  tauil  and  cosecJ. 

41 

10.  If  tan  0=2,  find  the  sine,  cosine,  versine  and  cosecant  of  $, 

11.  If  tang=4.  find  theyalne  of  «<'^'»-''««^».       ' 

12.  If  cot  ^  =-^ ,  find  cos  $  and  coseo  6, 

13.  If  sec  ^  =^ ,  find  tan  A  and  cosec  A. 

14.  If  2  sin  ^=2- cos  (^,  find  sin  ^. 

15.  If  8  sin  0=4  + cos  ^,  find  sin  ^. 

16.  If  tan  0+ sec  0=1*5,  find  sin  0. 

17.  If  cot  0  +  cosec  0=5,  find  cos  6, 

18.  If  3  8ec<0+8=lOsec»0,  find  the  values  of  tan  0. 

19.  If  tan' 0  + sec  0=5,  find  cos  0. 

20.  If  tan0  +  oot0=2,  find  8in0. 

21.  If  sec30=2+2tan0,  findtan0. 

22.  If  tan  0=    ^  .  ^^ ' ,  find  sin  0  and  cos  0. 
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Values  of  the  trigonometrical  ratios  in 

some  useflil  caseB. 

33.    Angle  of  45°. 
Let  the  angle  AOP  traced  out 
be  45°. 

Then,  since  the  three  angles  of 
a  triangle  are  together  equal  to 
two  right  angles, 
Z  0PM  =  180°-  Z  POM-  Z  PMO 

=  180°  -  45°  -  90°  =  45°  =  Z  POM. 
.'.  OM  =  MP. 
If  OP  be  called  2a,  we  then  have 

4a«  =  OP'^  0M^+MP^  =  2 .  OJl/«, 
so  that  0M  =  a\/2. 

MP        a  I 


.•.  sin  45°  = 


OP      V2.a     \/2' 
a  1 


and 


c: 


COS  45  — op-v2.a"V2' 
tan  45°  =  1. 

34.    Angle  o/30°. 

Let  the  angle  AOP  traced 
out  be  30°. 

Produce  PM  to  P'  making 
MP"  equal  to  PM. 

The  two  triangles  OMP  and 
OMP^  have  their  sides  OM  and 
JfP'  equal  to  OM  and  JlfP  and 
also  the  contained  angles  equal. 

Therefore  OP'  =  0P,  and  Z  OPT  =  z  OPP'  =  60°,  so 
that  the  triangle  PVP  is  equilateral. 


"-J  o/ 


Nf 


0- 


.J 
-v. 


v^ 
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Hence,  if  OP  be  called  ^,  we  have 


Also 


and 


OM^  'J  OP* -MP' «  \/4a»-a»  =  aV3. 


.  sin  30'  = 


JfP_l 
OP  "2' 


o^o     OJlf     aV3     VS 
cos  30=^  =  ^-^, 


tan  30°  = 


sin  30°^  1 
cos  30°     n/3  • 


36.    Angle  of  60°. 

Let  the  angle  AOP  traced 

out  be  60°. 

Take  a  point  N  on  OA,  so 

that 

JOT  =OJf=  a  (say). 

The  two  triangles  OMP  and 
J\rjlfP  have  now  the  sides  OM 
and  MP  equal  to  NM  and  MP 
respectively,  and  the  included 
angles  equal,  so  that  the  triangles  are  equal. 

.-.  PJV=OP,  and  zPiOf-zP0ilf  =  60°. 

The  triangle  OPiV  is  therefore  equilateral,  and  hence 

OP  =  OjV^=20if=^2a. 


.-.  JfP  =  V0P«-0ilf«  =  \/4a«-a«  =  A/3.a. 
L.  T.  3 
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Hence  sin  60  =^  =  ^  =  -2  , 

I 

^^o     OM      a      1 

and  tan60°  =  ?i5_|^  =  ^3. 

cos  60 

36.    Angle  of  0\ 

Let  the  revolving  line  OP  have  turned  through  a  very- 
small  angle,  so  that  the  angle 
MOP  is  very  small.  P 

The  magnitude  of  MP  is      q  *       "  j{^ ;( 

then  very  small,  and  initially, 

before  OP  had  turned  through  an  angle  large  enough  to 
be  perceived,  the  quantity  MP  was  smaller  than  any  quan- 
tity we  could  assign,  i.e.  was  what  we  denote  by  0. 

Also,  in  this  case,  the  two  points  M  and  P  very  nearly 
coincide,  and  the  smaller  the  angle  AOP  the  more  nearly 
do  they  coincide. 

Hence,  when  the  angle  AOP  is  actually  zero,  the  two 
lengths  OM  and  OP  are  equal  and  MP  is  zero. 

„  .    ^,     MP       0      ^ 

Hence  sm  (X  =  -jyp  =  ^yp  =  0,  x- 

^o     OM     OP  ■ 

and  tan  0^  =  f  =  0. 

Also  cot  0°  =  the  value  of  1-^=..  when  M  and  P  coincide 

MP 

=  the  ratio  of  a  finite  quantity  to  something  infinitely 

small 

=  a  quantity  which  is  infinitely  great. 

Such  a  quantity  is  usually  denoted  by  the  symbol  oo  . 
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Hence 
Similarly 

And 


cot  0°  =  « . 
cosec  0  =  -jjfp  =  «  also 


37.    Angle  of  W. 

Let  the  angle  AOP  be  very  nearly,  but 
not  quite,  a  right  angle. 

When   OP  has    actually  described  a 
right  angle,  the  point  M  coincides  with  0, 
so  that  then  OM  is  zero  and  OP  and  MP 
are  equal. 

Hence  sin  90''  =  -jyp  ~  Typ  ~  1' 

cos  90=^  =  ^  =  0, 


OM 


tan  90°  = 


MP 


a  finite  quantity 


OM     an  infinitely  small  quantity 
=  a  number  infinitely  large  =  oo  , 

cot  90  -;gp  =  3rp-0' 

OP 
sec  90°  ^jrjjT^i  00 ,  as  in  the  case  of  the  tangent, 


and 


OM 
cosec  90°  = 


OP      OP 
MP' OP" 


38.  Complementary  Angles.  Def.  Two  angles 
are  said  to  be  complementary  when  their  sum  is  equal 
to  a  right  angle.  Thus  any  angle  0  and  the  angle 
90°  —  0  are  complementary. 

3—2 
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39.     To  find  the  relations  between  the  trigonometHcal 
ratios  of  two  complementary  angles. 

Let  the  revolving .  line,  starting  from  OA,  trace  out 
any  acute  angle  AOP,  equal  to 
0.     From   any  point  P  on   it 
draw  PM  perpendicular  to  OA. 

Since  the  three  angles  of  a 
triangle  are  together  equal  to 
two  right  angles,  and  since  OMP 
is  a  right  angle,  the  sum  of  the 
two  angles  MOP  and  0PM  is  a 
right  angle. 

They  are  therefore  complementary  and 

zOPif=  90° -ft 

[When  the  angle  0PM  is  considered,  the  line  PM  is 
the  "  base  "  and  MO  is  the  "  perpendicular."] 
We  then  have 

sln(0O°-.^)  =  sinJfP0  =  ^  =  cosJ[0P  =  cos^, 

PM 
COS  (90"  -  f?)  =  cos  JlfPO  =  ^  =  sin -4  OP  =  sin  e, 

tan  (90°  -  ^)  =  tan  ifPO  =  ~  =  cot  ^OP  =  cot  ^, 

PM 
cot(90°-^)  =  cotJfP0=^  =  tan^OP  =  tan^, 

PO 
cosec  (90°  —  ^)  =  cosec  MPO  =tf?^  =  sec  A  OP  =  sec  0, 

and  sec  (90°  -  0) 


PO 
'  sec  MPO  =  -^Ti>  =  cosec  A  OP  =  cosec  0. 
PM 
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Hence  we  observe  that 
the  Sine  of  any  angle  =  the  Cosine  of  its  complement, 
the  Tangent  of  any  angle  =  the  Cotangent  of  its  comple- 
ment, 

and  the  Secant  of  an  angle  »  the  Cosecant  of  its  comple- 
ment. 

From  this  is  apparent  what  is  the  derivation  of  the 
names  Cosine,  Cotangent,  and  Cosecant. 

40.  The  student  is  advised  before  proceeding  any 
further  to  make  himself  quite  familiar  with  the  following 
table.     [For  an  extension  of  this  table,  see  Art.  76.] 

Angle 


Sine 


Cosine 


Tangent 


Cotangent 


Cosecant 


Secant 


00 
0 

300 

460 

600 

* 

1 

900 

1 

1 

1 

1    ' 

V3. 

1 
72 

V3 

0 

• 

00 

^o; 

1" 

V3 

1> 

00 

V3 

1 

1 
V3 

0 

00 

2 

V2 

2 

V3 

1 

1 

2 

^/3 

V2 

2 

00 

If  the  student  commits  accurately  to  memory  the 
portion  of  the  above  table  included  between  the  thick 
lines,  he  should  be  able  to  easily  reproduce  the  rest. 
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For 

(1)  the  sines  of  60°  and  90°  are  respectively  the 
cosines  of  30°  and  0°.  (Art.  39.) 

(2)  the  cosines  of  60°  and  90°  are  respectively  the 
sines  of  30°  and  0°.  (Art.  39.) 

Hence  the  second  and  third  lines  are  known. 

(3)  The  tangent  of  any  angle  is  the  result  of  dividing 
the  sine  by  the  cosine. 

Hence  any  quantity  in  the  fourth  line  is  obtained  by 
dividing  the  corresponding  quantity  in  the  second  line  by 
the  corresponding  quantity  in  the  third  line. 

(4)  The  cotangent  of  any  angle  is  the  reciprocal  of 
the  tangent,  so  that  the  quantities  in  the  fifth  row  are  the 
reciprocals  of  the  .quantities  in  the  fourth  row. 

(5)  Since  cosec  Q  =  -; — ^ ,  the  sixth  row  is  obtained 
^  ^  sin  ^ 

by  inverting  the  corresponding  quantities  in  the  second 

row. 

(6)  Since  sec  Q  = ^ ,  the  seventh  row  is  similarly 

obtained  from  the  third  row. 

EXAMPT.TO.    VH 

1.    If  ii=SO«,  verify  that 

(1)  COB  2il=C0B3  J  -  8inM=2  cobM  - 1, 

(2)  8in2il  =  2siniloo8il, 

(3)      008  8^  =4  008*^ -8  008  il, 

(4)     sin  %A-^%xnA  -  4  Bin'^, 

2tan^ 
and    (5)    tan  24  =  J— ^^^^j-^. 
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2.  If  il=45^  verify  that 

(1)  Bin2il=2  8m  JooB^, 

(2)  008  2ii=l-2BinM, 

2  tan^ 

Verify  that 

3.  Bm2  30°+8in«46''+Bin»60°=?. 

4.  tan3  30''+tan>45''+tan*60°=4|. 

5.  sin  dCP  cob60°+co8  80^  sin  60°=!. 

6.  cos46«co8  6(y-8in46*»sin60«=-'^^^. 

7.  ieot*30«+3Bin»6(y'-2coseo»60*'-|tan«30°=3i. 

8.  co8eo>45''.se(S>30''.sinS90<'.cos60°=li. 

9.  4cot»46«-8ec»60«+Bin»80«=t. 
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SIMPLE  PROBLEMS  IN  HEIGHTS  AND   DISTANCES. 


41.  One  of  the  objects  of  Trigonometry  is  to  find  the 
distances  between  points,  or  the  heights  of  objects, 
without  actually  measuring  these  distances  or  these 
heights. 

42.  Suppose  0  and  P  to  be  two  points,  P  being  at  a 
higher  level  than  0, 

Let  OM  be  a  horizontal  line 
drawn  through  0  to  meet  in  M 
the  vertical  line  drawn  through 
P. 

The  angle  MOP  is  called 
the  Angle  of  Elevation  of 
the  point  P  as  seen  from  0. 

Draw  PN  parallel  to  MO,  so  that  PN  is  the  hori- 
zontal line  passing  through  P.  The  angle  NPO  is  the 
Angle  of  Depression  of  the  point  0  as  seen  from  P. 

48.  Two  of  the  inBtmments  used  in  practical  work  are  the  Theodo- 
lite and  the  Sextant. 

The  Theodolite  is  used  to  measure  angles  in  a  vertical  plane. 

The  Theodolite,  in  its  simple  form,  consists  of  a  telescope  attached 
to  a  flat  piece  of  wood.  This  piece  of  wood  is  supported  by  three  legs 
and  can  be  arranged  so  as  to  be  accurately  horizontal. 
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This  table  being  at  0  and  horizontal,  and  the  telescope  being  initially 
pointing  in  the  direction  OM,  the  latter  can  be  made  to  rotate  in  a 
vertical  plane  until  it  points  aocoratelj  towards  P.  A  graduated  scale 
shews  the  angle  through  which  it  has  been  turned  from  the  horizontal, 
i.e.  giyes  us  the  angle  of  elevation  MOP. 

Similarly,  if  the  instrument  were  at  P,  the  angle  NPO  through  which 
the  telescope  would  have  to  be  turned,  downward  from  the  horizontal^ 
would  give  us  the  angle  NPO. 

The  instrument  can  also  be  used  to  measure  angles  in  a  horizontal 
plane. 

• 

44.  The  Sextant  is  used  to  find  the  angle  subtended  by  any  two 
points  D  and  ^  at  a  third  point  F.  It  is  an  instrument  much  used  on 
board  ships. 

Its  oonstruotion  and  application  are  too  complicated  to  be  here 
considered. 

46.     We  shall  now  solve  a  few  simple  examples  in 
heights  and  distances. 


1.  A  vertical  flagstaff  stands  on  a  horizontal  plane  ;  from  a  point 
distant  150  feet  fiwn  its  foot,  the  angle  of  elevation  of  its  top  is  found  to 
he  30°;  find  the  height  of  the  flagstaff. 

Let  MP  (Fig.  Art.  42)  represent  the  flagstaff  and  0  the  point  from 
which  the  angle  of  elevation  is  taken. 
Then  03f  =150  feet,  and  I  MOP=d(f. 
Since  PMO  is  a  right  angle,  we  have 

^=tanJ»fOP=tan30°=ig(Art.  S4). 

Now,  by  extraction  of  the  square  root,  we  have 

V3= 1-73205.... 
Hence  MP=50  x  1-73205...  feet =86-6025...  feet. 


I.  A  man  wishes  to  find  the  height  of  a  church  spire  which  stands 
on  a  horizontal  plane;  at  a  point  on  this  plane  he  finds  the  angle  of 
elevation  of  the  top  of  the  spire  to  he  45° ;  on  walking  100  feet  toward  the 
tower  he  finds  the  corresponding  angle  of  elevation  to  he  60°;  deduce  the 
height  of  the  tower  and  also  his  original  distance  from  the  foot  of  the 
spire* 
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Let  f  be  the  top  of  the  spire  and  A  and  B  Qie  two  points  at  irhioh 
the  angles  of  eleTKtion  are  taken.   Draw 
PM  perpendienlu  to  AB  produced  and 
letMP-bex. 

We  are  given  AB=  100  feet, 
i  MAP  =  iB->, 
and  zMBP=60^ 

We  then  have 

^=«.t46»,  J 

and         ^=«'t60-=i. 

Hence  "'    ^M  =  ii,  and  BAr=-^  . 


..feet 


=  60[3  +  l-73206...]  =  a36-6...  feet. 

90  that  both  of  the  required  dietanoea  are  equal  to 


■x.  S.  From  the  top  of  a  cliff,  200  feet  high,  the  angUi  of  d^pTt$iion 
of  the  top  end  bottom  of  a  tourer  are  obitrved  to  be  BO"  and  60° ;  JlTid  the 
height  of  the  loaer. 

Let  A  be  the  point  of  observation  and  BA  the  height  of  the  ellS  and 
let  CD  be  Uie  tower. 

ir^£horiiontall;,  so  tliat  z£JC=SO°and         g  .- 

-60°. 

X  feet  be  the  height  of  the  tower  and  prodi 

ueet^fine,  so  that  CB  =  ^£-jt=200- 

se  iADB=  £DAB  =  Ky  (Emc.  I.  29), 

i)B  =  JBoot ^05  =  800  cot60°=^. 
aO0-r_CB__,^_  1 
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aoo-,=5|,=  - 


Ji 


V 


900 
3 


80  that 


900 
«= 900 -=i^=18Si  feet. 


Bz.  4.  A  man  obterves  that  at  a  point  due  iouth  of  a  certain  tower  it$ 
angle  of  elevation  is  60°  ;  he  then  walks  dOOfeet  due  west  on  a  horizontal 
plane  and  finds  that  the  angle  of  elevation  u  80°;  find  the  height  of  the 
tower  and  his  original  distance  from  it. 


Let  P  be  the  top,  and  PM  the  height,  of  the  towc^,  A  the  pomt  due 
flouth  of  the  tower  and  B  the  point  due  west  of  A, 

The  angles  PMAy  PMB^  and  MAB  are  therefore  all  right  angles. 

For  simplicity,  since  the  triangles  PAM,  PBM,  and  ABM  are  in 
different  planes,  they  are  reprodnoed  in  the  second,  third,  and  foorth 
figures  and  drawn  to  scale. 

We  are  given  ^B= 800  feet,  zPilM=60°,  and  zP£Jf=80°. 

Let  the  height  of  the  tower  be  x  feet. 

From  the  second  figure. 


so  that 

From  the  third  figure. 


X 


BM 


=cot30°=V3, 


so  that 


BM=Sy/S,X. 
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From  the  last  figure,  we  have 

i.e.  3a«=^a^+300». 

/.  ar«=  3x800*. 

=75x2-44949...  =  183-71..,  feet. 
Also  his  original  distance  from  the  tower 

=a?oot60«=-^=75x^2 

=76  X  (1-4142.. .)=106-065...  feet. 


EXAMPLEa  vm. 

1.  A  person,  standing  on  the  bank  of  a  river,  observes  that  the  angle 
subtended  by  a  tree  on  the  opposite  bank  is  60°;  when  he  retires  40  feet 
from  the  bank  he  finds  the  angle  to  be  30° ;  find  the  height  of  the  tree 
and  the  breadth  of  the  river. 

2.  At  a  certain  point  the  angle  of  elevation  of  a  tower  is  found  to  be 

3 

such  that  its  cotangent  is  ^ ;  on  walking  32  feet  directly  toward  the  tower 

o 

its  angle  of  elevation  is  an  angle  whose  cotangent  is  ■=,    Find  the  height 

o 

of  the  tower. 

3.  At  a  point  A^  the  angle. of  elevation  of  a  tower  is  found  to  be  such 

5 
that  its  tangent  is  ^ ;  on  walking  240  feet  nearer  the  tower  the  tangent 

3 
of  the  angle  of  elevation  is  found  to  be  ^  t  what  is  the  height  of  the 

tower? 

4.  Find  the  height  of  a  chimney  when  it  is  found  that,  on  walking 
towards  it  100  feet  in  a  horizontal  line  through  its  base,  the  angular 
elevation  of  its  top  changes  from  30°  to  45°. 

5.  An  observer  on  the  top  of  a  cliff,  200  feet  above  the  sea-level, 
observes  the  angles  of  depression  of  two  ships  at  anchor  to  be  45°  and  30° 
respectively ;  find  the  distances  between  the  ships  if  the  line  joining  them 
points  to  tiie  base  of  the  cliff. 
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6.  From  the  top  of  a  dii!  an  obeeryer  finds  that  the  snglee  of 
depression  of  two  bnojs  in  the  sea  are  89^  and  26^  respeotiyel j ;  the 
bnoys  are  300  yards  apart  and  the  line  joining  them  points  straight 
at  the  foot  of  the  diff ;  find  the  height  of  the  oliff  and  the  distanoe  of  the 
nearest  buoy  from  the  foot  of  the  oUff,  given  that  oot  36®  s  2*0608,  and 
cot  39° =1-2349. 

7.  The  upper  part  of  a  tree  broken  over  by  the  wind  makes  an  angle 
of  30°  with  the  ground,  and  the  distanoe  from  the  root  to  the  point  where 
the  top  of  the  tree  touches  the  ground  is  50  feet ;  what  was  the  height  of 
the  tree? 

\^  8.  The  horizontal  distance  between  two  towers  is  60  feet  and  the 
angular  depression  of  the  top  of  the  first  as  seen  from  the  top  of  the 
second,  which  is  150  feet  high,  is  30° ;  find  the  height  of  the  first. 

9.  The  angle  of  eleyation  of  the  top  of  an  unfinished  tower  at  a 
point  distant  120  feet  from  its  base  is  45° ;  how  much  higher  must  the 
tower  be  raised  so  that  its  angle  of  elevation  at  the  same  point  may  bis 
60°? 

10.  Two  pillars  of  equal  height  stand  on  either  side  of  a  roadway 
which  is  100  feet  wide ;  at  a  point  in  the  roadway  between  the  pillars  the 
eleyations  of  the  tops  of  the  pillars  are  60°  and  80° ;  find  their  height  and 
the  position  of  the  point. 

11.  The  angle  of  elevation  of  the  top  of  a  tower  is  observed  to  be 
60° ;  at  a  point  40  feet  above  the  first  point  of,  observation  the  elevation 
is  found  to  be  45° ;  find  the  height  of  the  tower  and  its  horizontal 
distance  from  the  points  of  observation. 

12.  At  the  foot  of  a  mountain  the  elevation  of  its  summit  is  found 
to  be  45°;  after  ascending  one  mile  up  a  slope  of  80°  inclination  the 
elevation  is  found  to  be  60°.    Find  the  height  of  the  mountain. 

13.  What  is  the  angle  of  elevation  of  the  sun  when  the  length  of  the 
shadow  of  a  pole  is  three  times  the  height  of  the  pole  ? 

14.  The  shadow  of  a,  tower  standing  on  a  level  plane  is  found  to  be 
60  feet  longer  when  the  sun*s  altitude  is  30°  than  when  it  is  45°.  Prove 
that  the  height  of  the  tower  is  80  (1+»JB)  feet. 

15.  On  a  straight  coast  there  are  three  objects  A,  B,  and  C  such 
that  AB=BC=:2  miles.  A  vessel  approaches  ^  in  a  line  perpendicular 
to  the  coast  and  at  a  certain  point  ^C  is  found  to  subtend  an  angle  of 
60*" ;  after  sailing  in  the  same  direction  for  ten  minutes  ^C  is  found  to 
subtend  120° ;  find  the  rate  at  which  the  ship  is  going. 
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16.  Two  flagstaffs  stand  on  a  horizontal  plane.  A  and  B  are  two 
points  on  the  line  joining  the  bases  of  the  flagstaffs  and  between  them. 
The  angles  of  elevation  of  the  tops  of  the  flagstaffs  as  seen  from  A  are 
30°  and  60°  and,  as  seen  from  B,  they  are  60°  and  45°.  If  the  length  AB 
be  30  feet,  find  the  heights  of  the  flagstaffs  and  the  distance  between 

them. 

• 

17.  P  is  the  top  and  Q  the  foot  of  a  tower  standing  on  a  horizontal. 

plane.    A   and   B   are   two   points   on   this  plane  such  that  AB   is 

2 
32  feet  and  QAB  is  a  right  angle.    It  is  found  that  cot  P^Q = ?  and 

cot  P-BQ=| ; 
find  the  height  of  the  tower. 

18.  A  square  tower  stands  upon  a  horizontal  plane.  From  a  point 
in  this  plane,  from  which  three  of  its  upper  comers  are  visible,  their 
angular  elevations  are  respectively  45°,  60°,  and  45°. '  Shew  that  the 
height  of  the  tower  is  to  the  breadth  of  one  of  its  sides  as  V^(i^5  +  1) 
to  4. 

19.  A  lighthouse,  facing  north,  sends  out  a  fan-shaped  beam  of 
light  extending  from  north-east  to  north-west.  An  observer  on  a  steamer, 
sailing  due  west,  first  sees  the  light  when  it  is  5  miles  away  from  the 
lighthouse  and  continues  to  see  it  for  30i^2  minutes.  What  is  the 
speed  of  the  steamer? 

20.  A  man  stands  at  a  point  X  on  the  bank  XY  of  a  river  with 
straight  and  parallel  banks  and  observes  that  the  lind  joining  X  to  a 
point  Z  on  the  opposite  bank  makes  an  angle  of  30°  with  XY,  He  then 
goes  along  the  bank  a  distance  of  200  yards  to  Y  and  finds  that  the  angle 
ZYX  is  60°.    Find  the  breadth  of  the  river. 

21.  A  man,  walking  due  north,  observes  that  the  elevation  of  a 
balloon,  which  is  due  east  of  him  and  is  sailing  toward  the  north-west, 
is  then  60°  ;  after  he  has  walked  400  yards  the  balloon  is  vertically  over 
his  head ;  find  its  height  supposing  it  to  have  always  remained  the  same. 


( 
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CHAPTER  IV. 

APPLICATION  OF  ALGEBRAIC  SIGNS  TO  TRIGONOMETRY. 

46.  Positive  and  Negative  Angles.  In  Art.  6,  in 
treating  of  angles  of  any  size,  we  spoke  of  the  revolving 
line  as  if  it  always  revolved  in  a  direction  opposite  to  that 
in  which  the  hands  of  a  watch  revolve,  when  the  watch  is 
held  with  its  face  uppermost. 

This  direction  is  called  counter-clockwise. 

When  the  revolving  line  turns  in  this  manner  it  is  said 
to  revolve  in  the  positive  direction  and  to  trace  out  a 
positive  angle. 

When  the  line  OP  revolves  in  the  opposite  direction, 
i.e.  in  the  same  direction  as  the  hands  of  the  watch,  it  is 
said  to  revolve  in  the  negative  direction  and  to  trace  out 
a  negative  angle.     This  negative  direction  is  clockwise. 

47.  Let  the  revolving  line  start  from  OA  and  I'evolve 
until  it  reaches  a  position  OP,  which 

lies  between  OA'  and  OB'  and  which 
bisects  the  angle  A'OBf. 

If  it  has  revolved  in  the  positive      a 
direction,  it  has  traced  out  the  positive 
angle  whose  measure  is  +  225"". 
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If  it  has  revolved  in  the  negative  direction,  it  has 
traced  out  the  negative  angle  —  135°. 

Again,  suppose  we  only  know  that  the  revolving  line  is 
in  the  above  position.  It  may  have  made  one,  two,  three 
...  complete  revolutions  and  then  have  described  the 
positive  angle  +  225°.  Or  again,  it  may  have  made 
one,  two,  three...  complete  revolutions^  in  the  negative 
direction  and  then  have  described  the  negative  angle 
- 135°. 

In  the  first  case,  the  angle  it  has  described  is  either 
225°,  or  360°  +  225°,  or  2  x  360°  +  225°,  or  3  x  360°  +  225° 
i.e.  225°,  or  585°,  or  945°,  or  1305°.... 

In  the  second  case,  the  angle  it  has  described  is  — 135°, 
or  -  360°  -  135°,  or  -  2  x  360°  -  135",  or  -  3  x  360°  - 135° 
ie,  -  135°,  or  -495°,  or  -855^  or  -  1215°.... 

48.  Positive  and  Negative  Lines.  Suppose  that 
a  man  is  told  to  start  from  a  given  milestone  on  a  straight 
road  and  to  walk  1000  yards  along  the  road  and  then  to 
stop.  Unless  we  are  told  the  direction  in  which  he 
started,  we  do  not  know  his  position  when  he  stops.  All 
we  know  is  that  he  is  either  at  a  distance  1000  yards  on 
one  side  of  the  milestone  or  at  the  same  distance  on  the 
other  side. 

In  measuring  distances  along  a  straight  line  it  is 
therefore  convenient  to  have  a  standard  direction;  this 
direction  is  called  the  positive  direction  and  all  distances 
measured  along  it  are  said  to  be  positive.  The  opposite 
direction  is  called  the  negative  direction,  and  all  distances 
measured  along  it  are  said  to  be  negative. 

The  standard,  or  positive,  directions  for  lines  drawn 
parallel  to  the  foot  of  the  page  is  towards  the  right. 


POSITIVE  AND  NEGATIVE  UNES. 
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The  length  OA  is  in  the  positive  direction.  The 
length   OA'  is  in  the 

negative  direction.     If     j ± ^ 

the  magnitude  of  the 

distance  OA  or  OA'  be  a,  the  point  ii  is  at  a  distance 

+  a  firom  0  and  the  point  A'  is  at  a  distance  —  a  from  0. 

All  lines  measured  to  the  right  have  then  the  positive 
sign  prefixed ;  all  lines  to  the  left  have  the  negative  sign 
prefixed. 

If  a  point  start  from  0  and  describe  a  positive  distance 
OA,  and  then  a  distance  AB  back  again  toward  0,  equal 
numerically  to  b,  the  total  distance  it  has  described 
measured  in  the  positive  direction  is  OA  +  AB, 

i.e.  +  a  +  (—  b),  %.e,  a  —  6. 

49.  For  lines  at  right  angles  to  AA',  the  positive 
direction  is  from  0  towards  the  top  of  the  page,  i,e.  the 
direction  of  OB  (Fig.  Art.  47).  All  lines  measured  from 
0  towards  the  foot  of  the  page,  %,e.  in  the  direction  OR, 
are  negative. 

60.  Trigonometrical  ratios  for  an  angle  of  any  Tnagni- 
tvde. 

Let   OA  be  the  initial  line  (drawn   in  the  positive 
direction)  and  let  OA'  be  drawn  in 
the  opposite  direction  to  OA. 

Let  BOB'  be  a  line  at  right 
angles  to  OA,  its  positive  direction 
being  OB. 

Let  a  revolving  line  OP  start 
from  OA  and  revolving  in  either 
direction,  positive  or  negative,  trace 

L.  T.  4 


•   B- 
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out  an  angle  of  any  magnitude  whatever.  From  a 
point  P  in  the  revolving  line  draw  PM  perpendicular 
to  AOA\ 

[Four  positions  of  the  revolving  line  are  given  in  the  figure,  one  in 
each  of  the  fonr  quadrants,  and  the  suffixes  1,  2,  8  and  4  are  attached  to 
P  for  the  purpose  of  distinction.] 

We  then  have  the  following  definitions,  which  are  the 
same  as  those  given  in  Art.  23  for  the  simple  case  of  an 
acute  angle : 

MP 

-jyp  ifi  called  the  Sine  of  the  angle  AOP, 


OM 
OP     " 

MP 

OM    " 


OM 
MP 


Cosine 


»  ^^^^■— ^  9>  » 


Tangent 


„  A  ■waagwaaw  „  „ 


Cotangent 


W  >l  '^^'^wtmmmm^'^Mmwt  fy  „ 


OP 

OM    " 

MP    " 


Secant 


,t  n7w«M*w  „  „ 


Cosecant 


The  quantities  1— cos -4  OP,  and  1  —  sin  A  OP  are 
respectively  called  the  Versed  Sine  and  the  Coversed 
Sine  of  ^  OP. 

51.  In  exactly  the  same  manner  as  in  Art.  27  it  may 
be  shewn  that,  for  all  values  of  the  angle  AOP  (=  0),  we 
have 
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wia0     ,      ^ 
2-^^^' 

CM  9 

■ec>0sl+tan>0, 
and  couet^B  s  1  +  oot'0. 

.    52.     Signs  of  the  trigonometrical  ratios. 

First  quadrant.  Let  the  revolving  line  be  in  the  first 
quadrant,  as  OPi.     This  revolving  line  is  always  positive. 

Here  OMi  and  MiPi  are  both  positive,  so  that  all  the 
trigonometrical  ratios  are  then  positive. 

Second  quadrant  Let  the  revolving  line  be  in  the 
second  quadrant,  as  OP^*  Here  MJP^  is  positive  and  OM^ 
is  negative. 

The  sine,  being  equal  to  the  ratio  of  a  positive  quantity 
to  a  positive  quantity,  is  therefore  positive. 

The  cosine,  being  equal  to  the  ratio  of  a  negative 
quantity  to  a  positive  quantity,  is  therefore  negative. 

The  tangent,  being  equal  to  the  ratio  of  a  positive 
quantity  to  a  negative  quantity,  is  therefore  negative. 

The  cotangent  is  negative. 

The  cosecant  is  positive. 

The  secant  is  negative. 

Third  quadrant.    If  the  revolving  line  be,  as  OP^,  in 
the  third  quadrant,  we  have  both  M^Pz  and  0-M,  negative. 
The  sine  is  therefore  negative. 
The  cosine  is  negative. 
The  tangent  is  positive. 
The  cotangent  is  positive. 
The  cosecant  is  negative. 
The  secant  is  negative.. 

4—2 
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Fourth  quadrant  Let  the  revolving  line  be  in  the 
fourth  quadrant,  as  OP4.  Here  Jlf4P4  is  negative  and 
OM^^  is  positive. 

The  sine  is  therefore  negative. 

The  cosine  is  positive. 

The  tangent  is  negative. 

The  cotangent  is  negative. 

The  cosecant  is  negative. 

The  secant  is  positive. 

The  annexed  table  shews  the  signs  of  the  trigono- 
metrical ratios  according  to  the  quadrant  in  which  lies 
the  revolving  line,  which  bounds  the  angle  considered. 


B 


Rin 

+ 

sin 

+ 

C08 

— 

cos 

+ 

tan 

— 

tan 

+ 

cot 

— 

oot 

+ 

ooseo 

+ 

ooseo  + 

seo 

^" 

seo 

+ 

A' 

0 

A 

sin 

— 

sin 

— 

008 

- 

cos 

+ 

tan 

+ 

tan 

— 

oot 

+ 

cot 

— 

ooeec 

— 

ooseo 

— 

sec 

— 

sec 

+ 

B' 


53.  Tracing  of  the  changes  in  the  sign  and  magnitude 
of  the  trigonometrical  ratios  of  an  angle,  as  the  angle 
increases  from  0**  to  360°. 

Let  the  revolving  line  OP  be  of  constant  length  a. 


i 
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When  it  coincides  with  OA,  the 
length  OM,  is  equal  to  a  and, 
when  it  coincides  with  OB,  the 
point  Ml  coincides  with  0  and  OM, 

vanishes.     Also,  as  the   revolving  a 

line  turns  from  OA  to  OB,  the  dis- 
tance OMi  decreases  from  a  to 
zero. 

Whilst  the  revolving  line  is  in 
the  second  quadrant  and  is  revolving  ft^m  OB  to  OA',  the 
distance  OJtf,  is  negative  and  increases  numerically  from 
0  to  a  [i.e.  it  decreases  algebraically  from  0  to  —  o]. 

In  the  third  quadrant,  the  distance  OM,  increases 
algebraically  from  -  a  to  0,  and,  in  the  fourth  quadrant, 
the  distance  OJfi  increases  from  0  to  a. 

In  the  first  quadrant,  the  length  M^P^  increases  {rom 
0  to  a ;  in  the  second  quadrant,  Jtf,P,  decreases  from  a  to 
0;  in  the  third  quadrant,  jtf^P,  decreases  algebraically 
frx>m  0  to  — a;  whilst  in  the  fourth  quadrant  MiPt 
increases  algebraically  from  —  a  to  0. 

64.     Sine.     In   the  first  quadrant,  as  the  angle  in- 
creases irom  0  to  90°,  the  sine,  i.e.  — ^— ' ,  increases  fivjm  - 
a  a 

to  -,i.e.  from  0  to  I. 
a 

In  the  second  quadrant,  as  the  angle  increases  frtim 
90°  to  180°,  the  sine  decreases  from  -  to  - ,  i-e.  fiT)m  1  to  0. 

In  the  third  quadrant,  as  the  angle  increases  from  180° 
to  270°,  the  sine  decreases  from  -  to  — ,  t.e.  from  0  to  —  1. 
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In  the  fourth  quadrant,  as  the  angle  increases  from 

270°  to  360°,  the  sine  increases  from  - —  to  - ,  i.e,  from 

a        a 

- 1  to  0. 

55.  Cosine.     In  the  first  quadrant  the  cosine,  which 

is  equal  to ,  decreases  from  -  to  - ,  i.e,  from  1  to  0. 

^  a  a      a 

In  the  second  quadrant,  it  decreases  from  -  to  — -.,  i.e. 

a       a 

from  0  to  —  1. 

—.  n  ft 

In  the  third  quadrant,  it  increases  from  —  to  - ,  i,e, 

a        a 

from  —  1  to  0. 

n        n 

In  the  fourth  quadrant,  it  increases  from  -  to  - ,  i,e. 

a      a 

from  0  to  1. 

56.  Tangent.     In  the  first  quadrant,  MiP^  increases 

MP 

from  0  to  a  and  OMi  decreases  from  a  to  0,  so  that  -y^^ 

UMi 

continually  increases  (for  its  numerator  continually  in- 
creases and  its  numerator  continually  decreases). 

When  OPi  coincides  with  OA,  the  tangent  is  0 ;  when 
the  revolving  line  has  turned  through  an  angle  which  is 
slightly  less  than  a  right  angle,  so  that  OPi  nearly 
coincides  with  OB,  then  MiPi  is  very  nearly  equal  to 

MP  . 

a  and  OM^  is  very  small.    The  ratio  t^tj^  is  therefore  very 

large,  and  the  nearer  OPi  gets  to  OB  the  larger  does  the 
ratio  become,  so  that,  by  taking  the  revolving  line  near 
enough  to  OB,  we  can  make  the  tangent  as  large  as  we 
please.  This  is  expressed  by  saying  that,  when  the  angle 
is  equal  to  90°,  its  tangent  is  infinite. 
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The  symbol  oo  is  used  to  denote  an  infinitely  great 
quantity.  ^ 

Hence  in  the  first  quadrant  the  tangent  increases  firom 
0  to  00. 

In  the  second  quadrant,  when  the  revolving  line  has 
described  an  angle  AOPt  slightly  greater  than  a  right 
angle,  MJP2  is  very  nearly  equal  to  a  and  OM^  is  very 
small  and  negative,  so  that  the  corresponding  tangent  is 
very  large  and  negative. 

Also,  as  the  revolving  line  turns  firom  OB  to  0A\  MiPi 
decreases  firom  a  to  0  and  OMf  i&  negative  and  decreases 
fix>m  0  to  —  a,  so  that  when  the  revolving  line  coincides 
with  OA'  the  tangent  is  zero. 

Hence,  in  the  second  quadrant,  the  tangent  increases 
fi'om  —  X  to  0. 

In  the  third  quadrant,  both  M^P^  and  OM^  are  negative, 
and  hence  their  ratio  is  positive.  Also,  when  the  revolving 
line  coincides  with  OB',  the  tangent  is  infinite. 

Hence,  in  the  third  quadrant,  the  tangent  increases 
fix)m  0  to  00 . 

In  the  fourth  quadrant,  JI/4P4  is  negative  and  OM4  is 
positive,  so  that  their  ratio  is  negative.  Also,  as  the 
revolving  line  passes  through  OB'  the  tangent  changes 
firOm  +  00  to  —  00  [just  as  in  passing  through  OB]. 

Hence,  in  the  fourth  quadrant,  the  tangent  increases 
from  —  00  to  0. 

67.  Cotangent.  When  the  revolving  line  coincides 
with  0-4,  MiPi  is  very  small  and   OMi  is  very  nearly 

equal  to  a,  so  that  the  cotangent,  %.e.  the  ratio  ^J  ,  is 

infinite  to  start  with.    Also,  as  the  revolving  line  rotates 
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from  OA  to  OB,  the  quantity  MiP^  increases  from  0  to  a 
and  OM^  decrees^  from  a  to  0. 

Hence,  in  the  first  quadrant,  the  cotangent  decreases 
from  X  to  0. 

In  the  second  quadrant,  MJ^^  is  positive  and   OM^ 

negative,  so  that  the  cotangent  decreases  from  0  to  — - , 

t.e.  from  0  to  —  X . 

In  the  third  quadrant,  it  is  positive  and  decreases  from 

00  to  0  [for  as  the  revolving  line  crosses  OR  the  cotangent 
changes  from  —  x  to  x  ]. 

In  the  fourth  quadrant,  it  is  negative  and  decreases 
from  0  to  —  X . 

68.  Secant.  When  the  revolving  line  coincides  with 
OA  the  value  of  OM^  is  a,  so  that  the  value  of  the  secant 
is  then  unity. 

As  the  revolving  line  turns  from  OA  to  OB,  OM^ 
decreases  from   a    to  0,  and  when  the  revolving  line 

coincides  with  OB  the  value  of  the  secant  is  j: ,  i,e.  x . 

Hence,  in  the  first  quadrant,  the  secant  increases  from 

1  to  X. 

In  the  second  quadrant,  OM^  is  negative  and  decreases 
from  0  to  —  a.  Hence,  in  this  quadrant,  the  secant  in- 
creases from  -  X  to  - 1  [for  as  the  revolving  line  crosses 
OB  the  quantity  OMi  changes  sign  and  therefore  the 
secant  changes  from  +  x  to  —  x  ]. 

In  the  third  quadrant,  OM^  is  always  negative  and 
increases  from  —a  to  0;  therefore  the  secant  decreases 
from  —  1  to  —  X .  In  the  fourth  quadrant,  OM^  is  always 
positive  and  increases  from  0  to  a.  Hence,  in  this  quad- 
rant, the  secant  decreases  from  x  to  -|- 1. 
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69.    Cosecant.    The  change  in  the  cosecant  may  be 
traced  in  a  similar  manner  to  that  in  the  secant. 

In  the  first  quadrant,  it  decreases  from  oo  to  +  L 
In  the  second  quadrant,  it  increases  from  -f  1  to  +  oo . 
In  the  third  quadrant,  it  increases  from  —  oo  to  —  1. 
In  the  fourth  quadrant,  it  decreases  from  —  1  to  —  oo  . 

60.    The  foregoing  results  are  collected  in  the  annexed 
table. 


B 


In  the  seoond  quadrant,  the 

fiine  decreases  from     1  to  0 

oosme       decreases  from     Oto-1 
tangent     increases  from  -  oo  to   0 
cotangent  decreases  fronu^  0  to  -  oo 
secant       increases  from  -jc^'to  -1 
cosecant   increases  from     1  to   oo 


In  the  first  quadrant,  the 


sine 

cosine 

tangent 

cotangent 

secant 

cosecant 


increases  from   0  to  1 
decreases  from   1  to  0 
increases  from   0  to  oo 
decreases  from  «  to  0 
increases  from   Ito  oo 
decreases  from  oo  to  1 


In  the  third  quadrant,  the 

sine  decreases  from    0  to-l 

cosine  increases  from-  1  to  0 
tangent  increases  from  0  to  oo 
cotangent  decreases  from  oo  to  0 
secant  decreases  from-  1  to-oo 
cosecant   increases  from  -oo  to  -  f 


In^he  fourth  quadrant,  the 

sine  increases  from-  1  to  0 

cosine       increases  from    0  to   1 
tangent     increases  from-oo  to  0 
cotangent  decreases  from    0  to  -  oo 
secant       decreases  from   oo  to   1 
cosecant   decreases  from-  1  to- oo 


B' 


61.    Periods   of  the  trigonometrioal  fUnotioiii. 

As  an  angle  increases  from  0  to  27r  radians,  i.e.  whilst  the 
revolving  line  makes  a  complete  revolution,  its  sine  first 
increases  from  0  to  1,  then  decreases  from  1  to  —  1,  and 
finally  increases  from  —1  to  0,  and  thus  the  sine  goes 
through  all  its  changes,  returning  to  its  original  value. 
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Similaxly,  as  the  angle  increases  from  27r  radians  to 
4m-  radians,  the  sine  goes  through  the  same  series  of 
changes. 

Also,  the  sines  of  any  two  angles  which  differ  by  four 
right  angles,  i.e.  2ir  radians,  are  the  same. 

This  is  expressed  by  saying  that  the  period  of  the 
Bine  is  Sir. 

Similarly,  the  cosine,  secant,  and  cosecant  go  through 
all  their  changes  as  the  angle  increases  by  2ir. 

The  tangent,  however,  goes  through  all  its  changes  a» 
the  angle  increases  from  0  to  tt  radians,  %,e.  whilst  the 
revolving  line  turns  through  two  right  angles.  Similarly 
for  the  cotangent. 

The  period  of  the  sine,  cosine,  secant  and  cosecant  is 
therefore  27r  radians;  the  period  of  the  tangent  and 
cotangent  is  tt  radians. 

Since  the  values  of  the  trigonometrical  functions 
repeat  over  and  over  again  as  the  angle  increases,  they 
are  called  periodic  lUnctionB. 

*62.  The  variations  in  the  values  of  the  trigono- 
metrical ratios  may  be  graphically  represented  to  the  eye 
by  means  of  curves  constructed  in  the  following  manner. 


Ri' 


Q^^..Si 


A     I     !\  Rs     R4/' 


-- y  "-....].---- 


Bi' 


B 
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Sine-Curve. 

Let  OX  and  OF  be  two  straight  lines  at  right  angles 
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and  let  the  magnitudes  of  angles  be  represented  by 
lengths  measured  along  OX, 

Let  Ri,  J2a,  i2a,...  be  points  such  that  the  distances 
ORiy  i2ii2a,  i2,i2g,...  are  equal.  If  then  the  distance  ORx 
represent  a  right  angle,  the  distances  ORtt  OR^t  OR4,... 
must  represent  two,  three,  four,...  right  angles. 

Also,  if  P  be  any  point  on  the  line  OX,  then  OP 
represents  an  angle  which  bears  the  same  ratio  to  a  right 
angle  that  OP  bears  to  ORi. 

[For  example,  if  OP  be  equal  to  ^  ORi ,  then  OP  would  represent  one- 
third  of  a  right  angle;  if  P  biseoted  R^4,  then  OP  would  represent  3^ 
right  angles.] 

Let  also  ORi  be  so  chosen  that  one  unit  of  length 
represents  one  radian;  since  OR,  represents  two  right 
angles,  %.e.  ir  radians,  the  length  OR,  must  be  ir  units  of 
length,  i,e.  about  3|  units  of  length. 

In  a  similar  manner,  negative  angles  are  represented 
by  distances  OR^,  OR,',...  measured  from  0  in  a  negative 
direction. 

At  each  point  P  erect  a  perpendicular  PQ  to  represent 
the  sine  of  the  angle  which  is  represented  by  OP ;  if  the 
sine  be  positive,  the  perpendicular  is  to  be  drawn  parallel 
to  OF  in  the  positive  direction;  if  the  sine  be  negative, 
the  line  is  to  be  drawn  in  the  negative  direction. 

[For  example,  since  ORi  represents  a  right  angle,  the  sine  of  which  is 
1,  we  erect  a  perpendicular  JR^jB^  equal  to  one  unit  of  length ;  since  OR, 
represents  an  angle  equal  to  two  right  angles,  the  sine  of  which  is  zero, 
we  erect  a  perpendicular  of  length  zero;  since  OR^  represents  three  right 
angiles,  the  sine  of  which  is  - 1,  we  erect  a  perpendicular  equal  to  - 1, 
i.e.  we  draw  R^^  downward  and  equal  to  a  unit  of  length ;  if  OP  were 

equal  to  one-third  of  OJRi,  it  would  represent  ^  of  a  right  angle,  i.e.  BOP, 

o 
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the  sine  of  which  is  ^ ,  and  so  we  should  erect  a  perpendicular  PQ  equal 
to  one-half  the  unit  of  length.] 

The  ends  of  all  these  lines,  thus  drawn,  would  be 
found  to  lie  on  a  curve  similar  to  the  one  drawn  above. 

It  would  be  found  that  the  curve  consisted  of  portions, 
similar  to  OB^R^Jt^,  placed  side  by  side.  This  corre- 
sponds to  the  fact  that  each  time  the  angle  increases  by 
27r,  the  sine  repeats  the  same  value. 

#63.    CoBine-Curve. 


\Rl       Rg      I^/  !         \ 


I "       ■  "'-....L^. 


The  Cosine-Curve  is  obtained  in  the  same  manner  as 
the  Sine-Curve,  except  that  in  this  case  the  perpendicular 
PQ  represents  the  cosine  of  the  angle  represented  by  OP. 

The  curve  obtained  is  the  same  as  that  of  Art.  62  if  in 
that  curve  w^e  move  0  to  iJj  and  let  OF  be  drawn  along 
ItiBi* 

#64.    Tangent-Curve. 

In  this  case,  since  the  tangent  of  a  right  angle  is 
infinite  and  since  ORi  represents  a  right  angle,  the  per- 
pendicular drawn  at  Ri  must  be  of  infinite  length  and 
the  dotted  curve  will  only  meet  the  line  RiL  at  an  infinite 
distance. 


TANGENT-CUKVE. 
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Since  the  tangent  of  an  angle  slightly  greater  than  a 
right  angle  is  negative  and  almost  infinitely  great,  the 
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dotted  curve  immediately  beyond  LRiU  commences  at  an 
infinite  distance  on  the  negative  side,  i,e,  below,  OX. 

The  Tangent-Curve  will  clearly  consist  of  an  infinite 
number  of  similar  but  disconnected  portions,  all  ranged 
parallel  to  one  another.  Such  a  curve  is  called  a  Discon- 
tinuous Curve.  Both  the  Sine-Curve  and  the  Cosine- 
Curve  are,  on  the  other  hand,  Continuous  Curves. 

#65.  Cotangent-Curve.  If  the  curve  to  represent 
the  cotangent  be  drawn  in  a  similar  manner,  it  will  be 
found  to  meet  OF  at  an  infinite  distance  above  0 ;  it  will 
pass  through  the  point  Ri  and  touch  the  vertical  line 
through  jRs  at  an  infinite  distance  on  the  negative  side  of 
OX.  Just  beyond  R^  it  will  start  at  an  infinite  distance 
above  JBg,  and  proceed  as  before. 

The  curve  is  therefore  discontinuous  and  will  consist 
of  an  infinite  number  of  portions  all  ranged  side  by  side. 
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#66.    CoBeoant-Curve. 
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When  the  angle  is  zero,  the  sine  is  zero,  and  the 
cosecant  is  therefore  infinite. 

Hence  the  curve  meets  OF  at  infinity. 

When  the  angle  is  a  right  angle,  the  cosecant  is  unity, 
and  hence  RiBi  is  equal  to  the  unit  of  length. 

When  the  angle  is  equal  to  two  right  angles  its 
cosecant  is  infinity,  so  that  the  curve  meets  the  perpen- 
dicular through  jRa  at  an  infinite  distance. 

Again,  as  the  angle  increases  from  slightly  less  to 
slightly  greater  than  two  right  angles,  the  cosecant 
changes  from  +  x  to  —  00 . 

Hence  just  beyond  R^  the  curve  commences  at  an 
infinite  distance  on  the  negative  side  of,  %.e.  below,  OX, 

#67.     Secant-Curve.    If,  similarly,  the  Secant-Curve 
be  traced  it  will  be  found  to  be  the  same  as  the  Cosecant- 

«  

Curve  would  be  if  we  moved  OF  to  RiBi, 
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MISOELLANEOUS  EXAMPLES.    DL 

1.  In  a  triangle  one  angle  contains  as  many  grades  as  another  con- 
tains degrees,  and  the  third  oontains  as  many  centesimal  seconds  as 
there  are  sexagesimal  seconds  in  the  sun  of  the  other  two;  find  the 
number  of  radians  in  each  angle. 

2.  Find  the  nmnber  of  degrees,  minutes,  and  seconds  in  the  angle  at 
the  centre  of  a  circle,  whose  radius  is  6  feet,  which  is  subtended  by  an  arc 
of  length  6  feet. 

3.  To  turn  radians  into  seconds,  prove  that  we  must  multiply  by 
206265  nearly,  and  to  turn  seconds  into  radians  the  multiplier  must  be 
•0000048. 

4.  If  sin  9  equal  ^""^,,  find  the  yalues  of  cos  9  and  cot  $. 


5.    If  Bin^= 


m*+2mn+an*' 


prove  that  t^e^—--^^. 

6.  If  cos  ^- sin  9  5:^2  sin  ^, 
prove  that  oo8tf+sin^=i^2costf. 

7.  Prove  that 

ooseo"  a  -  cot*  a = 8  C08e6*  a  cot*  a + 1. 

8.  Express         2sec*ul-seo^ul~2cosec*ul+ooseo^ul 
in  terms  of  tan  A, 

9.  Solve  the  equation  3  cosec*  ^ = 2  sec  9. 

10.  A  man  on  a  cliff  observes  a  boat  at  an  angle  of  depression  of 
30°,  which  is  making  for  the  shore  immediately  beneath  him.  Three 
minutes  later  the  angle  of  depression  of  the  boat  is  60^  How  soon  will 
it  reach  the  shore  ? 

11.  Prove  that  the  equation  sin  tf =x + -  is  impossible  if  x  be  real. 

12.  Shew  that  the  equation  sec»tf=,        .^  is  only  possible  when 


CHAPTER  V. 

TRIGONOMETRICAL  FUNCTIONS  OF  ANGLES  OF  ANY 

SIZE  AND  SIGN. 

[On  a  first  reading  of  the  subject,  the  student  is  recommended 
to  confine  his  attention  to  the  first  of  the  four  figures  given  in 
Arts.  68, 69,  70,  and  72.] 

68.     To  find  the  trigonometrical  ratios  of  an  angle 
(  —  0)  in  terms  of  those  of  6,  for  aU  valves  of  6, 
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Let  the  revolving  line,  starting  from  OA,  revolve 
through  any  angle  6  and  stop  in  the  position  OP. 

Draw  PM  perpendicular  to  OA  (or  OA  produced)  and 
produce  it  to  P',  so  that  the  lengths  of  PM  and  MP^  are 
equal 

In  the  geometrical  triangles  MOP  and  MOP",  we  have 
the  two  sides  OM  and  MP  equal  to  the  two  OM  and 
MP',  and  the  included  angles  OMP  and  OMP*  are  right 
angles. 

,  Hence  (Euc.  i.  4),  the  magnitudes  of  the  angles  MOP 
and  MOP'  are  the  same,  and  OP  is  equal  to  OP*. 

In  each  of  the  four  figures,  the  magnitudes  of  the 
angle  AOP  (measured  counter-clockwise)  and  of  the  angle 
AOP'  (measured  clockwise)  are  the  same. 

Hence  the  angle  AOP'  (measured  clockwise)  is 
denoted  by  —9. 

Also  MP  and  MP'  are  equal  in  magnitude  but  are 
opposite  in  sign.     (Art  49.)     We  have  therefore 

•in(-(?)  =  gpr=^^^p-  =  -siii(?, 

,    ^,     OM         OM  ^ 

cos  (- 0)  =^=         Qp-OOM  0, 

,     ,     .,    MP'     --MP  '    . 

tan(-^)=:^j^=.^^  =  -tan^, 

,,     .,      OM       OM  . 

cot(-^)  =  -g=p  =  -^p=-cot^, 

OP'       OP 
cosec  ( -^)  =  jgp  =  — grp  =  -.cosec  ^, 

A  ^    /     a\     OP'  OP 

and  ^(-^)=_,=      o^=8ecft 

L.  T.  5 
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[In  this  artiole,  and  the  following  articles,  the  yalnes  of  the  last  four 
trigonometrioal  ratios  may  be  found,  without  reference  to  the  figure* 
from  the  values  of  the  first  two  ratios. 

Thus  tan(-^)= — 7 — Tf= ^=-tantf, 

^       '     C08(-^)        cos^ 

x/     «»     008(-^)        cos^  . - 

noil -$)  =1-7— ^ — ~=  — -7:=-00t^, 

^      '     sm(-^)      -sm^ 

cosec  (-&)  =  -!— 7 — ^  =  — r— T  =  -  ooseo  $, 
^  sin  ( -  ^)      -  sin  ^ 

and  sec(-^)= — -. — —  = ^=8eo^.] 

^       '    008  (-^)      cos^  ■" 

Bn.  sin  (-30°)=  -sinSO°=  -i, 

tan(-6(y»)=  -tan  60°=  -  ^8, 
and  cos  ( -  46°) = cos  46° = -^ . 

69.  To  find  the  trigonornetrical  ratios  of  the  angle 
(90°  —  0)  in  terms  of  those  of  0,  for  all  values  of  0, 

The  relations  have  abeady  been  discussed  in  Art.  39, 
for  values  of  0  less  than  a  right  angle. 

Let  the  revolving  line,  starting  from  OA,  trace  out 
any  angle  AOP  denoted  by  0, 

To  obtain  the  angle  90°  —  0,  let  the  revolving  line 
rotate  to  B  and  then  rotate  from  B  in  the  *  opposite 
direction  through  the  angle  0,  and  let  the  position  of  the 
revolving  line  be  then  OP", 

The  angle  ^OF  is  then  90°  -  0. 

Take  OF  equal  to  OP,  and  draw  FM'  and  PM  per- 
pendicular to  OA,  produced  if  necessary.  Also  draw  FN^ 
perpendicular  to  OB,  produced  if  necessary. 
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In  each  figure,  the  angles  AOP  and  BOf  are  Dumeri- 
cally  equal,  by  construction. 


Hence,  in  each  figure, 

Z  MOP  =  L  WOP'  =  Z  QPW, 
since  OJT  and  MP'  are  parallel. 

Hence  the  triangles  MOP  and  M'PO  are  equal  in  all 
respects,  and  therefore  0M=  MP  numerically, 
and  OM  =  MP  numerically. 

Also,  in  each  figure,  OM  and  M'P"  are  of  the  same 
sign,  and  so  also  are  MP  and  OM, 

i.e.  OM  =  +  MP.axidOM-  =  +MP. 
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Hence 

tin  {90"-$)  =  an  AOF 

CO*  {90f- 6)  =  cos  AOP'  = 

tan  (90°  -  d)  =  tan  4  OF  = 

cot  (90°  -  d)  =  cot  ^OP*  = 


MF     OM 


OP' 

OM 
OP" 

M'F 
OM 

OM' 

MR 

OP 


MP 
OP 

OM 
MP 

OP 


=  tiae. 


=-rrfi=cotff,' 


sec  (90° -<?)  =  sec  ^  OP' = -^^ = -gp  =  cosec  tf, 

OF      OP  a 

.„^  =  7rT>=  sec  a. 


and   co8ec(90°  — ^)  =  cosec^  OP*  = 


MF     OM 


70.     To  find  the  trigonometrical  ratios  of  the  (mgU 
(90°  +  6)  in  terms  of  those  of  d,for  all  values  of  6. 


M'     O 


\  m'    A 
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Let  the  revolving  line,  starting  from  OA,  trace  out 
any  angle  0  and  let  OP  be  the  position  of  the  revolving 
line  then,  so  that  the  angle  AOP  is  0, 

Let  the  revolving  line  turn  through  a  right  angle  firom 
OP  in  the  positive  direction  to  the  position  OP',  so  that 
the  angle  il  OP'  is  (90^  +  0). 

Take  OP'  equal  to  OP  and  draw  PM  and  FM 
perpendicular  to  ^0,  produced  if  necessary.  In  each 
figure,  since  POP"  ia  a  right  angle,  the  sum  of  the  angles 
MOP  and  FOM  is  always  a  right  angle. 

Hence     Z  if  OP  =  90"  -  Z  FOif  «  Z  OFJf'. 

The  two  triangles  MOP  and  If  yPO  are  therefore  equal 
in  all  respects. 

Hence  OM  and  MP'  are  numerically  equal,  as  also 
MP  and  OM'  are  numerically  equal. 

In  each  figure,  OM  and  MP  have  the  same  sign, 
whilst  MP  and  OM  have  the  opposite  sign,  so  that 

ifP'  =  +  Oif,andOi/'  =  -ifP. 
We  therefore  have 

•in(9O°  +  ^«sinil0P'=^  =  ^=caift 
(cos  9  0°  +  6)  =  cos  4  OF  « -qp  =  ^^^p- SB  -  sin  ft 

tan(90°  +  ^)  =  tanilOP'=^  =  ^^  =  -cot^, 

cot(90°  +  ^)  =  cotilOF  =  -^=^^  — tan^, 

OP'       OP 
sec  (90**  +  ^)  =  sec -4  OP' =  ^yjj^  =;;nr7p  =  — cosectf, 

OF      OP 
and  cosec  (90°  +  fl)  =  cosec  AOF  =  ^j^™  =  mf  ~  ^^0, 
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Binl60«>=8in(90°  +  60*>)=coB60°=^, 
oo8l86«>=ooB(90°+46°)=  -Bin46'>=  -  -4. 


and 


tanl20°=taii(90*»+80°)=  -cot80'>=  -  ^3. 

71.  Supplementary  Angles. 

Two  angles  are  said  to  be  supplemeDtary  when  their 
sum  is  equal  to  two  right  angles,  i,e.  the  supplement  of 
any  angle  0  is  180°  -  d. 

Bzs.    The  supplement  of  S0°= 180°  -  80°=  160°. 
The  supplement  of  120°=  180°  - 120°=  60°. 
The  supplement  of  276°= 180°  -  276°=  -  96°. 
The  supplement  of  - 126°=180°-  (- 126°)=306°. 

72.  To  find  iJie  values  of  iJie  trigonometrical  ratios  of 
the  angle  (180°  —  0)  in  terms  of  those  of  the  angle  6,  for  all 
values  of  0. 

\ 


M 


^fo\ 


Let  the  revolving  line  start  from  OA  and  describe  any 
angle  AOP  (=  0). 
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To  obtain  the  angle  180°  —  0,  let  the  revolving  line 
start  from  OA  and,  after  revolving  through  two  right 
angles  (i.e.  into  the  position  OA'),  then  revolve  back 
through  an  angle  0  into  the  position  OP",  so  that  the  angle 
A' OP'  is  equal -in  magnitude  but  opposite  in  sign  to  the 
angle  AOP. 

The  angle  AOP'  is  then  180°  -  0. 

Take  OP'  equal  to  OP,  and  draw  Fif  and  PM 
perpendicular  to  AOA'. 

The  angles  MOP  and  MOP'  are  equal,  and  hence  the 
triangles  MOP  and  MOF  are  equal  in  all  respects. 

Hence  OM  and  OM  are  equal  in  magnitude,  and  so 
also  are  MP  and  MP'. 

In  each  figure,  OM  and  OM'  are  drawn  in  opposite 
directions,  whilst  MP  and  M'P'  are  drawn  in  the  same 
direction,  so  that 

OM^-'OM,  and  MF^^  +  MP. 

Hence  we  have 

M'P^         MP 
■ln(18O«-6)  =  8inil0F  =  ^-^-     g^  =  rinft 

CO.  (180«  -  ^)  =  COB  ilOF  =  ^  =  =^  =  -  coi  ft 

M'P'       MP 
tan  (180°  -  tf) = tan  ^  OF  =  ^^  =  f^  =  -  tan  «, 

cot  (180°  -0)^cotAOF^  ^^  ''~WP   =-<»**' 

OF       OP 
sec  (180° -«)»  sec  ^  OP' =  ^  =  _f^  =  - sec  «, 

OF     OP 
and  coseo(180°  — tf)  =  co6ec^ op's:  ^rarp>  =  -w^  =  cosec ft 
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Bzs.  8iniaO»=8in(180°-60°)=Bm6(y»=:^, 

008  ISS'^rsCOS  (180°  -  46°)  =  -  COB  46°=  -  -^ , 

and  tan  160°= tan  (180° -30°)=  -tan80°=-^. 

73.  To  find  the  trigonometrical  ratios  of  (180°  +  0)  in 
terms  of  those  of  0,  for  all  values  of  0, 

The  required  relations  may  be  obtained  geometrically, 
as  in  the  previous  articles.  The  figures  for  this  propo- 
sition are  easily  obtained  and  are  left  as  an  example  for 
the  student. 

They  may  also  be  deduced  from  the  results  of  Art.  70, 
which  have  been  proved  true  for  all  anglea  For  putting 
90°  +  ^  =  jB,  we  have 

■in(18O^  +  6)=sin(90°  +  jB)  =  cos5  (Art.  70) 

=  cos  (90°  +  e)  =  -  sla  6,  (Art.  70) 

and    coi(18O'*  +  tf)=cos(90°+5)  =  -sin5  (Art.  70) 

=  -  sin  (90°  +  0)  =  ^  cog  ft  (Art.  70). 

So         tan  (180°  +  ^)  =  tan  (90°  +  5)  =  -  cot  5 

=  -  cot  (90°  +  5)  =  tan  ^, 

and  similarly  cot  (180°  +  ^)  =  cot  0, 

sec  (180^  +  5)  =  -  sec  ^, 
and  cosec  (1 80°  +  5)  =  —  cosec  0. 

74  To  find  ihe  trigonometrical  ratios  of  an  angle 
(360°  +  0)  in  terms  of  those  of  0,  for  all  values  of  0, 
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In  whatever  position  the  revolving  line  may  be  when 
it  has  described  any  angle  0,  it  will  be  in  exactly  the  same 
position  when  it  has  made  one  more  complete  revolution 
in  the  positive  direction,  i.e.  when  it  has  described  an 
angle  360°  +  ft 

Hence  the  trigonometrical  ratios  for  an  angle  360**  +  0 
are  the  same  as  those  for  ft 

It  follows  that  the  addition  or  subtraction  of  360"*,  or 
any  multiple  of  360°,  to  or  fix)m  any  angle  does  not  alter 
its  trigonometrical  ratios. 

76.  From  the  theorems  of  this  chapter  it  follows  that 
the  trigonometrical  ratios  of  any  angle  whatever  can  be 
reduced  to  the  determination  of  the  trigonometrical  ratios 
of  an  angle  which  lies  between  0°  and  45°. 

For  example, 

sin  1765°  =  sin  [4  x  360°  +  325°]  =  sin  325°  (Art.  74) 

=  sin  (180°  +  14o°)  =  -  sin  145°  (Art.  73) 

=  -  sin  (180°  --35°)  =  -  sin  35°  (Art.  72); 

•  tan  1190°  =  tan  (3  X  360°  + 110°)  =  tan  110°  (Art.  74) 

=  tan  (90°  +  20°)  =  -  cot  20°  (Art.  70) ; 

and                 cosec  ( -  1465°)  =  -  cosec  1465°  (Art.  68) 

=  -  cosec  (4  X  360°  +  25°)  =  -  cosec  25°  (Art  74). 

Similarly  any  other  such  large  angles  may  be  treated. 
First,  multiples  of  360°  should  be  subtracted  until  the 
angle  lies  between  0°  and  360° ;  if  it  be  then  greater  than 
180°,  it  should  be  reduced  by  180° ;  if  then  greater  than 
90°,  the  formulae  of  Art.  70  should  be  used,  and  finally,  if 
necessary,  the  formulae  of  Art.  ^9  applied. 
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76.  .  The  table  of  Art.  40  may  now  be  extended  to 
some  important  angles  greater  than  a  right  angle. 


Angle 

0° 
0 

30° 

1 
2 

V3 
2 

1 
v'3 

V3 

r 

2 

2 
V3 

45° 

60° 

90° 
1 

0 

.00 

0 
1 

00 

120° 

136° 

150° 

180° 

Sine 

1 

V2 

V3 
2 

V3 
2 

1 

V2 

1 

2 

0 
-1 

Cosine 

1 
0 

00 
00 

1 

1 

1 

1 

1 
2 

1 
V2 

V3 
2 

Tangent 

1 

1 

V2 
V2 

V3 

1 

V3| 

2 
V3 

2 

-V3 

-1 

* 

1 
"^3 

0 

Cotangent 

1 
V3 

-1 

-V3 

00 
00 

Cosecant 

2 

V3^ 

V2 

2 

Secant 

-2 

-V2 

2 
n/3 

-1 

EXAMPLES.    Z. 

Prove  that 

1.  Bin420°ooB890«+coB(-800°)8in(-3S0°)  =  l. 

2.  COB  570°  sin  610° -sin  380°  COS  390° =0. 
and  3.    tan226°oot406°+tan766°cot676°=0. 

What  are  the  values  of  cos^-Binil  and  tan^+oot^  when  A  has 
the  valaes 

.     T  -     2t  «     6t  n     7t        .   ^     11t_ 

4.    g ,       5.    -g  »        6.    ^ »       7.    ^   and  8.   -  g  ? 


I  --* — -    ^^-^^^^  ..^ 
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Wliat  valneB  between  0°  and  360°  may  A  have  when 

9.    sin A  =  j^,  10.    cos^s-g,  11.    taiiii  =  -l, 

12.    cot^=-^8,        13.    BeOii=-^  and  14.    ooaecii=-27 

Express  in  terms  of  the  ratios  of  a  positive  angle,  whioh  is  less  than 
45°,  the  quantities 

16.  sin  (-66°).  16.  cos  (-84°).  17.  tan  187°. 

18.  sin  168°.  19.  COS  287°.  20.  tan  (-246°). 

21.  sin  848°.  22.  eo8(-928°).  23.  tan  1145°. 

24.  0081410°.  25.  oot(-1054°).  26.  seo  1827°  and 

27.  eosec(-756°). 

What  sign  has  sin  ii + eos  il  for  the  following  values  of  il  ? 

28.  140°.  29.    278°.  30.     -856°  and  31.     -1126°. 
What  sign  has  sin  ^  -  oos  ^  f or  the  following  values  of  ii  ? 

32.    216°.  33.    626°.  34.     -  684°  and  35.     -  457°. 

36.  ^^d  the  sines  and  cosines  of  all  angles  in  the  first  four  quadrants 
whose  tangents  are  equal  to  cos  185°. 

Prove  that 

37.  8in<270°+^)=s~cosil,  and  tan(270°+ii)=  -ootil. 

38.  eoe(270°-ii)=-sinii,  and  cot(270°-il)=tanii. 

39.  cos -4 -h sin (270°+^) -sin (270°-^)  + cos (180° +  ii)=0. 

40.  8eo(270°-^)8eo(90°-ii)  +  tan(270°-^)tan(90°+il)  +  l=0. 

41.  cot^+tan(180°+ii)  +  tan(90°+il)-tan(860°-ii)=0. 


CHAPTER  VI. 

GENERAL  EXPRESSIONS  FOR  ALL  ANGLES  HAYING  A 
GIVEN  TRIGONOMETRICAL  RATIO. 

77.  To  construct  the  least  positive  angle  whose  sine  is 
eqiual  to  a,  tvhere  a  is  a  proper  fraction. 

Let  OA  be  the  initial  line,  and  let  OB  be  drawn  in  the 
positive  direction  perpendicular  to  OA, 

Measure   off  along   OB  a  distance 
ON  which  is  equal  to  a  units  of  length. 

[If  a  be  negative  the  point  N  will  lie  in  ^ ^_,^ 

BO  produced.] 

Through  N  draw  NF  parallel  to  OA.  With  centre  0, 
and  radius  equal  to  the  unit  of  length,  describe  a  circle 
and  let  it  meet  NP  in  P. 

Then  AOP  will  be  the  required  angle. 

Draw  PM  perpendicular  to  OA,  so  that 

.      .^o     MP     ON     a 

The  sine  of  AOP  is  therefore  equal  to  the  given 
quantity,  and  hence  AOP  is  the  angle  required. 
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78.  To  construct  ike  least  positive  <mgle  whose  cosine 
is  equal  to  b,  where  b  is  a  proper  frctction. 

Along  the  initial  line  measure  off  a  distance  OM  equal 
to  b  and  draw  MP  perpendicular  to  OA. 
[If  b  be  negative,  M  will  lie  on  the  other 
side  of  0  in  the  line  AO  produced.] 

With  centre  0,  and  radius  equal  to 
unity,  describe  a  circle  and  let  it  meet 
MP  in  P. 

Then  AOP  is  the  angle  required.    For 

.^P     OM    b     , 
cos  AOP  =  YTp  =  T  =  6. 

79.  To  construct  the  least  positive  angle  whose  tangent 
is  equal  to  c. 

Along  the  initial  line  measure  off  ^^ 

OM  equal  to  unity,  and  erect  a  per- 
pendicular MP.  Measure  off  MP 
equal  to  c. 

Then 

.        .^p     MP 
i^nAOP^Qj^^c, 

so  that  AOP  is  the  required  angle. 

80.  It  is  clear  from  the  definition  given  in  Art.  50, 
that,  when  an  angle  is  given,  so  also  is  its  sine.  The 
converse  statement  is  not  correct ;  there  is  more  than  one 
angle  having  a  given  sine;  for  example,  the  angles  30°, 
150°,  390°,  -  210°,...  all  have  their  sine  equal  to  ^. 

Hence,  when  the  sine  of  an  angle  is  given,  we  do  not 
definitely  know  the  angle ;  all  we  know  is  that  the  angle 
is  one  out  of  a  large  number  of  angles. 
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Similar  statements  are  true  if  the  cosine,  tangent,  or 
any  other  trigonometrical  function  of  the  angle  be  given. 

Hence,  simply  to  give  one  of  the  trigonometrical 
functions  of  an  angle  does  not  determine  it  without 
ambiguity. 

81.  Suppose  we  know  that  the  revolving  line  OP 
coincides  with  the  initial  line  OA.  All  we  know  is  that 
the  revolving  line  has  made  0,  or  1,  or  2,  or  3,...  complete 
revolutions,  either  positive  or  negative. 

But  when  the  revolving  line  has  made  one  complete 
revolution,  the  angle  it  has  described  is  (Art.  17)  equal  to 
27r  radians. 

Hence,  when  the  revolving  line  OP  coincides  with  the 
initial  line  04,  the  angle  that  it  has  described  is  0,  or  1, 
or  2,  or  3...  times  27r  radians,  in  either  the  positive  or 
negative  directions,  i.e,  either  0,  or  +  2ir,  or  ±  47r,  or  ±  Sir. . . 
radians. 

This  is  expressed  by  saying  that  when  the  revolving 
line  coincides  with  the  initial  line  the  angle  it  has  de- 
scribed is  2n7r,  where  n  is  some  positive  or  negative 
integer. 

82.  Theorem.  To  find  a  general  eoopression  to  in- 
clude all  angles  which  have  the  same  sine. 

Let  AOP  be  any  angle  having  the  given  sine,  and 
let  it  be  denoted  by  a. 

Draw  PJlf  perpendicular  to  OA 
and  produce  MO  to  if,  making 
OM'  equal  to  MO,  and  draw  MT' 
parallel  and  equal  to  MP. 

As  in  Art.  72,  the  angle  AOP' 
is  equal  to  tt  —  a. 
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When  the  revolving  line  is  in  either  of  the  positions 
OP  or  OP',  and  in  no  other  position,  the  sine  of  the  angle 
traced  out  is  equal  to  the  given  sine. 

When  the  revolving  line  is  in  the  position  OP,  it  has 

made  a  whole  number  of  complete  revolutions  and  then 

described  an  angle  a,  M.y  by  the  last  article,  it  has  described 

an  angle  equal  to 

2r7r  +  a (1) 

where  r  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  OP,  it  has, 

similarly,  described  an  angle  2r7r  +  ^OP',  i,e.  an  angle 

2r7r  +  TT  —  a, 

i.e.  (2r  +  l)7r-a (2) 

where  r  is  zero  or  some  positive  or  negative  integer. 

All  these  angles  will  be  found  to  be  included  in  the 

expression 

n7r  +  (-l)*a (3), 

where  n  is  zero  or  a  positive  or  negative  integer. 

For,  when  n  =  2r,  since  (—  l)*"  =  +  1,  the  expression  (3) 
gives  2r7r  +  a,  which  is  the  same  as  the  expression  (1). 

Also,  when  n  =  2r  + 1,  since  (—  1)**+*  =  —  1,  the  expres- 
sion (3)  gives  (2r  +  l)7r  — a,  which  is  the  same  as  the 
expression  (2). 

Cor.  Since  all  angles  which  have  the  same  sine  have 
also  the  same  cosecant,  the  expression  (3)  includes  all 
angles  which  have  the  same  cosecant  as  <l 

83.  Theorem.  To  find  a  general  expressicm  to  in- 
elude  all  angles  which  have  the  same  cosine. 

Let  AOP  be  any  angle  having  the  given  cosine,  and 
let  it  be  denoted  by  ol 
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Draw  PM  perpendicular  to  OA  and  pro- 
duce it  to  P',  making  PM  equal  to  MP\ 

When  the  revolving  line  is  in  the  position 
OP  or  OP',  and  in  no  other  position,  then,  as 
in  Art.  78,  the  cosine  of  the  angle  traced  out 
is  equal  to  the  given  cosine. 

When  the  revolving  line  is  in  the  position  OP,  it  has 
made  a  whole  number  of  complete  revolutions  and  then 
described  an  angle  a,  i,e,  it  has  described  an  angle  2n7r  +  a, 
where  n  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  OP*,  it  has 
made  a  whole  number  of  complete  revolutions  and  then 
described  an  angle  —  a,  i.e,  it  has  described  an  angle  27?7r— a. 

All  these  angles  are  included  in  the  expression 

2n7r±a (1) 

where  n  is  zero  or  some  positive  or  negative  integer. 

Cor.  The  expression  (1)  includes  all  angles  having 
the  same  secant  as  <l 


84.     Theorem.     To  find  a  general  expression  for  all 
angles  which  have  the  same  tangent 

Let  A  OP  be  any  angle  having  the  given  tangent, 
and  let  it  be  denoted  by  a. 

Produce  PO  to  P',  making  OP'        ^     ^ ^ 

equal  to  OP,  and  draw  P'M'  per- 
pendicular to  OM. 

As  in  Art.  73,  the  angles  AOP 
and  -4 OP'  have  the  same  tangent; 
also  the  angle  A  OP'  =  tt  +  a. 

When  the  revolving  line  is  in 
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the  position  OP,  it  has  described  a  whole  number  of 
complete  revolutions  and  then  turned  through  an  angle 
a,  i.e.  it  has  described  an  angle 

2r7r  +  a (1), 

where  r  is  zero  or  some  positive  or  negative  integer. 

When  the  revolving  line  is  in  the  position  0P\  it  has 
similarly  described  an  angle  2nr  +  (tt  +  a), 

i.e.  (2r+l)7r  +  a (2). 

All  these  angles  are  included  in  the  expression 

n7r  +  a (3), 

where  n  is  zero  or  some  positive  or  negative  integer. 

For,  when  n  is  even,  (=  2r  say),  the  expression  (3) 
gives  the  same  angles  as  the  expression  (1). 

Also,  when  n  is  odd,  (=  2r  + 1  say),  it  gives  the  same 
angles  as  the  expression  (2). 

Cor.  The  expression  (3)  includes  all  angles  which 
have  the  same  cotangent  as  a. 

85.  In  Arts.  82,  83,  and  84  the  angle  a  is  any  angle 
satisfying  the  given  condition.  In  practical  examples  it 
is,  in  general,  desirable  to  take  a  as  the  smallest  positive 
angle  which  is  suitable. 

Bz.  1.    Write  down  Hte  general  expression  for  all  angles, 

(1)  whose  sine  is  equal  to  ^ , 

(2)  whose  cosine  is  equal  to  -  ^, 

and    (3)    whose  tangent  is  equal  to  -^ . 

(1)    The  smallest  angle,  whose  sine  is  ^,  is  60°,  i.e,  ^ . 

L.  T.  6 
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Hence,  by  Art.  83,  the  general  expression  for  all  the  angles  which 
have  this  sine  is 

nT+(-l)«|. 
(2)    The  smallest  positive  angle,  whose  cosine  is  -  » * 

is  120°,  ue.  ^ . 

Hence,  l^  Art.  88,  the  general  expression  for  all  the  angles  which 
have  this  cosine  is 

(8)    The  smallest  positive  angle,  whose  tangent  is  -tx  , 

is  80°,  i.e.  5  . 

Hence,  by  Art.  84,  the  general  expression  for  all  the  angles  which 
have  this  tangent  is 

Bz.  2.    What  is  the  most  general  vaJue  of  0  satisfying  the  equation 
8in2^=i7 

Here  we  have  sin  0=  ±  ^ . 

Taking  the  upper  sign, 

.    ^     1       .    T 
sm^=^=sm^  . 

Taking  the  lower  sign, 

8m(?=-i=8in(-^y 

Patting  both  solutions  together,  we  have 


or,  what  is  the  same  expression, 


o 


/  ' 
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8.    What  is  the  most  general  value  of  $  which  $aHtfie$  both  of  the 
equations  tan$=  -^  and  tan ^=  -/« ^ 

Ckmsidermg  only  angles  between  QP  and  960°,  the  only  valoes  of  $, 
when  sin  ^  =  -  ^ ,  are  210®  and  880°.   Similarly,  the  only  valnea  of  $,  when 

tan^=-^,  are  30°  and  210°. 

The  only  value  of  $,  between  0°  and  860°,  satisfying  both  oondltions 
is  therefore  210°,  ie.  -g- . 

The  most  general  value  is  hence  obtained  by  adding  any  multiple 

7t 
of  four  right  angles  to  this  angle,  and  hence  is  2i»t +-7  >  where  n  is  any 

positiTe  or  negative  integer. 


EXAMPLES.    XL 

What  are  the  most  general  values  of  0  which  satisfy  the  equations, 
1.    sin^=^.  2.    sin^=-^.  3.    an0=j^. 

1/8  1 

4.     C0B^=-j.  5.     C08^  =  ^.  6.     oostf=---^. 

7.    taxie=^3.  8,    tan^=-l.  9.    cot^=l. 

2 

10,    sec  ^=2.  11.    ooBec0=-^.  12.    sin'^=l. 

13.    oos^^rri.  14.    tan«^=|.  15.    48m«tf=8. 

16.    2cot2^=co8ec»^.  17.    sec»^=s|? 

18.  What  is  the  most  general  value  of  $  that  satisfies  both  of  the 
equations 

cos^=  -  -75  and  tan^  =  l? 

19.  What  is  the  most  general  value  of  $  that  satisfies  both  of  the 

equations 

oot^=  -s/S  and  coseo^s  -2? 

6—2 
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20.  If  cos  (ii  -  B)  =  - ,  and  sin  (^i  +  B) = ^ ,  find  the  smallest  positive 
yalnes  of  A  and  B  and  also  their  most  general  values. 

2 

21.  If  tan  {A -3)  =  1,  and  sec  (^i + B)  =  -7^ ,  find  the  smallest  positive 

values  of  A  and  B  and  also  their  most  general  values. 

22.  l^ind  the  angles  between  QP  and  360°  which  have  respectively  (1) 

a/3  1 

their  sines  equal  to  ^ ,  (2)  their  cosines  equal  to  -  - ,  and  (3)  their  tan- 
gents equal  to  -73 . 

23.  Taking  into  consideration  only  angles  less  than  180°,  how  many 

5  1  4 

values  of  x  are  there  if  (1)  sina;==,  (2)  cosx=^,  (3)  oosx=  --^ 

2 

(4)tanx=5,  and  (6)  cota;=-7? 

24.  Given  the  angle  x  construct  the  angle  y  if  (1)  sin  ^=2  sin  aB, 
(2)  tan  y=S  tan  x,  (3)  cos  ^  =  n  ^^  ^>  <^^  W  s^y= cosec  x, 

25.  Shew  that  the  same  angles  are  indicated  by  the  two  following 
formulae :   (1)  (2n  - 1)  ^  +  ( - 1)*  «  ,  and  (2)  2nT  =*=«»»  being  any  integer. 

26.  Prove  that  the  two  formulae 

(1)  (2n+i)T±a  and  (2)  nr+C-ir  (|-a) 

denote  the  same  angles,  n  being  any  integer. 
Illustrate  by  a  figure. 

27.  If  ^-a=»T+(-l)*/3,  prove  that  d=2wT+a+/3  or  else  thai 
e=s(2m+l)T  +  a~p,  where  m  and  n  are  any  integers. 

28.  If  <^8  P^  +  ^^  9^ = ^)  prove  that  the  different  values  of  6  form  two 

2t 

arithmetical  progressions  in  which  the  common  differences  are and 

p  +  q 

2ir  .    1 

— --  respectively. 

g 

29.  Construct  the  angle  whose  sine  is  -      ., . 


EQUATIONS.  85 

86.  An  equation  involving  the  trigonometrical  ratios 
of  an  unknown  angle  is  called  a  trigonometrical  equation. 

The  equation  is  not  completely  solved  unless  we 
obtain  an  expression  for  all  the  angles  which  satisfy  it. 

Some  elementary  types  of  equations  are  solved  in  the 
following  article. 


87.    Bz.  1.    Solve  the  equation  2  sin^x + ^9  oob  x  -h  1 = 0. 

The  equation  may  be  written 

2'2eo8^x+^ZeoBx  +  l=0, 
1.6.  2oo82a;-V3coBa?-8=0, 

i.e,  (QOBx-»Jd)(2Qoax+^d)^0, 

The  equation  is  therefore  satisfied  by  ooa  x=,jB,  or  oo8x=  -  ^  • 

Since  the  cosine  of  an  angle  cannot  be  nomerioally  greater  than  nnity, 
the  first  factor  gives  no  solution. 

The  smallest  positive  angle,  whose  cosine  is  -  ^,  is  150°,  i.e,  -^  . 

Hence  the  most  general  value  of  the  angle,  whose  cosine  is  -  ^ , 

is2nT±^.     (Art.  83.) 

This  is  the  general  solution  of  the  given  equation. 


a.    Solve  the  equation  tan  B$ = cot  2$, 
The  equation  may  be  written 

tan5^=tan^|-20V 

Now  the  most  general  value  of  the  angle,  that  has  the  same  tangent  as 

^-20,  is,  by  Art.  84,      nT+|-2^, 

where  n  is  any  positive  or  negative  integer. 

The  most  general  solution  of  the  equation  is  therefore 

5e=znr+^-2e, 
where  n  is  any  integer* 


86 
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EXAMPLES.    Xn. 


Solve  the  equations 


1 

3 

5 
7 

8 

» 

9 
11 

13 
15 

17 
19 
21 
23 

25 

27 
29 
31 

33 

34 
35 

36 
37 


COB*  ^- sin  ^-7=0. 

4 


2.    2  Bin*  0+3  008^=0. 


2^3  008^0  =  81110. 

4  008  0  -  3  860  0= 2  tan  0. 
tan80-(l+V3)tan0+V3=O. 

oot80+(v8  +  -^)cot0+l=O. 

oot  0  -  a&  tan  0=a  -  &. 
8600  - 1= (V2  -  l)tan0. 
oot  0 + tan  0 = 2  ooseo  0. 

38in30-28in0=l. 


4.      OO8  0  +  OOS'0  =  1. 


6.    8ina  0-2  008  0+7=0. 

4 


16.    8in50  = 


sin  90= sin  0. 
oosm0=oosn0. 

008  50  =  008  40. 

oot0=tan80. 

2 

tan  20= tan  ^. 
o 

tan>30=oot>a. 

tan3  30=tan'a. 

tan  mo; + oot  nx = or. 


10.  tan'0+oot3  0=2. 

12.  8(866S0+tan>0)=5. 

14.  4oos^0+V3=2(V3  +  l)oo8  0. 

18.  8in30=sin20. 

20.  sin  20 =008  30. 

22.  oo8m0=8inn0. 

24.  oot0=tann0. 

26.  tan  20 tan  0=1. 

28.  tan30=oot0. 

30.  3  tana  0=1. 

32.  tan  (t  oot  0) = oot  (t  tan  0) . 


8in(0-0)=^f  and  oo8(0+0)  =  ^. 

1  tJS 

008 (2a; +32^)  =  ^,  andoo8(3«+2y)=^. 

Find  all  the  angles  between  0°  and  90^  whioh  satisfy  the  equation 

860^  0  00860^  0  +  2  00860^  0  =  8. 

If  tan'  0= J ,  find  versin  0  and  explain  the  doable  result. 

1 
If  the  ooTersin  of  an  angle  be  ^ ,  find  its  oosine  and  cotangent. 

o 


CHAPTER  VU. 


TBIOONOMBTRICAL  BATIOS  OF  THE  SUM  AND  DIFFERENCE 

OF  TWO  ANOLE& 


88. 


a/nd 


Theorem.    To  prove  that 

sin  (-4.  -h  5)  =  sin  A  cos  B  +  cos  A  sin  B, 

cos(il  -h  5)  =  cos -4  cos  £~ sinil  sin  B. 


Let  the  revolving  line  start  from  OA  and  trace  out 
the  angle  AOB  (=A),  and  then  trace  out  the  further 
angle  BOC  (=  B). 

In  the  final  position  of  the  revolving  line  take  any 
point  P,  and  draw  PM  and  PN  perpendicular  to  OA  and 
OB  respectively;  through  N  draw  NR  parallel  to  -40  to 
meet  MP  in  M,  and  draw  NQ  perpendicular  to  OA. 

The  angle 

RPN=90''-^PNR^aRN0^aN0Q^A, 
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Hence    sm  (A  +  Jo)  =  sm  AOF  =  jyp  =  — y^ — 

_QN    RPqNON    RPNP 
~  OP^OP~ON  OP^ NP  OP 
=  sin  A  cos  B  +  cos  RPNsva  B, 
:.  iln  (A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B. 

A     •  /j^m  Am>     OM     OQ-MQ 

Again    cos {A+B)  =  cos AOP  =  -jrp  —       np 

^OQ_BN     qQqN_RNNP  :  V^, 
OP     OP     ON  OP     NP  OP 


J    \ 


=  COS  A  cos  jB  —  sin  RPNsm  B. 
/.  cos  (A  +  B)  =  cos  A  cos  B  —  sin  A  sin  B. 

39.  ^e  figures  in  the  last  article  have  been  drawn  only  for  the  case 
in  which  A  and  B  are  acute  angles. 

The  same  proof  will  be  found  to  apply  to  angles  of  any  size,  due 
attention  being  paid  to  the  signs  of  the  quantities  involved. 

The  results  may  however  be  shewn  to  be  true  of  all  angles,  without 
drawing  any  more  figures,  as  follows. 

Let  A  and  B  be  acute  angles,  so  that,  by  Art.  88,  we  know  that  the 
theorem  is  true  for  A  and  B, 

Let  ^1=90° +-4,  so  that,  by  Art.  70,  we  have 

sin^i=cosui,  and  cos^i=-sin^. 

Then  sin(^+B)  =  8in{90°+(^+B)}=cos(^  +  B),      by  Art.  70, 

= cos  A  cos  £  -  sin  ^  sin  B = sin  ^^  cos  B  +  cos  A-^  sin  B . 
Also  cos  (^1 + B) = cos  [90°  +  (^  +  B)]  =  -  sin  (A  +  B) 

=  -  sin  ^  cos  B  -  cos  A  sin  B=cos  A^  cos  B  -  sin  ^j  sin  B. 

Similarly,  we  may  proceed  if  B  be  increased  by  90°. 

Hence  the  formulae  of  Art.  88  are  true  if  either  ^  or  B  be  increased 
by  90°,  i,e.  they  are  true  if  the  component  angles  lie  between  0°  and 
180°. 

Similarly,  by  putting  A^=W^+A^,  we  can  prove  the  truth  of  the 
theorems  when  either  or  both  of  the  component  angles  have  values 
between  0°  and  270°. 

By  proceeding  in  this  way,  we  see  that  the  theorems  are  true  uni- 
versally. 
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90.    Theorem.     To  prove  t/uit 

sin  (-4.  —  jB)  =  sin  il  cos  5  —  cos  ^  sin  5, 

and  cos  (4  —  jB)  =  cos  -4.  cos  5  +  sin  -4  sin  B. 

Let  the  revolving  line  starting  from  the  initial  line 
OA  trace  out  the  angle 
A  OB  (=  A),  and  then,  re- 
.  volving  in  the  opposite  di- 
rection, trace  out  the  angle 
BOG,  whose  magnitude  is 
B,  The  angle  4  00  is  there- 
fore A  —B. 

Take  a  point  P  in  the  ^ 
final  position  of  the  revolv- 
ing line,  and  draw  PM  and  PN'  perpendicular  to  OA  and 
OB  respectively ;  from  JV  draw  NQ  and  NR  perpendicular 
to  OA  and  MP  respectively. 

The  angle  RPN=  90°-  Z  PNR^  Z  RNB=  z  QON^A. 

Hence 

•    /J      n^      •    Ann    ^^     MR-PR     QN    PR 
sin  (4- 5)  =  sin  400  =^jp-= ^^ —  -^ 


OP     OP 


QN  ON     PR  PN 


~  ON  OP     PN  OP 
=  sin  4  cos  -B  -  cos  RPN%\n  B, 
so  that        sin  (A  —  B)  =  sin  A  cos  B  —  cos  A  sin  B. 

Ai  /J      m     OM    OQ  +  QM     OQ^NR 

Also   cos(4-5)  =  ^=-^^^=g^+^ 

OQ  ONNRNP  .        n^'    jji^j^       n 

—  -h lirrs  7^TT  =  COS 4  COS 5 -l- siu NPR sm B, 


ON  OP^NP  OP 


SO  that     cos(A  — B)=scosAcosB  +  iin  AsinB. 
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91.  The  proofs  of  the  previous  artide  will  be  found  to  apply  to 
angles  of  any  size,  provided  that  due  attention  be  paid  to  the  signs  of 
the  quantities  involved. 

Assuming  the  truth  of  the  formulae  for  acute  angles,  we  can  shew 
them  to  be  true  universally  without  drawing  any  more  figures. 
For,  putting  ^i=90°+^,  we  have, 

(since  sin ^1= cos ^,  and  cos^^s -sin^), 

sin  {A^  -  J5) = sin  [90°  +(A-  B)] = cos  (il  -  B)  (Art.  70) 

=cos  A  cos  ^+ sin  ii  sin  B 

=BinAiOOBB-  cos  Ai  sin  B. 

Also         cos  (^1  -B)  =  cos  [90°  +  (^  -  B)]=  -  sin  {A  -  B)  (Art.  70) 

=:  -  sin  ^  cos  £ +C08  il  sin  B 

=     cos  ^i  cos  B+ sin  ill  sin  B. 

Similarly  we  may  proceed  if  B  be  increased  by  90°. 

Hence  the  theorem  is  true  for  all  angles  which  are  not  greater  than 
two  right  angles. 

So,  by  putting  ^2=  90°+ JL^,  we  may  shew  the  theorems  to  be  true  for 
all  angles  less  than  three  right  angles,  and  so  on. 

Hence,  by  proceeding  in  this  manner,  we  may  shew  that  the  theorems 
are  true  for  all  angles  whatever. 

92.  The  theorems  of  Arts.  88  and  90,  which  give 
respectively  the  trigonometrical  functions  of  the  sum  and 
diflFerences  of  two  angles  in  terms  of  the  fiinctions  of  the 
angles  themselves,  are  often  called  the  Addltioii  and 
Subtractioii  Theorems. 

93.    3Bx.  1.    Find  the  values  of  sin  75°  and  cos  75°. 

sin  75° = sin  (45° + 30°) = sin  45°  cos  30°  4-  cos  45°  sin  30° 

"V2  *   2   ■*";72  2~  2V2  ' 

and  cos  75° = cos  (45° + 30°) = cos  45°  cos  30°  -  sin  45°  sin  30° 

_  1  V3       1   1_V3-1 
"■^2   2       V2  2""    2V2   • 
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a.    Prove  that  Hn {A-k-B)Hn {A  ''B)=Hn^A  ^iin*B, 
and  eos  {A + B)  eo$  {A-B)= C09^  A  -  «m*  B, 

By  Arts.  88  and  90,  we  have 
8in(il+B).sm(i-B)=:(smiloo8B+ooBil8inB)(8iniloo8B-ooBil8mB) 
= Bins  il  008?  B  -  cos«  ^  Bin' B = sinS  ii  (1  -  8in«  B)  -  (1  -  BinM) .  sin' B 
=  Bins  ii- Bins  B. 

Again,  by  the  Bame  articles,  we  have 
ooB(u4+B)ooB(il-B)=(ooBilco8B-Bin^8inB)(oo8ilooBB+BinilBinB> 
=coB8iioo8«B-8inM  8in2B=eo88i4  (l-Bin*B)-(l-0O8M)  8in»B 
=cos'^-sin^B. 


B.    A$9uming  the  formulae  for  8in(x+^)  and  0O8(x+y),  deduce 
the  formulae  for  sin  {x  -  y)  and  oos  {x  -  y). 

We  have 

8inx=Bin  {(a;-|^)+^}  =  Bin(x-y)ooBy+eoB(x-^)Biny (1), 

and    ooBx=oo8{(x-y)+^}=:co8(x-y)oo8y-8in(2;-y)8iny (2). 

Maltiplying  (1)  by  oob^  and  (2)  by  sin  y  and  Bubtraotlng,  we  have 

sin  a;  COB. y  -  008  X  Bin  2^  s  sin  (x  -  y)  {cob*  y  +  sin^  y }  =  Bin  (x  -  y). 
Multiplying  (1)  by  sin  y  and  (2)  by  oob^  and  adding,  we  have 
Bin  X sin  y  +  oos  a; COB  |^ =C08  (x-y)  {cos*  y  +  Bin'  y }  =oo8 (x  - y). 

Hence  the  two  formolae  required  are  proved. 

Theee  two  formnlae  are  true  for  all  values  of  the  angles,  since  the 
formulae  from  which  they  are  derived  are  true  for  all  values. 

BXAMPLBB,    Xm. 

8  9 

1.  If  sin  a=^  and  0O8/3= j^*  ^^  the  value  of  sin  (a-/3)andco8(a+j3). 

2.  I, -...g»..M.g.  «»„».».,  ^,.-«^ 

sin  (a  +  /3). 

3.  If  sina=r^  and  oos/3=YQf  find  the  values  of  8in(a+/3),  cos(a-j3), 

and  tan(a+/3). 
Prove  that 

4.  cos  (46°  -  A)  cos  (45*='  -  B)  -  sin  (46°  -  ^)  sin  (46°  -  B) = sm  {A  +  B).  . 
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5.    sin  (45° + ^)  COB  (45°  -B)+ cob  (46° +A)sin  (45°  -3)= cos  (A-B), 

sin  {A - B)      sin  (B -  C)      Bin(C-^) 
*    cos  A  cos  B     COB  B  cos  C     cos  G  cos  ^  "" 

7.  sin  105°  +  cos  105° = cos  45°. 

8.  sin  75°  -  sin  15° = cos  105°  +  cos  15°. 

9.  cos  a  cos  (7  -  a)  -  sin  a  sin  (7- a)  =  cos  7. 

10.  cos  (a+  /3)  cos  7  -  cos  (j8 + 7)  cos  a= sin  /3  sin  (7  -  a). 

11.  sin  (n + 1)  ^  sin  (n  - 1)  -4  +  cos  (w  + 1)  -4  cos  (n  - 1)  -4  =  cos  2A. 

12.  sin  (n+ 1)  il  Bin  {n+2)A  +  cos  (n  +  l)A  cos  (n  +  2)  ^ =cos  A. 

94.     From  Arts.  88  and  90,  we  have,  for  all  values  of 
A  and  B, 

sin  (A+B)  =  sin  AcosB  +  cos  A  sin  5, 

and  sin  {A  —  B)  =  sin  J.  cos  5  —  cos  J.  sin  B. 

Hence,  by  addition  and  subtraction,  we  have 

sin(^+5)  +  sin(^-5)  =  2sin^cos5 (1), 

and         sin  (A  +  B)-  sin  (A-B)  =  2cos  ^  sin  5 (2). 

From  the  same  articles  we  have,  for  all  values  of  A 

and  B, 

cos  {A-\-B)  =  cos  ^  cos  JS  —  sin  A  sin  B, 

and  cos  {A—B)  =  cos  AcosB  +  sin  A  sin  B. 

Hence,  by  addition  and  subtraction,  we  have 

cos(^  +  jB)  +  cos(^-JS)  =  2cos^cosJS (3), 

and        cos  (J.  —  5)  —  cos  (J.  +  5)  =  2  sin  J.  sin  j5 (4). 

Put  ^  +jB  =  (7,  and  ^  -5  =  i),  so  that 
A  =  — ^ —  ,  and  B  =  — ^r—  . 
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On  making  these  substitutions,  the  relations  (I)  to  (4) 
become,  for  all  values  of  C  and  D, 

O+D  O-D 

sinO  +  ainDsaiin  — --—  cot 


a 


O-l-D  O-D 

■In  O  -  aln  D  =  fl  cos     ^      lin      ^      II, 

3  3 

• 

O+D  O-D 

cot O ■§■  cog D  =  3 cot     ^    ■  cos      ^     ...in, 

3  3 

O-l-D         O-D 

and     cot D  —  cos O  =4 sin     ^    ■  sin      ^     ...  IV. 

3  3 

[The  student  should  carefully  notice  that  the  left-hand 
member  of  IV  is  cos  D  —  cos  C  and  not  cos  C  —  cos  J9.] 

96.  These  relations  I  to  lY  are  extremely  important 
and  should  be  very  carefully  committed  to  memory. 

On  account  of  their  great  importance  we  give  a  geo- 
metrical proof  for  the  case  when  C  and  D  are  acute  angles. 

Let  AOG  hQ  the  angle  C  and  AOD  the  angle  D. 
Bisect  the  angle  COD  by  the  straight  line  OE.  On  OE 
take  a  point  P  and  draw  QPR  perpendicular  to  OP  to 
meet  OG  and  OD  in  Q  and  R  respectively. 

Draw  PL,  QM,  and  RN  perpendicular  to  OA,  and 
through  R  draw  RST  perpendicular  to  PL  or  QM  to 
meet  them  in  8  and  T  respectively. 

Since  the  angle  DOC  is  0  — D,  each  of  the  angles 

DOE  and  EOC  is  ^^-g^,  and  also 

^AOE^^AOD  +  ^DOE  =  D  +  ^^^  =  ^^ , 

Since  the  two  triangles  POR  and  POQ  are  equal  in 
all  respects,  we  have  OQ  =  OR,  and  PR  =  PQ,  so  that 

RQ  =  2iJP. 
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Hence  QT=  2PS.  and  RT=  2B8,  i.e.  MN  =  2ML. 
Therefore  Jf  Q  +  i^i2  =  TQ  +  2ifl'  =  28P  +  2L8  =  2XP. 
Also  OM  +  OJV = 20if  +  MN  =20M+  2ML  =  20L. 

Hence  sinO  +  sin  2)=.-7n^  +  77T5  =       nn — 


O       M       L 

2iP_„XP  OP 
0R~    OPOR 


N  A 

=  2  sin  LOP  cos  P012 


„   .    C+B       C-D 

=  2  sin  — t: —  cos  — 7i — 


.     .       .   ^      .    J,    MQ    2m    MQ-NR     TQ 
Again,  sm(7-smi)=^-^ ^^^—^.^ 


OR 


OR 


OR 


„       C+Z>  .    G-B 
=  2  cos  — =^ —  sin  — ;r —  . 


[ 


for  Z  /SPiJ  =  90°  -  Z  -SPO  =  Z  XOP  = 


(7+ 


-]• 


.,           »^       „     OMON    OM+ON 
Al80,cosO+cos2)  =  ^+^ ^^— 

~    Oi2~    OPOi? 

C  A-  D       C  —  D 

=  2  cos  XOP  cos  POR  =  2  cos  — ^—  cos  — ^^ — 
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TP.      „  n  rr      ON      OM      ON-^OM 

Finally,   co8D-co8(7=^-^ g^— 

_MN      SR     2SRPR 
'  OR '^    OR"  PR  OR 

=  2  sin  iSfPiJ .  Bin  POiJ 

«  .    (7  +  D  .    C-D 
=  2  sm  — 5 —  sm  — = — . 

96.  The  student  is  strongly  urged  to  make  himself 
perfectly  familiar  with  the  formulae  of  the  last  article  and 
to  carefully  practise  himself  in  their  application ;  perfect 
&miliarity  with  these  formulae  will  considerably  &cilitate 
his  further  progress. 

The  formulae  are  very  useful,  because  they  change 
sums  and  diflferences  of  certain  quantities  into  products  of 
certain  other  quantities,  and  products  of  quantities  are,  as 
the  student  probably  knows  from  Algebra,  easily  dealt 
Mdth  by  the  help  of  logarithms. 

We  subjoin  a  few  examples  of  their  use. 

1.  8m6^+8m4^=28in^^^oo§^^^=2BmMo()e^. 

a.  C083tf-oofl7tf=28m?^±^flm^^^=28in6^rin2^. 

76° +16*'  .  76°-16«> 

•   f»eo    •   t  CO   2  COS  s ■"* n 

Sin  76°  -  sm  16°  _       2        2 

cos  76°+ cos  16°  ~„   76°+ 15°   75° -16° 

2  cos s <^* o 

2  cos  46°  sin  30°     .      ^^      1      ^B     __„^ 
2  cos  46°  cos  80°  ^3      3 

[This  is  an  example  of  the  simplification  given  by  these  fonnolae ;  it 
wonld  be  a  very  long  and  tiresome  process  to  look  out  from  the  tables  the 
values  of  sin  76°,  sin  16°,  cos  76°,  and  cos  16°,  and  then  to  perform  the 
division  of  one  long  decimal  fraction  by  another.] 
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Bx.  4.    Simplify  the  expression 

(cos  0  -  cos  3^)  (sin  8^ + sin  20) 
(sin  50  -  sin  0)  (cos  4^  -  cos  6^) ' 

On  applying  the  formulae  of  Art.  94,  this  expression 

2  sin  — -^r—  sin  — tz —  x  2  sin  — ^ —  cos 


50+0   .    50-0    ^   .    ^0  +  60   . 
2cos— ^  sin— ^x2sin — ^ — sin 

4 .  sin  2g  sin  g .  sin  50  cos  3^  _  ^^ 
"  4 .  cos  3^  sin  2^ .  sin  6^  sin  ^  " 
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Prove  that 

,      sin7^-8in5^    ^      .  „     cos6g-co8  4g_ 

1-    cos7g  +  cos5g=*"'^-  2-     sin6^  +  sin4d-"^*''^- 

3     ^^i±5^^M=tan2A 
•    oos^+cosSil 

.       sin  7u4  -  sin  -4       ^«  ^  j  „««  k  j 

4.      .    Q. r-ir7=cos4^sec5il. 

sin  8i4  -  sin  2i4 

cos  2B  +  cos  2A        .  ,  .     ^^,     .  ,  .     -ov 
5  ZZ^      '    ,=cot(il+B)cot(^-.B). 

^'    oos2B-cos2Jl  V  /       X  / 

sin  2^  +  sin  2B  _  tan  {A  +B) 
"•    sin2^-8in2JB""tan(^-B)' 

sin-4+sin2i4         ,A  sin  6-4  -  sin  3^  _         . 

7-    C0S.1-C0S  2^=^*2'  ^-    cosS^  +  cosS^-'""^- 

^     cos  2B  -  cos  2-4     .      .  .     ^. 

10.    cos(^+B)  +  8m{4-B)=2Bin(46'>+J)oos(45°+B). 

00834-ooSil     008  2^  -  COS  4il  _        sin  J 
^'■'    sin  84  -  siifl  "*"  sinli-sinll  ~  cos  2A  cos  34 ' 

sin(44-2B)  +  8in(4B-24)_ 
12-    cos  (44  -  2B)  +  cos  (4B  -  24)  "**"  <^  +  ^'- 

13     tanSg+tanStf 
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14.     — —^ w^ —  ^  =  008  2^  -  tin  2d  tan  8^. 

_  -      sin  ^  +  sin  8il  +  8in  5^  +  8in  7^     .      .  . 

15-     :: 5-; n ;;-j=**^*^» 

cos  ^ + cos  3^  +  COS  5^  +  008  7il 

8in(^+0)-28intf-K8in(g-^)_ 

^"'      c68(^+0)-2oO8«  +  OO8(«-^)~ 


17. 
18. 


sin  il  +  2  sin  8ii  4-  Bin  5A  _8in8^ 
ton  3i!( + 2  sin  5il  +  sin  7ii  ~  sin  5il  * 

sin  (^  -  C)  +  2  sin  ii-f  sin  (il  +  C)  _  sin  i4 
sin(B-C)  +  2sinB  +  8in(B  +  C7)"'sm^* 


_        sin  ii  --  sin  5^  +  sin  9il  -  sin  18^  _ 

^^'      0OSii-COS6ii-CO8  9il  +  CO8ldii" 

-^     sin^l+sinB    ^      A-hB     ^A-B 
sm^  —  Bini)  2  2 

^,      ooeil+co8B         .A-^-B     ^A-B 

21. ^D -,  =  cot  —jr — cot— ;i— . 

cosB-cosil  2  2 

_-     sin^l+sinB    ^      -i  +  B 

22.    1 ^=tan    -s — . 

'    cos^+oosB  2 

^-      sin^l-sinB         . -4  +  B 

23.  cosB-co8^  =  ^*    T- 

co8(il+B  +  C)+co8(-ii  +  B  +  C7)+oo8(il~B-f(7)-fooe(i<-fff-(7) 
^*'    8in(^+B  +  C)+8in(-ii  +  B  +  C)-8in(Jl-B+C)  +  8in(^+B-C) 

=cotB. 

25.  008 3il  +C08  5A  +C08 7^+008 15il =4 008  4i  008 6A  cos 6il. 

26.  cos(-u*  +  B+C?)  +  0O8(il-B  +  C)  +  0O8(ii  +  B-C)  +  0O8(i4  +  B+C) 

=:  4  cos  ii  cos  B  COS  C 

27.  an 60^ -sin 70° + sin  10°= 0. 

28.  8inl0°+sin20°  +  sin40°+sin60°=8in70°  +  sin80°. 

29.  sin  a + sin  2a  +  sin  4a + sin  5a =4  cos  ^  cos -^  8in8a. 
Simplify 

30.  cos  le+  (n-^  A  -cos  l^+f^+g)  4  • 

31.  sin  l^+^n-^^^l+sinj^  +  fn+gVl  . 

L.  T.  7 
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97.  The  fonnulae  (1),  (2),  (3),  and  (4)  of  Art.  94  are 
also  very  important.  They  should  be  remembered  in  the 
form 

a  sin  A  cos  B  =  sin  (A  -I-  B)  -I-  sin  (A  -  B)...(l), 
a  cos  Asin  B  =  sin  (A  +  B)  -  sin  (A  -  B)...(2X 
a  cos  A  cos  B  =  cos  (A-l-B)  +cos  (A  — B)...(3X 
a  sin  A  sin  B  =  cos  (A  -  B)  -  cos  (A  -I-  B)...(4). 

They  may  be  looked  upon  as  the  converse  of  the 
formulae  i — iv.  of  Art.  94. 

fix.  1.    2  sin  3^  cos  0  s=8in  4^  +  sin  2$, 

Bz.  a.    2  sin  5^  sin  8^ = oos  2$  -  cos  8^. 

Sx.  8.    2  oos  11^  oos  20 = cos  13^ + oos  9^. 

Bx.  4.    Simplify 

sin  8^  cos  ^  -  sin  6^  cos  B$ 

008  2$  008  ^  -  sin  3^  sin  4$ ' 
By  the  above  fonnnlae,  the  expression 

1  [sin  99 + sm  76]  - 1  [sin  9$ + sin  S0] 

s  [oos  Be + COS  0]-a  [oos  9  -  cos  7^1 

_  sin  79  -  sin  SB 
~  cos  89+ cos  79 

^2coBM8in2*        ^^  ^^^^      ^ 

2  cos  59  COS  29  ' 

= tan  29. 

[The  stndent  should  carefully  notice  the  artifice  of  first  employing 
the  formulae  of  this  article  and  then,  to  obtain  a  further  simplification, 
employing  the  convene  formulae  of  Art.  94.  This  artifice  is  often 
successful  in  simplifications.] 
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Express  as  a  sum  or  difference  the  following : 
1.    28in598in79.  2.     2cos798in59. 

3.    2  008 119  cos  89.  4.    2  sin  54<' sin  66°. 
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Prove  that 

-       .    6  .    7$      .   S$  ,    11$      .    «^  .    -^ 

5.  am  ^sm-^+sin-=-Bm -^  =  Bm2^Bin5^. 

$  9$  M 

6.  COB  2^  eo0  ^  -  oos  8^  eo0  -^  =  sin  5tf  dn  -^ . 

7.  mAmn{A^2B)^sinBnB(B  +  2A)=nn{A^B)nn{A-k-B). 

S.     {anSA  +  anA)BinA  +  {GOBSA-ooBA)ooBAssO, 

2  Bin  (il  -  C)  0O8  C  -  sin  {A-2C)_mnA 
^'    2 sin (B-C)  cos C- Bin (B-.2C)'"8inB' 

sin  il  sin  2ii  +  sin  8il  sin  6ii  +  sin  4ii  sin  18^  _        . 
8iniloo8  2ii+8in8JcoB6J+8in4iloo8l8il'~ 

-_        0O82ii0O8  8il-0O8  2il0OB7il  +  0OB^0OBl0^      ...       .-. 

Ill       — s TT    V  ~ti~l • — <n~i — m~M  '. — '  '~i~M~  •~n~r^  OOt  HA  OOt  OA  , 

Bin  4il  Sin  3il  -  Sin  2il  Sin  5il  +  Bin  4ii  Bin  Til 

12.  COB  (86°  -  A)  oos  (86° + il) + OOB  (54°  +  il)  eoB  (54°  -A)^ oos  %A, 

13.  eoBil  sin  (B  -  C)  +  oobB  sin  (C- ^1)  +oob  C  sin  (il  - B)sO. 

14.  8in(45°+il)Bin(45°~il)=s>eos2il. 

15.  vendn  (A  +B)  yersin  (^1  -  B)s(oob  ^I  -  cob  B)\ 

16.  sin(^-7)cos(o-a)  +  sin(y-a)coB(j3-d)+Bin(o-i3)ooB(7-d)aBO. 

inn        "^        ^.        Sir.        5ir- 

17.  2cosj3cosj3+oosj3+cosj3=0.      ^ 

98.     Topr(mika;t\An{A-\-'B)^^'^^^^ 

^  ^     1— tan-dtanjB 

^  '^     1  +  tan  A  tan  B 

By  Art.  88,  we  have,  for  all  values  of  A  and  5, 
..      p^     sin  (il +  ffl_8in^C08  J  +  cosilsin^ 
^  "^ "  008  (-4  +  5)  ~  cos  J.  cos  fi  -  sin  -4  sin  5 

sin  A     sin  j5 

cos  il      cos  S  ,      J.  .  t.       ,    .1 

=  I      J    I    jL ,      by  dividing  both 


1- 


cos  A  cos  B 
numerator  and  denominator  by  cos  A  cos  B, 

tanA-l-tanB 


.*.  tan  (A-|-B)s 


l-tanAtanB 


J  J 

J 
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Again,  by  Art.  90, 

{A      T¥\  —  s^^  {^  ""  ^)  _  sin  J.  COS  jB  —  cos  A  sin  B 
^  ^~  cos  (-4  —  5)  ~  cos  J.  cos  5  -h  sin  ^  sin  £ 

sin  A     sin  J? 

cos  J.     cosJS     ,     J.  .J.  ,    - 

=  .   I     K ,  by  dividing  as  before. 

-      sin  A  sin  IS  " 

1+ 2 D 

cos  A  cos  i> 

tan  A-tanB 


tan  (A  -  B)  = 


1  +tanAtanB 


99.    ^6  formulae  of  the  preceding  article  may  be  obtained  geometri- 
cally from  the  figures  of  Arts.  88  and  90. 

(1)  Taking  the  figure  of  Art  88,  we  have 

.       ..     _,    MP     QN+RP 
tanU+B)  =  ^  =  -^-^— ^^ 

QN     RP     ^       ,     RP 
OQ  +  OQ      ^^"^^OQ 

"        !Rlf    "        RN  RP' 
OQ  RP  OQ 

But,  since  the  angles  RPN  and  QON  are  equal,  the  triangles  RPN  and 

QON  are  similar,  so  that 

RP^OQ 

PN'^ON* 
and  therefore  jrp.  =  7^^=  tan  B. 

UQ      UN 

TT  X     /^.«\        tan^+tan5         tan^l+tanB 

Hence      tan  (^+^)=i.tanJ?PytanP  ="  1-tan^tanB ' 

(2)  Taking  the  figure  of  Art.  90,  we  have 

t^nlJ     r..MP_QN-PR 

^^.^     tan^^^: 


OQ    OQ    — y  OQ 

^  OQ       ^PROQ 


I 

J 
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RP     00 
Bat,  since  the  angles  RPN  and  NOQ  are  equal,  we  have  =j^  s  ^ , 

and  therefore  zrpc  =  tt^. = tan  B» 

uQ     ON 

^  i.      /  ^     T>.         tanil-tanB  tanil-tanB 

Hence       tan  {A-B)=  -= — - — -.-^.-^ — ;:  =  -—  ^  —- — -  . 
^         '     l  +  tanBPjVtanB     l  +  taniltan£ 

100.     As  particular  cases  of  the  preceding  formulae, 
we  have,  by  putting  B  equal  to  46°, 

^      /A  .  ^cox     tan  il  4-1      1  +  tanil 

tan(il  +  45  )  =  :; — j^,-,    -^  , 

1  —  tan  A     1  —  tan-ii 

and  tan  (A  —  45°)  =  - — 3  . 

14-  tan  A 

Similarly,  as  in  Art.  98,  we  may  prove  that 

cot  -4  cot  5  —  1 


cot  (A  +  B)  = 


cot  A  +  cotB 


J  J.  /  A      nx     cot  -4  cot  B  + 1 

and  cot  (A-£)^  — — = -.-  . 

^  ^      cot  ^  —  cot  A 


tan  45°  + tan  30° 
101.    IIX.I.    tan  760  =  tan  (460  +  300)  =  J— ^-^t_^ 

1  +  -1 

-         n/3_V3  +  1_(V3  +  1)«_4  +  2V3_ 

=2 +  1-73206...  =3-73206....  • 

tan  450 -tan  300 


Bx.  a.  tan  16o=tan  (460-300)  = 

1~ 


l+tan46otan30o 

L 

2     V3-1_(V3-1)«_4-2V3 

=2-1-73206.. .  =  -26796.... 
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EXAMPLES.    XVI. 

1.  If  tanil=^  and  tan£=^,  find  the  values  of  tan  (2A  +  B)  and 
tan  {2A  -  B). 

2.  If  tan -4  =  ~^^  and  tan  B=j^—^,  prove  that 

4  — /^o  4  +  yo 

tan(il-B)=:-875. 

3.  If  tan  il =-^-  and  tan  B=  ^^ ,  find  tan  (A+B). 

n+1  2n+l  ^ 

4.  If  tan a  =  g  and  tan/3 =Y:r,  prove  that  a +/3=2' 
Prove  that 

5.  tan  r^  +  tf  j  X  tan  f  -^  +  tf  j  =  - 1. 

6.  cotf  ^  +  tf  jcot  f^- tf  j  =  l. 

A  A 

7.  1+tanil  tan  ^= tan  il  cot  ^-1=860  il. 

102.  As  further  examples  of  the  use  of  the  formulae 
of  the  present  chapter  we  shall  find  the  general  value  of 
the  angle  which  has  a  given  sine,  cosine,  or  tangent.  This 
has  been  already  found  in  Arts.  82 — 84. 

Find  the  general  valvs  of  ail  angles  having  a  given  sine. 

Let  a  be  any  angle  having  the  given  sine>  and  0  any 
other  angle  having  the  same  sine. 

We  have  then  to  find  the  most  general  value  of  0 
which  satisfies  the  equation 

sin  d  =  sin  a, 

i,e.  sin^  — sina=0. 

This  may  be  written 

o        0+a  .    5-a     ^ 
2  cos  — ^  sin  — ^  =  0, 
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and  it  is  therefore  satisfied  by 

cos  -^—  =  0,  and  by  sin  — ^-  =  0, 

i.e.  by  —y-  =  any  odd  multiple  of  •= 

0—  a 
and  by  — ^-  =  any  multiple  of  tt 

i.e.  by  ^  =  —  a  +  any  odd  multiple  of  tt (1), 

and  0  =  a+  any  even  multiple  of  tt (2), 

ie.  6  must  ==(— l)'*a-f  nw,  where  n  is  any  positive  or 
negative  integer. 

For,  when  n  is  odd,  this  expression  agrees  with  (1),  and, 
when  n  is  even,  it  agrees  with  (2). 

103.     Find  the  general  vaiue  of  all  a/nglea  having  the 
same  cosine. 

The  equation  we  have  now  to  solve  is 

cos  0  ~  COS  a, 

i.e.  COS  a  —  COS  ^  =  0, 

„    .    0  +  a  .    0'-a     ^ 
t.e.  2  sm  — ^  sm  — ^—  =  0, 

and  it  is  therefore  satisfied  by 

sin  —^  ~  0,  and  by  sin  —^  =  0, 

i.6.  by  —^  =  any  multiple  of  tt, 

0  —  a 

and  by  — ^  =  any  multiple  of  tt, 
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i,e,  by  ^  =  —  a  4-  any  multiple  of  27r, 

and  by  0  =  ol-¥  any  multiple  of  27r. 

Both  these  sets  of  values  are  included  in  the  solution 
6  =  2mr  ±  a,  where  n  is  any  positive  or  negative  integer. 

104.     Find  the  general  value  of  all  angles  having  the 
same  ta/ngent 

The  equation  we  have  now  to  solve  is 

tan  6  —  tan  a  =  0, 

i.e,  sin  0  cos  a  —  cos  0  sin  a  =  0, 

i.e.  sin(^  — a)  =  0. 

.-.  0  —  a=  any  multiple  of  tt 

=  7i7r,  where  n  is  any  positive   or 

negative  integer, 

so  that  the  most  general  solution' is  ^  =  ii7r  -h  a. 


S' 


CHAPTER  VIII. 

THE  TRIGONOMETRICAL  RATIOS  OF  MULTIPLE  AND 

SUBMULTIPLE  ANGLES. 

106.    To  find  the  trigonometrical  ratios  of  an  angle  2A 
in  terms  of  those  of  the  angle  A. 

If  in  the  formulae  of  Art.  88  we  put  5  =  -4,  we  have 
sin  3  A  =  sin  A  cos  A  +  cos  Asm  Ass  Q  gin  A  coi  A, 

CO!  3 A  =  cos  il  cos  ii  —  sin  ii  sin  ii  =  coi^  A  —  liii^  A 

=  (1  -8in»il)-sin»il  =s  1  -  Siiii^A, 
and  also 

=  cosM  -  (1  -  cos'  il)  =  fl  coi^  A  ^  1 ; 
and 

tan  A  +  tan  A  .      3  tan  A 


tan  2  A  = 


1 —tan  J.,  tan  J.      1— tan^A* 

Now  the  formulae  of  Art.  88  are  true  for  all  values  of 
A  and  B ;  hence  any  formulae  derived  from  them  are  true 
for  all  values  of  the  angles. 

In  particular  the  above  formulae  are  true  for  all  values 
oiA. 
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106.  An  independent  geometrical  proof  of  the  formulae 
of  the  preceding  article  may  be  given  for  values  of  A 
which  are  less  than  a  right  angle. 

Let  QCP  be  the  angle  2A. 

With  centre  C  and  radius  CP 
describe  a  circle,  and  let  QC  meet 
it  again  in  0. 

Join  OP  and  PQ,  and  draw  PN 
perpendicular  to  OQ, 

By  Euc.  III.  20,  the  angle 

QOP^^^QCP^A, 

and  the  angle        NPQ  =  Z  QOP  =  A. 
Hence 

NP 


sm2A  = 


2NP^    NP ^^NP   OP 


also 


cos 


CP'  2GQ~''0Q       OP'OQ 
=  2  sin  NOP  cos  POQ,  since  OPQ  is  a  right  angle, 
=  2  sin  J.  cos  A  ; 

^  ^  _GN _2CN _{0C  +  GN)-{pC -ON) 
^^-CP~  0Q~  OQ 

ON-NQ_ON  OP     NQ  PQ 
~      OQ      ~OPOQ     PQOQ 

« 

=  cos'  A  —  sin'  A  ; 


and 


tan  2^  a 


NP         2NP 


ON     ON-  NQ 

2  tan  A 
1  -  tanM  * 


NP 
^ON 

PNON 


I 
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To  find  the  value$  of  Hn  15^  and  eoi  15^ 

Let  the  angle  2^1  be  aO°,  bo  that  A  ie  16^ 
Let  the  radios  CP  be  2a,  so  that  we  have 

C^s2acoe80°sa^8, 

and  ^P=2aBm80»=a. 

Henoe  0N=  OC  +  CN=  a  (2 + ^8), 

and  2^Q= CQ  -  CN=a  (2  -  ^8). 

/.  OP*=0^,OQ=a(2+V8)  x4a                  (Eno.  vi.  8), 

BO  that  0P=a^2  {^S + 1), 

and  PQ'^QN.  QO^a  (2-^8)  x^. 

so  that  Pg = 0^2  ( V3  - 1). 

Hence  ain  16o=^  =  ^2(^8^)  ^  Vl  - 1 

OQ  4  2^2   * 

and  coBl6o=  gg ^  V^  (^8  + 1)     V8 +  1 

ana  cobio  -  ^^-  ^         "  2^2  ' 

107.     To  find  the  trigonometrical  functiona  of  SA  in 
terms  of  those  of  A. 

By  Art.  88,  putting  B  equal  to  2A,we  have 
sin  ZA  =  sin  (ii  +  2A)  =:  sin  il  cos  2il  +  cos  il  sin  2 A 
=  sin  il  (1  —  2  sin"  ii)  +  cos il .  2  sin  il  cos il, 
by  Art.  105, 

=  sin.4  (1  -  2sm»il)4- 2sinil  (1  -  sinM). 

Hence  linSAsSiinA- 4iin'A (1). 

So 
cos  SA  =  cos  (il  +  2A)  8  cos  J.  cos  2J.  —  sin  J.  sin  2A 

=  cos  -4  (2  cos"  -4  —  1)  —  sin  -4 . 2  sin  -4  cos  il 

s=  cos  -4  (2  cos'  -4  —  1)  —  2  cos  -4  (1  —  cos"  A), 

Hence        coi3A  =  4  coi'A  -  3  coi  A (2). 
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Ai  4.      oj     4:     /A  .  oj\        tan -4 4- tan 2-4 

Also         tan  3-4  =  tan  (-4  -f  2-4)  = ^-^ — ^^ 

^  ^     \  —  tan  -4  tan  2-4 

.       2  tan  -4 
tan-4  + 


1  —  tan -4. 


l~tan«^      tan-4(l--tanM)+2tanil 
2tan^    "       (l-tan«il)-2tan»il 


Hence      tan  d  A  = 


l-tan«-4 

3  tan  A -tan' A 


l-atan'A 


[The  student  may  find  it  diffioolt  to  remember,  and  distinguish 
between,  the  formolae  (1)  and  (2),  which  bear  a  general  resemblance  to 
one  another,  bat  have  their  signs  in  a  different  order.  If  in  donbt,  he 
may  always  verify  his  formula  by  testing  it  for  a  particular  case,  t,g,  by 
patting  il=30°  for  formula  (1),  and  by  putting  A  =0°  for  formula  (2).] 

108.  By  a  process  similar  to  that  of  the  last  article, 
the  trigonometrical  ratios  of  any  higher  multiples  of  d 
may  be  expressed  in  terms  of  those  of  0,  The  method  is 
however  long  and  tedious.  In  a  later  chapter  better 
methods  will  be  pointed  out. 

As  an  example,  let  us  express  cos  hB  in  terms  of  cos  0, 
We  have 
cos  he  =  cos  (^0  +  20) 

=  cos  3^  cos  2^  -  sin  3^  sin  2^ 
=  (4cos»^- 3  cos^)  (2  cos*^- 1) 

-(3sin^-4sin»^).2sin^co8^ 
=  (8  cos»  ^  - 10  cos»^+  3  cos  0) 

-  2  cos  ^.  sin«^  (3  -  4  sin^^) 
=  (8  cos»  ^  - 1 0  COS'  ^  +  3  cos  0) 
*  -2cos^(l-cos»^)(4cos''^-:l) 

=  (8  cos»  5  -  10  cos»  ^  4-  3  cos^) 

-2cos^(5cos*^-4cos*^-l) 
=  1 6  cos»  ^  -  20  co8»  ^  +  5  cos  ft 
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KXAMFT.IW.    XVn. 


1.  Find  the  value  of  sin  2a  when 

(1)    co8a=g,      (2)  nnasj^,  and  (8)    tana=gg. 

2.  Find  the  value  of  cos  2a,  when 

(1)    coBa=^,    (2)    8ina=g,  and  (8)    tana=^. 

3.  If  tan  tf=-,  find  the  value  of  a  COS  2^+6  sin  2tf. 

a 

Prove  that 

.         Bin2il..  .sin2il  .. 

l  +  cos2ii  1-0082^ 

6.    ,--r— o-r=*«^'-^«  7.    tan  ii + cot  ii= 2  00Bec2ii. 

1+C08  2il 

8.    tan^-cot^=-2cot2il.  Q.    ooBeo2il  +  oot22l=ootil. 

l-CO8il+CO8B-0OB(il+B)      .       A      ^B 

— i -s;tan~cot  — . 

l  +  0O84-CO8B-C08(il+B)      ""2  2 


10. 

,-      l+tan«(45°-il) 

13.     l-tan«(45^-Z)=°^''^^^' 

...     tan    ,r^ 

sin  a -sin  /3  ""        a-/3 ' 
tan  — g- 

_  _  sin^  A  -  sin*  B  ^      /  ^     t^v 

15.  - — ; i J— 5 i,=tan(^  +  JB), 

sin  il  COS  il  -  sin  £  cos  £  ^         '* 

16.  tan^^+tfVtan/^^-d^=2tan2d. 

__     ooSil+sin^     cosil-sinil     ^^     .^ 

17.     3 ' — -A TT-' — 7  =  2tan22l. 

cos<i-8inil     coSil+8m<i 

18.  eotM  +  160)-tanM-16°)=jl^|4^. 


sec  Sii  - 1  _  tan  8^ 
sec  4i^-  i  ~  tan  2^  * 
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nQ        sin  ^-f  sin 2^  l+sin^-oosd     .      $ 

^^'    l  +  co8d  +  oo8  2^=**''^-  20.    i  +  sin^  +  coB^=**''2- 

21  sin  (n+1)  ^  -sin  (w- 1)  ^        _       ^ 

cos(7i  +  l)-4  +  2colBn-4+co8(n-l)ii"'        2* 

rtrt      sin  (n  +  1)  ii  +  2  sin  TLJ  -f-sin  (n  -1)A  A 

^^'  cos(n-l)4-oo8(n+l)^  -^*2* 

23.    sin (2n  + 1) il  sin  4 ssin* (n  + 1) 4  - sin^nii. 

sin(it-f3^)  +  sin(3^+B)_ 
^-  sin  2^  + sin  2£  -2cob[A  +  B). 

26.    Bin8.4  +  sin24~8inil=48in^oo8  4oos?^. 

26.  tan 2A  =  (seo  2A  + 1)  ^seo«^  - 1. 

27.  oos«  2^  +  3  cos  2e=i  (cos«  d  -  sin«  $). 

28.  1 + COS*  2d = 2  (cos*  d  +  sin«  d). 

29.  sec2ii(l  +  8eo2^)=2sec2^. 

30.  cosec^-2cot2^cos^=:2sin^. 

31.  cot4=i(oot|-tan^V 

32.  8inasin(60°-o)8in(60°+o)=isin3a. 

33.  cos  a  cos  (60°  -  o)  cos  (60°  +  o) = ^  cos  3a. 

34.  cot  a + cot  (60° + o)  -  cot  (60°  -  a) = 3  cot  3o. 

35.  COB  20°  cos  40°  COB  60°  cos  80° = :^  . 

16 

36.  sin20°sin40°sin60°sin80°=4. 

16 

37.  COB  4o=l  -  8  cos8  a  +  8  cos*  o. 

38.  sin  44  =4  sin  A  cos»  il  -  4coSi4  sin«  A. 

39.  COS  6a=:32  cos^  a  -  48  cos*  a+ 18  cos^  a  - 1. 

40.  tan  3^  tan  2A  tan  ilBtan3^  -  tan  2A  -  tan /I. 

2  cos  2**d  •^  1 

41.  2cosg  +  l  =(^<»g^"l)(^cos2g-.l)(2co8  2«g-l) 

.^....(2oos2*-i^-l). 
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Suhmidtiple  angles, 

109«     Since  the  relations  of  Art.  105  are  true  for  all 

values  of  the  angle  A,  they  will  be  true  if  instead  of  A 

A  .    .  ^ 

we  substitute  -^ ,  and  therefore  if  instead  of  2-4  we  put 

2  .  -g  ,  i.e.  A. 


Hence  we  have  the  relations 


t  - 


A        A 
■inAsaiin^coti^ (1), 


A  ,A 


coe  A  ss  cof* -7  -  lin^ -r  -  ' 


=  acoi>^-  1  =  1  -^aiin>^ (2), 

fltan^ 

and  tanAs  .  (3). 

X-tan«| 

From  (1),  we  also  have 

2        A        A 
Sin -5- COS  ^ 

^"^^^ — A  .a 

COS*  2*  +  sin' 2^ 


2tan^ 


l4-tan"~ 


—7,  by  dividing  numera- 


A 
tor  and  denominator  by  cos'  -^ . 


1  ^ 
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cos'-^  — Sin  -^ 
So  cos  A  =         1  . 

cos'  -g  +  sm"  "2 

l-tan«^ 
l+tan"^ 


110.    To  express  the  trigcmometrical  ratios  of  the  angle 

A 

-^  in  terms  of  cos  A. 

From  equation  (2)  of  the  last  article,  we  have 

A 
cos -4  =  1  —  2sin2-^, 

A 
so  that  2  sin*  -^  =  1  —  cos  -4, 

and  therefore      >in-g  =:±  V  """q (■^)* 

A 
Again,  cos  J.  =  2  cos*  W"^^ 

80  that  2cos*  2^  =  l+cos^, 

and  therefore      coti-^  =  ±^ q (2)- 

.   A  

A     ^^2             /i  — cos  J. 
Hence.         tan^ ^  =  ±^^——^ (3). 


OOSj 
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111.  In  each  of  the  preceding  formulae  it  will  be 
noted  that  there  ifi  an  ambiguous  sign*  In  any  particular 
case  the  proper  sign  can  be  determined  as  the  following 
examples  will  shew. 

Bz.  1.    Given  eosi&'=-g^,find  the  voiuet  of  Hn7li\^  and  eof  23}°. 
The  equation  (1)  of  the  last  artide  sives,  by  patting  A  equal  to  45% 

Now  sin  22}°  is  neeessarily  positiye,  so  that  the  upper  sign  must  be 
taken. 

Hence  sin  224*'=|  J2^^. 

So        coB22io=.^l±f«!=*  ^/^=4V2T72; 

also  COS  22}°  is  positive ; 

...  oos224°=^^^^?±^. 

Bz.  a.    Given  eas  880°=^ ,  find  the  valuei  of  Hn  165°  and  eoe  165°. 
The  equation  (1)  gives 


8uil65° 


= V-^-"^ = *  V'nn=  V-I^' 


Also 


cos  165° 


-±V8  +  1 

""2^2   • 

L.  T.  8 
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Now  165®  lies  between  90"^  and  180^  so  that,  by  Art.  52,  its  sdne  is 
positive  and  its  cosine  is  negative. 

Heaoe  »inl65''=^2^, 

and  cos  166°= ->^^. 

From  the  above  examples  it  will  be  seen  that,  when  the  angle  A  and 

its  cosine  are  given,  the  ratios  for  the  angle  -  may  be  determined  without 
any  ambiguity  of  sign. 

When,  however,  only  oosil  is  given,  there  is  an  ambiguity  in  finding 

A  A 

sin  -^  and  cos  ^ .    The  explanation  of  this  ambiguity  is  given  in  the  next 

article. 

A 
*  *112.   To  eooplain  why  there  is  ambiguity  when  cos  -^ 

A 
omd  sin  jr  are  found  from  the  value  of  cos  A, 

We  know  that,  if  n  be  any  integer, 

cos  A  =  cos  (2w7r  ±  -4)  =  A?  (say). 

A  , 
Hence  any  formula  which  gives  us  cos  -^  in  terms  of  A?, 

should  give  us  also  the  cosine  of ^ —  . 

Now      cos  — -5 =  cos  f  riTT  +  -^1 

A      ,  A  A 

—  cos  nir  cos  -x-  T  sin  wtt  sin  -^  =  cos  nir  cos  -^ 

A 
=  ±  cos-g, 

according  as  n  is  even  or  odd. 
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A 
Similarly,  any  formula,  giving  us  sin  -^  in  terms  of  k, 

should  give  us  also  the  sine  of  — ^ — r . 

Also       sin 5 =  sinfrwr±-^l 

A  A  A 

=  sin  nir  cos  -^^  ±  cos  nw  sin  -^  =  ±  coa  nir  sin  -^ 

=  ±sin^. 

Hence,  in  each  case,  we  should  expect  to  obtain  two 

A  .    A 

values  for  cos  -^  and  sin  -^  ,  and  this  is  the  number  which 

the  formulae  of  Art.  110  give. 

[The  student  may  illnstrate  this  article  geometrioally  by  drawing  the 

29tx  ^A  A 

angles  — ■= — ,  i,e,  wir=t  — ,     The  bounding  line  for  these  angles  will 

haye  four  positions,  two  inclined  to  the  positive  direotion  of  the  initial 

A  A  A  A 

line  at  angles  -^  and  ~  -^ ,  and  two  inclined  at  -^  and  -  „  ^^  ^®  negative 

direction  of  the  initial  line.    It  will  be  clear  from  the  figure  that  there 

A  A 

are  two  yalues  for  cos  ^  and  two  for  sin  _  .] 


113.     To  express  the  trigonometrical  ratios  of  the  angle 

A 

-5-  in  terms  of  sin  A, 

From  equation  (1)  of  Art.  109,  we  have 

A       A 
2sin-^cos-^  =  sin-4 (1). 

A            A 
Also  sin^  -^4-  cos*-^  =  1,  always (2). 

8—2 
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First  adding  these  equations,  and  then  subtracting 
(1)  from  (2),  we  have 

sm*  -^  +  2  sm  -^  cos  -^  +  cos^  -^  =  1  +  sm  J., 
and  sin^  -^  -  2  sin  -^  cos  -^  +  cos*  -^  =  1  —  sin  -4 ; 
i.e.  ( sm  -^  +  cos  -^1  =  1  +  sm  A, 

and  (sin  -^  —  cos ^ j  =  1  —  sin  -4  ; 

A          A                  , 
so  that  sin  -^  +  cos  -^  =  ±  Vl  +  sin  -4 (3), 

^  -^  

and  ®"^"9  —  cos-^  =  ±  Vl  — sin-4 (4). 

By  adding,  and  then  subtracting,  we  have 

aBin^  =  ±Vl+BinA±Vl-BinA (5), 

and        acoB^  =  ±Vl  +sin  Af  Vl -sin  A (6). 

A 
The  other  ratios  of  ^  are  then  easily  obtained. 


114.  In  each  of  the  formulae  (5)  and  (6)  there  are 
two  ambiguous  signs.  In  the  following  examples  it  is 
shewn  how  to  determine  the  ambiguity  in  any  particular 
case. 

Bz.  1.    (Hven  that  sin  30°  if  ^,  find  the  values  ofnn  15°  and  eo$  15°. 
Patting  ii=:30°,  we  have  from  relations  (3)  and  (4), 
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sin  16°+oo8 16°=  ±  Jl  +  ^W^  ±  ^^ , 

Bin  15°-ooB  16°=  ±  ^/i-sin  80°=  :k  \. 

Now  sin  16°  and  cos  16°  are  both  positiye,  and  oos  16°  is  greater  than 
sin  16°.  Henoe  the  expressions  sin  16°  +  oos  16°  and  sin  16°  -  cos  16°  are 
respectively  positive  and  negative. 

Hence  the  above  two  relations  should  be 

8inl6°+cosl6°=+^, 
and  sin  16°  -  oos  16°  =--.-. 

Hence  sin  16°=^"^^,  and  cos  16° ='^^. 

Bz.  2.  Qiven  that  sin 670°  U  equcU  to-^^  find  the  vcUues  of  Hn 286° 
andco$2S5°. 

Fatting  A  equal  to  670°,  we  have 

sin286°+co8  286°=±>/l  +  sin670°=±^, 

and  sin  286°  -  cos  286°=  ±  ^f- sin  670°=  ±  ^| . 

Now  sin  286°  is  negative,  cos  286°  is  positive,  and  the  former  is 
numerically  greater  than  the  latter,  as  may  be  seen  by  a  figure. 

Henoe  sin 286°+ cos 286°  is  negative,  and  sin 286° -cos 286°  is  also 
negative. 

.-.  sin  286°+cos  286°=  -  -^ , 
and  sm  286° -cos  286°= ->^. 

Hence  sin286°= ->^^, 

and  cos  286°=^^^. 


118  TRIGONOMETRY. 

A 

*  *116.    To  explain  why  there  is  ambiguity  when  sin  -^ 

A 
and  cos  ^  are  found  from  the  value  of  sin  A, 

We  know  that,  if  n  be  any  integer, 

sin  {wir  +  (- 1)«  ^}  =  sin  ^  =  A? (say).     (Art.  82.) 

A 
Hence  any  formula  which  gives  us  sin  y  in  terms  of  &, 

should  give  us  also  the  sine  of ^ — - — . 

Firsty  let  n  be  even  and  equal  to  2m.    Then 

.    w7r  +  (-l)«^       .    /       ^A\ 
sm ^-—^ =  sm  \mir  +  -^  1 

A  ,    A  .A 

=  sin  mTT  cos  -^  +  cos  mir  sin  -^  =  cos  mir  sin  -^ 

=  ism.-g, 

according  as  m  is  even  or  odd. 

Secondly,  let  n  be  odd  and  equal  to  2p  + 1. 
Then 

.    n7r  +  (-l)'*^       .    2p7r+^-^ 
.     sm ^2 — =  ®"^     2 ^  °' 

TT  —  A  .      TT  —  A  A 

=  smpTTCOs  — X h  cos  pir  sm  ^— x —  =*  ^^^  /^  ^s  -^ 

=  ±  cos  -g  , 

according  asp  is  even  or  odd. 

Hence  any  formula  which  gives  us  sin  -^  in  terms  of 

sin -4  should  be  expected  to  give   us,  in  addition,  the 

values  of 

.A  A        .  A 

—  sm-^,  cos^  and   —  cos-^. 


=  sm  I  pTT  +  — 2— J 
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%.e.  4  values  in  alL     This  is  the  number  of  values  which 

we  get  'from  the  formulae  of  Art.  1 13,  by  giving  all  possible 

values  to  the  ambiguities. 

A 
In  a  similar  manner  it  may  be  shewn  that  when  cos  -^ 

is  found  from  sin  A,  we  should  expect  4  values. 

[If  the  angles  -^-— s— ^ — i  »•«•  «5  +  (-l)*  s  »  ^  drawn  geometri- 
cally for  the  ease  when  -o  i^  <^  aonte  angle,  it  wiU  be  foond  that  theie 

are  four  positions  of  the  bonnding  line,  two  in  the  first  quadrant  inclined 

A         T     A 
at  angles  ^  and  ^  -  -  to  the  initial  line,  and  two  in  the  third  quadrant 

A         r     A 
inolined  at  —  and  ^  -  -^  to  the  negative  direction  of  the  initial  line.    It 

win  be  clear  from  the  figure  that  we  should  then  expect  four  values  for 

A  A  A 

an  -  and  four  for  cos  ? .    Similarly  for  any  other  value  of  -^ .] 

116.  In  any  general  case  we  can  shew  how  the 
ambiguities  in  relations  (3)  and  (4)  of  Art  118  may  be 
found. 

We  have 


.    A 
sm  TT- 


A       ,^fl,Al         A\ 


.g.[,A       TT  ,         A   .    irl       ,^  .    fir     A\ 
=  V2    sin  -^ cos  2;+  cos  -5- sm  ^    =  V2  sm  ( j  +  -^  1 

The  right-hand  member  of  this  equation  is  positive  if 

TT       A 

■7  +  -fl  li^  between  2w7r  and  2n7r  4-  tt, 
4       2 

%£,  if        -zr  lie  between  2n7r  —  t  and  2w7r  +  —r  . 
2  4  4 
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A  A  .        .  .      .   A   . 

Hence  sin  -^  +  cos  -^  is  positive  if  -^  lie  between 

2n7r  —  T  aiid  2n7r  +  —r  ; 
4  4 

it  is  negative  otherwise. 

Similarly  we  can  prove  that 

.A  A       ,^   .    /A     7r\ 

sin-2-cos^  =  V2  8m(^^-jj. 

,    A  A  , 

Therefore  sin  ^  —  cos  -^  is  positive  if 

[ -^  —  T  J  lie  between  2n7r  and  2n7r  +  tt, 

i.e.  if  -a  lie  between  2n7r  +  -j  and  2w7r  +  -7- . 

It  is  negative  otherwise. 

The  results  of  this  article  are  shewn  graphically  in  the 
following  figure. 


Bin -5^ +008-5  IS-     / 


A'  '   ^  -4  •    .    ^ 

Bin^-ooa^  ifl+ 


OA  is  the  initial  line,  and  OP^  OQ,  OR  and  08  bisect 
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the  angles  in  the  first,  second,  third  and  fourth  quadrants 
respectively. 

HtuiMvioal  »^*T»^   Within  what  limits  mtut  -^  lie  if 

A 

2nn^=  -tJl  +  sinA"  fJl-$inAf 

In  this  ease  the  formnlae  of  Art.  113  mast  clearly  be 

in^  +  ooB  "5=  -  Jl  +  aiaA  (1), 


Bin 


2 2 


and  nn  —  -  cos  -  SB  ~ /^l  -  sin  il  (2). 

• 

For  the  addition  of  these  two  formulae  giyes  the  given  formula. 
From  (1)  it  follows  that  the  revolving  line  which  bounds  the  angle  -^ 

must  be  between  OQ  and  OR  or  else  between  OR  and  OS, 

From  (2),  it  follows  that  the  revolving  line  must  lie  between  OR  and 

OS  or  else  between  OS  and  OP. 

Both  these  conditions  are  satisfied  only  when  the  revolving  line  lies 

between  OR  and  OS,  and  therefore  the  angle  ^  lies  between 

2nr  -  -J-  and  2nr  -  7  . 

A 
117.     To  express  the  trigonorrietrical  ratios  of  -^  in 

terms  of  tan  A. 

From  equation  (3)  of  Art.  109,  we  have 

2  tan-^ 
.  tan  A  =  J  . 

i-tan'2 

.*.  1  —  tan^  -77  =  7 J  tan  -zr . 

2      tan  A         2 

Hence        tan^-^r  +  7 ^  tan  -^  +  - — r-i  =  1  + 


2      tan  4         2      tan*^  tanM 

1+tanM 
tanM 
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■A        4  .  Vl  +  tanM 

tan  -TT  +  r-A-  =  ±  — 7 A 

2      tan  A  tan  A 


,      ^      +\/H-tan2il-l  .,^ 

•••  *^2  =  " S^l <1> 

118.  The  ambiguous  sign  in  equation  (1)  can  only 
be  determined  when  we  know  something  of  the  magnitude 
of  A 


Oiven  tan  15° = 2  -  ^8,  find  tan  7 J°. 
Fntting  A =15°  we  have,  from  equation  (1)  of  the  last  article, 

,,„,^.,WiT(y-i^W8^-i (1). 

Now  tan  H°  is  positive,  so  that  we  must  take  the  upper  sign. 

Hence  tan  7i»=  ±<4^#^^- 

=  (V6-V2-l)(2+V3)=^/6-VB  +  V2-2  =  (V3-v/2)(^^2-l). 

15° 
Since  tan  15°= tan  195°,  the  equation  which  gives  us  tan  -^  in  teims 

196° 
of  tan  15°  may  be  expected  to  give  us  tan  — ^—  in  terms  of  tan  195°.    In 

fact  the  value  obtained  from  (1)  by  taking  the  negative  sign  before  the 
195° 


radical  is  tan 


2~* 


Hence        tan ^^^° -  -n^8-V3-1  _  -(V6-V2)-l 
Hence        tan^-- ^—j^ -.        ^—j^ 

=(-V6+V2-l)  (2+V3)=  -  (V3+V2)  (V2  +  1), 
so  that  -oot7J°=tan97J°=  -(V3+V2)  (^2  +  1). 

*  *119.    To  explain  why  there  is  ambiguity  when  tan  -5- 

is  found  from  the  value  of  tan  A , 

We  know,  by  Art.  84,  that,  if  w  be  any  integer, 
tan(n7r  +  -4)  =  tan-4.  =A?  (say). 


RATIOS  OP  ^   IN  TERMS  OP  SIN  A.  128 

A 

Hence  any  equation  which  gives  us  tan  -^  in  terms  of  k 

may  be  expected  to  give  us  tan  — 5 —  also. 

Firsts  let  n  be  even  and  equal  to  2m. 
Then 

^     nir-vA     ^     2mir-hA  (        .  ^\ 

tan ^ —  =tan 5 =tanlm7r  +  -^l 

A 
=  tan  -^ ,  as  in  Art.  84. 

Secondly,  let  n  be  odd  and  equal  to  2p  + 1. 

Then         tan^  =  tan<^'^-±^ 

=  tan  Ipir  H ^—  J  =  tan  — ^ —  (Art.  84) 

=  —  cot  ^ .    (Art.  70.) 

Hence  the  formula  which  gives  us  the  value  of  tan  -^ 

A 
should  be  expected  to  give  us  also  the  value  of  —  cot  ^ . 

An  illustration  of  this  is  seen  in  the  example  of  the 
last  article. 


EXAMPLES.    XVm. 

1.  If  sin  $=■=  and  sin  ^=x ,  find  the  values  of  sin  (9+^)  and 

sin  (29+20). 

2.  The  tangent  of  an  angle  is  2*4.    Find  its  ooseoant,  the  ooseoant  of 
half  the  angle,  and  the  cofteoant  of  the  supplement  of  double  the  angle. 
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3.  If  coBo=xr-  and  sin /3=^,  find  the  valaes  of    sin^— ^  and 
OOB^  —^ ,  the  angles  a  and  p  being  positive  aoute  angles. 

4.  If  008  a=|  and  cos  ^=| ,  find  the  value  of  cob  "^ .  the  angles 
a  and  )3  being  positive  acute  angles. 

5.  Given  see  9 = IJ,  find  tan  ^  and  tan  d. 

6.  If  coSil  =  '28,  find  the  valne  of  tan-^  ,  and  explain  the  resulting 
ambiguity. 

7.  Find  the  values  of  (1)  sm7J°,  (2)  cos7J^,   (3)  tan22J°,   and 
(4)  tan  11 J^ 

B  —  <b 

8.  If  sin  d+sin0=aand  cos  d+cos0=&,  find  the  value  of  tan  —~  . 

Prove  that 

9.  (cos  a + cos  i8)2 + (sin  a  -  sin  /S)^ = 4  cos"  ^—^  . 

10.  (cos  a + cos  /3)* + (sin  o + sin  /3)2 = 4  cos*  ~^  . 

11.  (cos  a  -  cos  i8)2  +  (sin  a  -  sin  p)^=i  4  sin"  ^5-1^ . 

2tan:^  l-tan^^ 

12.  sin  ii  =  .  13.    COB  il  =  . 

1+ tana  I  l+tan2| 


14.  sec  ( J  +  ^)  sec  ^  J  -  d  j = 2  sec  2$. 

nS.  tan(46°+|)  =  yi±§i=8ec^+tan^. 

16.  em»(|  +  |)-sm.(|-^)  =  -^Bin^. 

17.  cos"  a + cosa  (a + 120°)  +  cos^  (a  - 120°) = | . 
i/>         -^''*  ^8t  .5ir         _a7r     8 

18.  C08*g+C0S*—  +COS*—  +COB*~=-» 
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19.  8m*-  +  8m*-g-  +  sm*y  +  Bm*  -q-  =  2' 

20.  oos2^co8  20+8m'(9-0)- sin* (9  +  ^)=cos (2^  +  20). 

21.  {i&n4A  +  t8ai2A)(l-'iaai*3Aiao*A)=2iaai9Aae<flA. 

22.  (l  +  t8n^-8eo|j  fl  +  tan^  +  seo^ j  =  8ina8eo*|. 

Find  the  proper  cdgns  to  be  applied  to  the  radicals  in  the  three  follow- 
ing formulae. 

23.  2  0O8  s-=  =*=  /^l  -  sin  -4  ±  »Jl+BiaA,  when  ^=:278^ 

24.  2sin7r=  ±  Vl-Bin-idb/Jl  +  ginil,  when  rr  =  -;i,  . 
«*.  2         ^  ^  2       11 

25.  2 cos  2  =  db  ,^1  - Binil ± ^l  +  sin^l,  when  ^=  - 140®. 

26.  If  il=340^  prove  that 

2  sin  2  =  -  n/i  +  sin  i4  +  /^  1  ~  sin  /, 

and  2co8  2=  -  Vl  +  siJi-^- >/i-8inii. 

27.  If  ii = 460°,  prove  that 

2 cos  2=  -  ^r+8inT+  ^Jl-sinA. 

28.  If  ii  =  680°,  prove  that 

2  sin  ^  =  -  /^l  +  sin  il  -  ^^l-sinil. 

29.  Within  what  respective  limits  must  ^  lie  when 

(1)  2sin^=r     v^l  +  8inii  +  /^l-sin-4, 

(2)  28in2=-^l  +  8inii  +  Vl-Mni4, 

(3)  28in^=  +  /yi  +  sin2-  a/I -sin -4, 
and                  (4)    2oos^=3     ^F+sin^ -  ^1 -^in Z 
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30.    In  the  formula 

A  

2  008  -  =  ±^1  +  sin  ^  ±  ^^1  -  Bin  ii, 

find  within  what  limits  ^  mast  lie  when 

(1)  the  two  positive  signs  are  taken, 

(2)  the  two  negative    „     f>        >» 

and  (3)    the  first  sign  is  negative  and  the  seoond  positive. 

31.  Prove  that  the  sine  is  algebraically  less  than  the  cosine  for  any 
angle  between  2nir-'-j-  and  2nir+ j  where  n  is  any  integer. 

32.  If  sin  -X  be  determined  from  the  equation 

o  ' 

A  A 

sin  il  =3 sin "5  -  4  sin^ -  , 

prove  that  we  should  expect  to  obtain  also  the  values  of 

.    T-A       ,        .    r+A 
sm  —r —  and  -  sm  — „     . 
o  o 

Give  also  a  geometrical  illustration. 

33.  If  cos  -5-  be  found  from  the  equation 

o 

A  A 

cosil =4  cos^  —  -  3  cos  - , 
6  3 

prove  that  we  should  expect  to  obtain  also  the  values  of 

2ir-A       ,         2'ir  +  A 
cos  — r —  and  cos     -^ — . 

Give  also  a  geometrical  illustration. 

120.  By  the  use  of  the  formulae  of  the  present 
chapter  we  can  now  find  the  trigonometrical  ratios  of 
some  important  angles. 

To  find  the  trigonometrical  functions  of  an  angle  of  18°. 
Let  0  stand  for  18°,  so  that  20  is  36°  and  30  is  54°. 
Hence  20  =  90°  -  3^, 

and  therefore 

sin  20  =  sin  (90°  -  3^)  =  cos  3^. 
.-.  2  sin  ^  cos  ^  =  4  cos^  ^  -  3  cos  ^  (Arts.  105  and  107). 
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Hence,  either  ocnb  0=^0,  which  gives  0  »  90"",  or 
2  sin  5  =  4  cos*  5-3  =  1-4  sin*  0. 
/.  48in*5  +  2sin5  =  l. 
By  solving  this  quadratic  equation,  we  have 

sm5  =  =-^4 • 

4 

In  our  case  sin  5  is  necessarily  a  positive  quantity. 

Hence  we  take  the  upper  sign,  and  have 


4 


Hence 


cos  i8» = vi-rin'i8°^  ^1  -  m^  -  x/^m^^ 

_  VlO  +  2V5 
4 

The  remaining  trigonometrical  ratios  of  18°  may  be 
now  found. 

Since  72°  is  the  complement  of  18°,  the  values  of  the 
ratios  for  72°  may  be  obtained  by  the  use  of  Art  69. 

121.  To  find  th^  trigonornetrical  functiom  of  an  angle 
0/36°. 

Since        cos  2^  =  1  -  2  sin'  6,  (Art.  106), 


6-2^/3 
3-V5 


.-.  cos36°  =  l-2sinU8°  =  l-2( 

Q_  ./K 
=  1- 


4       • 

so  that  coa  36°  s  x£lJL . 

4 

Sence 
sin  36°  =  Vr^^^^W  »  y  1  "-1+ p  =  ^i^^ 
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The  remaining  trigonometrical  functions  of  36°  may 
now  be  found. 

Also,  since  54°  is  the  complement  of  36°,  the  values  of 
the  functions  for  54°  may  be  found  by  the  help  of  Art.  69. 

122.  The  value  of  sin  18°  and  cos  36°  may  also  be 
found  geometrically  as  follows. 

Let  ABC  be  a  triangle  constructed, 
as  in  Euc.  iv.  10,  so  that  each  of  the 
angles  B  and  C  is  double  of  the  angle 
A.    Then 

180°  =  ^  +  £  +  a  =  A  +  2^  4-  2^, 

so  that  A  =  36°. 

Hence,  if  AD  be  drawn  perpendicu- 
lar to  BC,  we  have 

Z  BAD  =  18°. 

By  Euclid's  construction  we  know  that  BC  is  equal  to 
AX  where  X  is  a  point  on  AB,  such  that 

AB.BX  =  AX\ 

Let  AB  =?  a,  and  AX  =  x. 
This  relation  then  gives 

a  (a  —  a;)  =  a?*, 
i.e.  aj*  +  cw?  =  a", 

V5-1 


I.e. 


x^a 


Hence     sin  18°  =  sin  BAD  =  ^j  =  ■=:  ,7^ 

BA     2  BA 

"■2a"'~~4~~* 


i 

J 
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Again,  (by  Eua  iv.  10),  we  know  that  AX  and  XO  are 
equal;  hence,  if  XL  be  perpendicular  to  AC,  then  L 
bisects  AC. 

Hence 

^^o      AL     a  1 

COB  36  =  -r^  =  X  H-  a? 


AX     2  V5-1 

V54-1  _V5-H 

"(V5-1)(V5  +  1)*      4      • 

123.   To  find  the  trigonomeiruxd  functUms  for  an  angle 

of  9°. 

Since  sin  9°  and  coe  9°  are  both  positive,  the  relation 

(3)of  Art.  113  gives  

8in9°  +  co8  9°  =  Vl  +  8inl8°  =  yi+^^  =  ^^^±^ 

(1). 

Also,  since  cos  9°  is  greater  than  sin  9°  (Art.  53),  the 
quantity  sin  9°  —  cos  9°  is  negative.  Hence  the  relation 
(4)  of  Art.  113  gives 

sin9°-cos9°  =  -Vl-sinl8°  =  -yy/l-^^^^ 

-5^ W 

By  adding  (1)  and  (2),  we  have 

.^  „„  _  V3+75-Vri:V5 

Sm  i7     —  -: f 

and,  by  subtracting  (2)  firom  (1),  we  have 

cos  9  = — z ^^  • 

4 

The  remaining  functions  for  9°  may  now  be  found. 
L.  T.  9 


130  TRIGONOMETRY.  [EzS.  XIZ.] 

Also,  since  81°  is  the  complement  of  9°,  the  values  of 
the  functions  for  81°  may  be  obtained  by  the  use  of 
Art.  69. 


BXATVTPLBS.    XIX. 

Prove  that 

1.    sma72°-Bina60°=^^^. 

3.  oo8l2°+oo8  60°H-co884°=oos24''+cos48^ 

-        .    r    .    2ir   .    3t   .    47r      6 

4.  8mg8m-g-smg-8mg-  =  jg. 

.     r       .    13r         1  ^        .     r    .    13r         1 

5.  8^3^+81113^=-.^.  6.    s"^io«"^Io=-i- 

7.    tan  6°  tan  42°  tan  66°  tan  78° = 1. 

T        2t        3«-       4x        6ir        6r        7r      1 

^      ^^        2ir        4ir        8ir        14r     , 
9,    16  008  r?  cos  rr  oos  t?  ©os  -7=-  =  1. 
10        10        10         lo 

10.  Two  parallel  ohord8  of  a  circle,  which  are  on  the  8ame  8ide  of  the 
centre,  8abtend  angle8  of  72°  and  144°  re8pectiyely  at  the  centre.  Prove 
that  the  perpendicular  di8tance  between  the  chord8  i8  half  the  radins  of 
the  circle. 

11.  In  any  circle  prove  that  the  chord  which  Babtend8  108°  at  the 
centre  18  eqoal  to  the  8um  of  the  two  chord8  which  8abtend  angle8  of  36° 
and  60°. 

12.  Con8traot  the  angle  who8e  co8ine  i8  equal  to  it8  tangent. 

13.  Solve  the  equation 

sin  50  COB  dd = sin  9^  co8  70, 


f 


CHAPTER  DL* 

IDENTITIES  AND  TBIQONOMETRICAL  EQUATIONS. 

124.  The  formulae  of  Arts.  88  and  90  can  be  used  to 
obtain  the  trigonometrical  ratios  of  the  sum  of  more  than 
two  angles. 

For  example 

8in(il  +  JB  +  0)  =  sin  {A  +5)  cos C  +  cos(il  +  B)  sin  C 

=  [sin  A  cos  B  +  cos  A  sin  B\  cos  G 

+  [cos  A  cos  B  —  AvlA  sin  B\  x  sin  C 

=  sin  -4  cos  B  cos  (7  +  cos  -4.  sin  JB  cos  C 

+  cos  A  cos  JB  sin  (7  —  sin  il  sin  JB  sin  C, 
So 

cos (4  +  jB  +  C)  =  cos  (^  -f  jB)cos  C- sin  {A  +  B)  sin  C 

=  (cos  A  cos  JB  —  sin  -4  sin  JB)  cos  C 

—  (sin  ^  cos  JB  +  cos  -4.  sin  JB)  sin  G 

=  008-4.  cos  JB  cos  C— cos -4  sin-Bsin(7  — sin-4.cos  JBsinf? 

—  sin  A  sin  JB  cos  G. 
9—2 


132  TRIGONOMETRY. 

Also     tan(^  +  ^  +  C)=^.^^^^-*-/>t^^^^ 

tan  A  +  tan  B      ^      ^ 

z — I j-7 — D  +  tan  C 

_  1  -  tan  A  tan  ^ 

1  _  tan^H-tan^         ^ 
1  —  tan-AtanJB 

_  tan  A  +  tan  B  +  tan  C  -  tan  A  tan  JB  tan  C 
1  —  tan  B  tan  (7  —  tan  C  tan  -4  —  tan  A  tan  JB  * 

125.  The  last  formula  of  the  previous  article  is  a 
particular  case  of  a  very  general  theorem  which  gives  the 
tangent  of  the  sum  of  any  number  of  angles  in  terms  of 
the  tangents  of  the  angles  themselves.     The  theorem  is 

tan  (Ai  +  A2  +  A2  +  ...  +  Ab) 

_  *1  •"  ^  +  ^B  •"  ^  +  "•  /i\ 

"l-82  +  B4-Be  +  ... ^    ^' 

where 

Sy  =  tan  -4i  +  tan  J.j  +  . . .  +  tan  A^ 

=  the  sum  of  the  tangents  of  the  separate  angles, 
§2  =  tan -4i  tan  ila  +  tan  ^1  tan  J-j  +  ... 

=  the  sum  of  the  tangents  taken  two  at  a  time, 

Sg  =  tan  Ai  tan  A^  tan  A^  +  tan  A2  tan  A^  tan  ^4  +  . . . 

=  the  sum  of  the  tangents  taken  three  at  a  time,  and  so 
on. 

Assume  the  relation  (1)  to  hold  for  n  angles,  and  add 
on  another  angle  -4«+i. 

Then  tan  (A^  +  -Aj  +  . . .  +  An+i) 

=  tan  [{Aj  +  ^j  + . . .  +  An)  +  ^n+i] 

t>an  {Ai  +  -^2  +  . . .  +  An)  +  tan  An+i 


1  —  tan  (^1  +  ^2  +• ...  +  An) .  tan  A 


n+i 


J 
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^1  ""  ^j  T  ^5  ^  ^7    I     •  •  • 


A  ^  oj  T  tf 4  •  •  • 


+  tan^ 


n+i 


Let  tan  A^  tan  A^, ...  tan  iln+i  be  respectively  called 
Then  tan  (ili  +  -4,  + . . .  +  iln+i) 

(1  —  *a  +  *4  •  •  •)  —  (*i  ~  *«  +  *B  •  • .)  t»+i 
But  «i  +««+!  =(^+  <2+  ...  <n)  +  Wi 

=  the  sum  of  the  (n  + 1)  tangents, 

*a  +  *i  ^«+i  =  (Wa  +  W»  +  ...)'+'  (^  +  ^  +•••  +  W  ^+1 

=  the  sum,  two  at  a  time,  of  the  (n  + 1)  tangents. 

=  the  sum  three  at  a  time  of  the  (n  + 1)  tangents 
and  so  on. 

Hence  we  see  that  the  same  rule  holds  for  (n  +  1) 
angles  as  for  n  angles. 

Hence,  if  the  theorem  be  true  for  n  angles,  it  is  true 
for  (n+1)  angles. 

But,  by  Arts.  98  and  124,  it  is  true  for  2  and  3  angles. 

Hence  the  theorem  is  true  for  4  angles;  hence  for 
5  angles ....     Hence  it  is  true  universally. 

Cor.  If  the  angles  be  all  equal,  and  there  be  ti  of 
them,  and  each  equal  to  6y  then 

«i=:w.tan^;  «a  =  «C;tan2d;  «b  =  «(7, tan»^, 
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Bz.     Write  down  the  value  of  tan  4$, 
Here  tan4(?=    ^-^>    =      4tim(?-^C,tan»(? 

4tan^-4tans^ 


£x.    Prove  that  tan  50 = 


l-6tan«^  +  taii*^' 
5tan^-10tans^+taii<»^ 


l-10tan«^+6tan*^ 


126.  By  a  method  similar  to  that  of  the  last  article 
it  may  be  shewn  that  sin  (^1  +  ^.3+  ...  +-4^) 

=  C0S-4iC08  J.J...  COS^n(*i  — ««  +  *5—  •••)» 

and  that  cos  (J.i  +  -4j+ ... +-4^) 

=  cos  Ai  cos  A3 ...  cos  An (1  —  «2  +  *4  —  •  •  •)> 
where  ^1,  ^3, ^3, ...  have  the  same  values  as  in  that  article. 

127.  IdentitieB  holding  between  the  trigono- 
metrical ratios  of  the  angles  of  a  triangle. 

When  three  angles  A,  B,  and  C,  are  such  that  their 
sum  is  180'',  many  identical  relations  are  found  to  hold 
between  their  trigonometrical  ratios. 

The  method  of  proof  is  best  seen  from  the  foUoMdng 
examples. 

Bz.  1.    7/i4  +  B  +  C=180%  toprove  that 

8in2^  +  sin2B+sm2C=4Bm^  sinBsinC 

8m2il  +  sm2£+sm2C 
=2  sin  (A  +-B)cos  (^  -B)  +  2  sin  Coos  C. 
Since  i4+-B  +  C=  180°, 

we  have  A+B=180P-C, 

and  therefore  sin  (il + £)  =  sin  C, 

and  008  (^  +  £)  =  -  00s  C.  (Art  72) 
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Hence  the  expxession 

=2sm  Coos  (il -£)  + 28in  Ceos  C 
=2  Bin  (7[oo8  (il  -  B) +C08  C] 
=2BmC[oo8(il-B)-oo6(il+B)] 
=2  sin  C  2  sin  il  sin  B 
=4sin^  anBemC. 

BZ.S.    If  A  +  B-k-C=190P, 

AUG 
prove  that       coBil+coBJ5-oosC= -l  +  4oos^co8-5  sin-^. 

The  expression  =  cos  ^  +  (oos  B-eosC) 

=2  008*^ -1  +  2  sin —s — ""*  ~o~  • 
Now  B  +  a=180°-^ 

sothat  ^  =  90°-4. 


and  therefore  sin  — s— = oos 


,  B+C      .   A 

and  cos — ;r— =8m-;r. 


2  2 

+a       .< 

2-=oos2, 

+  C      .   A 
2-="^2 


Henee  the  eiqDression 

=2  cos'  ^  - 1  +  2  cos -^  sin  — 5— 

=  2oos^[cos^  +  sin^^-l 

.      il  r  .  J5+C  .   .  C-Br\    , 

=2008^  l^sin-^+Bin-^J-1 

=2008-2. 2  sin  ^008-^-1 
=  - 1 +4  cos  ^  008 -^  sin -^  • 

Bx.3.    J^  il+B  +  C=180°, 

j)fow  tfcat       sin*  il+  sin*B  +  8in*  (7=2 +2 cos -4  oos  Boos  C, 

Let  S=sinail  +  sin«B  +  sin«a, 

80  that  25=28inSil  +  l-cos2B  +  l-0O82a 

=28in»il  +  2-2oo8  (B  +  C7) 008 (B-C) 
=2-2co8«il  +  2-2co8(B  +  C)co8(B~C). 
.-.  5=2+co8i<[oo8(B~C)  +  oo8(B  +  C)], 
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since  cos  A=W)B  {180°  -  (B  +  C)}  =  -  cos  (B+ C). 

.'.  £f=2+ooSil.2oosBcoBC 
=2 +2  COS  il  cos  £  COB  C, 

az.4.    If  il+B+C=180°, 

prove  that  tanil  +  tan£+tanC=tanilta]i£  tanC. 

By  the  third  formnla  of  Art.  124,  we  have 

tan  il + tan  B + tan  C  -  tan  il  tan  £  tan  C 


tan(il+£  +  C)=- 


l-(tanBtanC+tanCtan^+tan^tanB)* 

But  tan(il+B+(7)=tanl80°=0. 

Hence        Ostan^+tanB+tanC-tan^tanBtanC, 

i.e,  tanil+tanB  +  tanC=taniltanBtanC. 

This  may  also  be  proved  independently.    For 

tan  (J +B) =tan  (18CP  -  0)  =  -  tan  C. 

tan  ^-H  tan  B  _    x^    ^ 
•'•  l-tan.ltanB~"***^^- 

.'.  tanil  +  tanB= -tanC+taniltanBtanC, 

i.e,  tanil+tanB  +  tanC=taniltanBtanC. 

Sz.  A.    Ifx+y+z=:xyz,  prove  that 

2a?  2y  2g    _    2a?        2y        2z 

l_xa"*'l-ya"*T^"'l-a?»'l-y9T^' 

Put  a?=tan^,  2^=tanB,  and  j;=;tan  C,  so  that  we  have 

tan  ^  +  tan  B  +  tan  C= tan  il  tan  B  tan  C 

tanil+tanB         .      ^ 
•••  l-tan^tanB=-^^- 

so  that  tan  (il +B)=tan  (x-  C).  [Art.  72.] 

Hence  ^  +  B+C=wt+t, 

^         ^         2g    _    2tanii  2tanB  2tanC 

•'•   rr^"*"  l-y»"*"  l-««~  1  -  tan»  il  **"  1  -  tan»B  "**  1  -  tan»  C 

= tan  2il + tan  2B + tan  2(7= tan  2il  tan  2B  tan  2C, 

(by  a  proof  similar  to  that  of  the  last  example) 

_    2a?         2y         2g 

"r^T^8'i-««' 
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EXAMPLES..  ZZ. 


If  ^  +  J5  +  C= 180°,  prove  thftt 

1.  sin2^  +  Bin2B-sin2C=:4oo6iloo8BBinC. 

2.  eoB2il+co82£+oo8  2C= -l-4oos^eo8£oo8C. 

3.  cos2il  +  ooB2£-eo6  2(7=l-48m^sinBco8C. 

ABC 

4.  8inil  +  8m£  +  sinC=4oo8^ooB-^oo0^. 

ABC 

5.  sin il +sin £- sin  C=48in  ^8111^008^. 

ABC 

6.  eo8il+0O8^+co8C=l  +  4Bin^8in^  8m-^. 

7.  sin' il  +  8in' B- Bin*  C=28inil  sin  J5  008  0. 

8.      CO8*il+006'B  +  CO8*C=:l-20O8il0OB£0O8C. 

9.    008* A  +  008* B - 008* C=l-28inil8inBooBC. 

1^        •  »A      .  aB  ^    .  qV     4     -    ,    A    ,    B    ,    C 

10.  8m*2  +  Bui*^+8m*^=l-2  8in2^8m^8m^. 

11.  sm*2+sin«^-8in*^=l-2oo8jOOB^8in2  . 

,«     X     ^A     ^    ^     J5.      C.      C.     A    - 

12.  tan^tan^+tan^tan2+tan^tan^  =  l. 

13.     0Ot^  +  0Ot^+OOt-  =  0Ot^0Ot  gCOt^. 

14.  oot£ootC+ootCootil+ootiioot£=]. 

15.  8in(£+2C)  +  sin(a+2^)  +  8in(il  +  2£) 


.   .    B-C  .    C^A   .    il-B 
=4  Bin  — :r —  sin  — = —  Bin  — =^ — 


16.    8in^  +  8m^  +  sin^-l=48in— J— Bin-^— 8m--j- 
-_  A  B  C     .       T+A       T+B       T-C 

17,   COS  -jr+  008  -s  -  0O8  7r  =  4  0O8  — J—  008  — j — 008  — j—  . 
2      2      2         4        4       4 

--,     sin2il  +  8in2B  +  8in2C    ^   .    A   ,    B   .    C 
18.    — 5 — ^  .    ■    p  .    '    ^    =8  sin  3-  sm  -  sin  ^ . 
sin^  +  smB  +  sinC  2        2        2 
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19.  fdn{B  +  C'-A)  +  sm{C'bA^B)  +  ain(A+B-C) 

=4  sin  ^  sin  £  sin  C 
ltA+B-j-C=2S  prove  that 

20.  8in(5f-i4)sin(fif-B)  +  sin5  8in(S!-C)=sinilsinB. 

21.  4  8in/Ssin(fif-^)sin(5-J5)sin(Sf-C) 

=  1  -  oos^  ^  -  008^  B  -  cos*  C + 2  cos  il  cos  J5  cos  C 

22.  sin(5f-^)  +  sin(5f-B)  +  sin(S!-(7)-sin5f 

^    ,    A   ,    B  ,    C 

23.  CO82  5  +  0O82(5-i4)  +  CO8«(5-J5)+CO8«(5f-C) 

=2  +  2cos^oos£oos  C7. 

4 

24.  COS2^+C08*B  +  OOS2C  +  2COS^COSJ5C08C 

=  l  +  iooBS  oob{8  -  A)eos  (S  -  B)go8{S  -  C). 

25.  If  a+/8+7  +  8=2ir,  prove  that 

(1)  ooso+co8/8+oos7  +  oos8+4cos^^^cos^^-5^coB^^-  =  0, 

m  m  £ 

(2)  8ina-8in/8+sm7--sm5+4cos— ^  sin— s-^oos  -^-=0, 
and  (3)    tana+tan/3+tan7+tand 

=tan  a  tan  /Stan  7  tan  5  (cot  a+ oot  /3+oot  7+cot  d). 

26.  If  |the  sum  of  four  angles  be  180®,  prove  that  the  sum  of  the 

products  of  their  cosines  taken  two  and  two  together  is  equal  to  the 
sum  of  the  products  of  their  sines  taken  similarly. 

27.  Prove  that  sin  2a + sin  2/3 + sin  27 

= 2  (sin  a + sin /3 + sin  7)  (1 + cos  a  +  cos /3 + COB  7), 
if  o+/8+7=0. 

28.  Verify  that 

sin^  a  sin  (6  -  c)  +  sin' 6  sin  (e  -  a)  +  sin' c  sin  (a  -  6) 

+  sin  (a  +  & +c)  sin  (6  -  c)  sin  (c  -  a)  sin  (a  -  &)=0. 
U  A^Bf  C,  and  D  be  any  angles  prove  that 

29.  sin^  sin Bsin  (i4  -£)  +8in£ sin  Csin  (B -  C) 

+  sin  C  sin  ^  sin  (C  -  il)  +  sin  (^  -  B)  sin  (B  -  C)  sin  (C  -  il)=0. 
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30.  Bin(il-B)oo8(il+£)  +  Bm(£-C)oo8(£  +  C) 

+8in(C-D)oos(C+D)  +  sm(D-il)o(Mi(Z>+il)r:0. 

31.  mn{A-^B-2C)oo8B-nn{A  +  C-2B)o(MC 

\  =Bm(^-C){ooB(J5  +  C-^)+oo«(C+-4-B)+oai(il+B-C7)}. 

32.  sm(il  +  B+C+D)  +  Bin(il+B-C-2>)+8in(il  +  B>C+D) 

I  +8m(il-i-B  +  (7-2>)=4  8m(il  +  B)oo8CoosD. 

33.  If  fti^y  theorem  be  trae  for  yalQe8  ot  A,  B,  and  C  each  that 

i4  +  J5  +  C=18(y», 

proye  that  the  theorem  ie  etill  true  if  we  sQbetitute  for  A,  B,  and  C 
respeetively  the  qnantitiee 

(1)    90°-^.  9(y>-|,and90°-^. 

or  (2)    180°-2ii,  180°-aB,  andl80°-2C. 

Henoe  deduce  Ex.  16  from  Ex.  6,  and  Ex.  17  from  Ex.  5. 
Ilx-^y+z=xyz  prove  that 

^^     8«-x»     Sy-y*     Sz-3^ _Sx-x*    8y~y*    Hz-ifl 
^    rr3^"*"IT3y»"*'rra?~l-8j?»l-8y**  l-32« 

and    35.    «{l-y»)(l-«>)+y(l-««){l-«*)+«(l-a^(l-y»)=4xyie. 

128.     The  Addition  and  Subtraction  Theorems  may  be 
used  to  solve  some  kinds  of  trigonometrical  equationa 

Ex     Solve  the  equation 

sin  x  +  8in5x^8in 3^. 

By  the  formulae  of  Art.  94,  the  equation  is 

2  sin  3j?  cos  2d;  =  sin  3j?. 

.•.  sin  3a?  ==  0,  or  2  cos  2a;  »  1. 

If  sin  3aj  =  0,  then  Sx  =  nir. 

1  ir 

If  cos  2d7  =  ^ ,  then  2x=i  2mr  ±  ^ . 

TT  nTT  .   TT 

Hence  x=s--  ^  or  mr±^  . 

o  o 
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129.     To  solve  an  equation  of  iheform 

a  cos  ^  +  6  sin  ^  =  c. 

Divide  both  sides  of  the  equation  by  s/a^  +  fc^  so  that 
it  may  be  written 

h         .     ^  c 


.  cos  0  +   ,  sin  ^  =  -===-, 

Find  from   the  table   of  tangents   the   angle  whose 
tangent  is  -  and  call  it  a. 

Then  tan  a  =  - ,  so  that 

a 

6  ,  a 

sm  a  =   ,  ,  ana  cos  a  = 


The  equation  can  then  be  written 

cos  a  cos  ^  +  sin  a  sin  0  =    .  , 


i.c.  cos  (d  -  a)  = 


c 


Next  find  from  the  tables,  or  otherwise,  the  angle  /8 


whose  cosine  is 


c 


so  that  cos  13  =  -, -. , 

[N.B.    This  can  only  be  done  when  c  is  <  Va»  +  b\] 

The  equation  is  then  cos  (d  —  a)  =  cos  13. 

The  solution  of  this  is  ^  —  a  =  2nir  ±  13,  so  that 

d  =  2w7r  +  a±i8, 

where  w  is  any  integer. 


GRAPHIC  SOLUTION. 
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Angles,  such  as  a  and  fi,  which  are  introduced  into 
trigonometrical  work  to  fisK^ilitate  computation  are  called 
Subiidlaiy  Angles. 

130.    The  above  solution  may  be  illustrated  graphically 
as  follows ; 

Measure  OM  along  the  initial 
line  equal  to  a,  and  MP  perpen- 
dicular to  it,  and  equal  to  b.  The 
angle  MOP  is  then  the  angle  whose 

tangent  is  - ,  i.e.  a. 

With  centre  0  and  radius  OP, 

ie,  ^a^-\-h\  describe  a  circle,  and  measure  ON  along 
the  initial  line  equal  to  c. 

Draw  QNQ  perpendicular  to  ON  to  meet  the  circle  in 
Q  and  Q ;  the  angles  NOQ  and  QON  are  therefore  each 
equal  to  /8. 

The  angle  QOP  is  therefore  a  -  /9  and  Q[OP  is  a  +  yS. 

Hence  the  solutions  of  the  equation  are  respectively 

2w7r  +  QOP  and  inir  +  (^OP. 


The  construction  clearly  fails  if  c  be  >  Va*  +  6*,  for  then 
the  point  iV'  would  fall  outside  the  circle. 

131.    As  a  numerical  example  let  us  solve  the  equation 

5cos^-2Bin^=2, 

given  that  tan  21°  48^=^. 

5 

Dividing  both  sides  of  the  equation  by 


we  have 


5  ..2.^2 

COS^ ;;:xSm^  = 


V29 


V29 


V29' 
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Hence  cos  ^  cos  21°  48'- sin  ^  sin  21°  48^ 

=sin21°48'=sin(90°-68°12') 
=cos68°12'. 

/.  cos(^+21°48')=cos68°12'. 
Hence  ^+21°48'=2nxl80°±68°12'.  (Art.  83) 

/.  ^=2wxl80°-21°48'i68°12' 
=2nx  180°-90°,  or  2nx  180°+46°  24', 
where  n  is  any  integer. 

Aliter.    The  equation  of  Art.  129  may  be  solved  in  another  way. 
For  let  t=tan^, 

2tan^ 

2         2t 
so  that  sin  0=  — ^— 


l  +  tan^f^-^^' 

and  co6^=  == — ^.    (Art.  109.) 

l  +  tans?     ^+^ 

The  equation  then  becomes 

1-t*     ^    2t 

so  that  t3(c+a)-2&t+c-a=0. 

This  is  a  quadratic  equation  giving  two  values  for  t  and  hence  two 
values  for  tan  - . 

Thus,  the  example  of  this  article  gives 

so  that  t=-lorf 

=tan  ( -  45°)  or  tan  23°  12'  (from  the  tables). 

Hence  | = n .  180°  -  45°,  or  n .  180° + 23°  12', 

».«.  e=n.  360°  -  90°,  or  n  .  360° + 46°  24'. 
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EXAMPT.TO.    XXI. 

Solye  the  equations 

1.  sin ^  + sin 7^=  sin 4^.  2.    oobB+oo%7$^oob4$. 

3.  co8^+co8S^=2oofl2^.  4.    sin 4tf- sin 2^=008 8^. 

6.  008  tf- sin  8^ =008  2^.  6.    sin7^=8intf  +  8in8^. 

7.  C08^+co8  2^+cos8^=0.  8.    sin  9+Bin8^+8in  5^=0. 
9.  sin 2^ -GOB 2^- sin ^+008^=0. 

10.  8in(3^  +  o)  +  sin(3^-.a)  +  8in(o-^)-8in(o+tf)=008o. 

11.  coB(3^  +  o)co8(3^-o)  +  0O8(6^+o)0O8(6tf-a)=0O8  2a. 

12.  cosn^=oo8(n-2)^+sin(?.         13.    sin^-tf=8in^^+8in^. 

14.  sin?ii^  +  8inn^=0.  15.    oosm^+cosn^^O. 

16.  8in3n^-8in«(n-l)^=sin»^,      17.    8in8^+oo8  2^=0. 

18.  V3cos^+sin^=V2.  19.    sin^+oos^=V2. 

20.  V3  sin  ^-008^=^2.  21.    8ina?  +  co8ar=V2coSi4. 

22.  58in^  +  2oos^=5(giTentan2P48'=-4). 

23.  6eo8a;+8sina;=9  (given  tan53°8'=li  and  oos  25°50'=-9). 

24.  l  +  sin3^=3Bin^co8tf  (giyentan71°34'=8). 

25.  cosec^=oot^+V3.  26.    co8ec«=l  +  cotx. 
27.  (2  +  V3)cos^=l-sin^.  28.    tan^+sec^=V3. 

29.  cos 2^=008*^.  30.    4oo8^-3seo^=tan^. 

3L  oos  2d +  3  cos  ^=0.  32.    oos  3d +  2  oos  ^=0. 
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.    co8  2d=(V2  +  l)^0O8d--^V  34.    ootd-tand=2. 

35.  4oot2d=cot»d-tanad.  36.    3  tan (d -16°)= tan  (d  + 16°). 

37.  tand+tan2d+tan3d=0. 

38.  tan  d  + tan  2d+ ^3  tan  6  tan2d=V3. 

39.  sin  3a =4  sin  a  sin  (x  +  a)  sin  {x  -  a). 

40.  Prove  that  the  equation  a;'^-2d;  +  l=:0i8  satisfied  by  putting  for  x 
either  of  the  values 

V2  8in46°,  2  sin  18°,  and  2  sin  284°. 
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41.  If  sin  (t  008  ^)  =  ooB  (r  sin  0),  prove  that 

42.  If  sin  (xoot  ^)=:C08  (r  tan  6)^  prove  that  either  cosec  20  or  oot  20 
is  equal  to  n+J. 

132.  Ex  jTo  trcLce  the  changes  in  the  sign  and 
magnitude  of  the  expression  sin  6  +  cos  6  as  0  increases  from 
0  to  360°. 

We  have  sin  d  +  cos  d  =  \/2    -j^  sin  ^  +  —j^  cos  6 

=  V2  [sin  6  cos  45°  +  cos  6  sin  45°]  =  V2  sin  (d  +  45°). 

As  6  increases  from  0  to  45°,  sin  {6  +  45°)  increases 
from  sin  45°  to  sin  90°,  and  hence  the  expression  increases 
from  1  to  \/2. 

As  0  inci*eases  from  45°  to  135°,  d  +  45°  increases  from 
90°  to  180°,  and  hence  the  expression  is  positive  and 
decreases  from  \/2  to  0. 

As  6  increases  from  135°  to  225°,  the  expression 
changes  from  \/2  sin  180°  to  V2  sin  270°,  i,e.  it  is  negative 
and  decreases  from  0  to  —  \/2. 

As  0  increases  from  225°  to  315°,  the  expression 
changes  from  s/2  sin  270°  to  V2  sin  360°,  i,e,  it  is  negative 
and  increases  from  —  \/2  to  0. 

As  0  increases  from  315°  to  360°,  the  expre^ion 
changes  from  sJ2  sin  360°  to  \/2  sin  405°,  i,e.  it  is  positive 
and  increases  from  0  to  1. 

133.  Ex  To  trojce  the  changes  in  the  sign  and 
magnitvde  of  a  cos  0  +  bsin0,  and  to  find  the  greatest 
value  of  the  expression. 

We  have 
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Let  a  be  the  smallest  positive  angle  such  that 

a  ,  .  b 

cos  a  =    .  ,  and  sm  a 


The  expression  therefore 
=  V  a^  +  6*  [cos  ^  cos  a  +  sin  ^  sin  a]  =  Va*  +  6*  cos  ( tf  -  a). 

As  0  changes  from  a  to  360*^  + a,  the  angle  0  — a 
changes  from  0  to  360°,  and  hence  the  changes  in  the 
sign  and  magnitude  of  the  expression  are  easily  obtained. 

Since  the  greatest  value  of  the  quantity  cos  (0  —a)ia 
unity,  i.e.  when  0  equals  a,  the  greatest   value  of  the 

expression  is  Va^  +  fr*. 

Also  the  value  of  0  which  gives  this  greatest  value  is 

a 


such  that  its  cosine  is 


Va«  +  6»' 


EXAMWiEB.    ZZn. 

Ab  0  increases  from  0  to  360°,  trace  the  changes  in  the  sign  and 
magnitude  of 

1.  sin  0  -  cos  0f 

2.  sin^+V^ooB^, 

Fn.B.  sin^+V3oostf=2risin^+^co8^'j  =  2sin(^  +  60°).'| 

3.  8in^-^3cos^.  4.  oos»^-sin*^. 

D.    sm^cos^.  6.     -  ,^  .  ^^o/i- 

cos  a  +  COB  ^a 

7.    sin(irsin^).  8.    oos(ir8in^). 

Q     s^PJ^rcos^) 
'    cos (r sin ^)' 

10.    Trace  the  changes  in  the  sign  and  magnitude  of  — jrr  as  the 

C0829 

angle  mereases  from  0  to  90°. 

L..T.  10 


CHAPTER  X. 


LOGARITHMS. 


134.    Supposing  that  we  know  that 

102.4(»ia06  =  253,     102-W88W*  =  407, 
and  io«-oia7i4»  =  102971, 

we  can  shew  that  253  x  407  =  102971  without  performing 
the  operation  of  multiplication.     For 

253  X  407  =  10*-^^  X  102««»w* 

=  IQHimiB  ^  102971. 

Here  it  will  be  noticed  that  the  process  of  multiplica- 
tion  has  been  replaced  by  the  simpler  process  of  addition. 

Again,  supposing  that  we  know  that 

104.9004066  =  79507, 
and  that  ioi-6M4686  =  43^ 

we  can  easily  shew  that  the  cube  root  of  79507  is  43. 

For        v^  79507  =  [79507]*  =  (lO*-««*^)* 

=  lOi^^'^'^^^^^^^  =s  10^*6834686  ^t  43. 

Here  it  will  be  noticed  that  the  difficult  process  of 
extracting  the  cube  root  has  been  replaced  by  the  simpler 
process  of  division. 
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135.  lK>garitlim.  Def.  If  a  he  any  nwrnber^  and  x 
and  N  two  other  numbers  suck  tiuU  a'  =  N,  then  x  is  called 
the  logarithm  of  If  to  the  hose  a  and  is  written  log^  N, 

The  logarithm  of  a  number  to  a  given  base  is  therefore 
the  index  of  the  power  to  which  the  base  must  be  raised 
that  it  may  be  equal  to  the  given  number. 


«^^  Sinoe  10^ = 100,  therefore  2 = logjo  100. 
Sinoe  10^  =  100000,  therefore  5 = log^o  100000. 
Sinoe  2^=16,  therefore  4=logs  16. 

Smce  8*=Pip=2«=4,  therefore  i=log8  4. 

s 

Since 9-J=-|  =  p  =  2=,  therefore 


-|  =  log,(i). 


N.6.    Sinoe  a^=l  always,  the  logarithm  of  unity  to  any  base  is  always 
zero. 

136.  In  Algebra,  if  m  and  n  be  any  real  quantities 
whatever,  the  following  laws,  known  as  the  laws  of  indices, 
are  found  to  be  true : 

(i)     a^^xa^  —  a"*+", 
(ii)     a"*-ra"=a* 
and         (iii)    (a"*)**  =  a* 

Corresponding  to  these  we  have  three  fundamental 
laws  of  logarithms,  viz. 

(i)     loga  (mn)  s  loga  m  +  log^  n, 


ttnn 


(u)    log.  f  "  j  =  log.  m  -  log.  n. 


and         (iii)    log.  m"^  =  n  log.  m. 

The  proofs  of  these  laws  are  given  in  the  following 
articles. 

137.     The  logarithm  of  the  product  of  two  qiuintiUes  is 
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equal  to  the  swm  of  the  logarithms  of  the  quantities  to  the 

same  hasSy  i,e. 

loga  (mn)  =  log«  m  +  log«  n. 

Let  X  =  loga  m,  so  that  a*  =  m, 

and  y  =  loga  n,  so  that  a^  =  n. 

Then  mn  —  a*xa^  =  a*"*"^. 

.•.  Iogamn  =  a?  +  y    (Art.  135,  Def.) 

=  loga  m  +  loga  n, 

138.  The  logarithm  of  the  quotient  of  two  quantities  is 
equal  to  the  difference  of  their  logarithms^  i.e. 

L6t        a?  =  logam,  so  that  c^  =  m,    (Art.  136,  Def.) 
and  y  =  loga  ^»  so  that  a^  =  n. 

Then  —  =  a*-raJ'  =  a*-^. 

n 

.-.  loga  (~)  =^"y  (Art-  135»  Def.) 

=  loga  m- loga  tl. 

139.  2%«  logarithm  of  a  quantity  raised  to  any  power 
is  equai  to  the  logarithm  of  the  quantity  multiplied  by  the 
index  of  the  power,  ie. 

loga(m»)=n,logam. 
Let  X  =  loga  w>  80  that  a*  =  m.     Then 

m*  =  (a*)*  =  a"*. 
.-.  loga(m«)  =  na?  (Art.  135,  Def.) 
=  n  loga  ^• 
log48=:log(2«x8)=logS«+log8=41oga+log3; 
Iog^=log^f^,=log7+log3»-log2«-logll» 

= log  7  +  2  log  8  -  2  log  a  -  2  log  1 1 ; 
log4^18=log  18^»f  log  18. 
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140.  Crommon   lyitem   of  logarltliiiii.     In   the 

system  of  logarithms  which  we  practically  use  the  base  is 
always  10,  so  that,  if  no  base  be  expressed,  the  base  10 
is  always  understood.  The  advantage  of  using  10  as  the 
base  is  seen  in  the  three  following  articles. 

141.  Characteristic  and  Mantiiia,    Def.    If  the 

logarithm  of  any  number  be  partly  integral  and  partly 
fractional,  the  integral  portion  of  the  logarithm  is  called  its 
characteristic  and  the  decimal  portion  is  called  its  mantissa. 
Thus,  supposing  that  log  796  =  2*9003671,  the  number 
2  is  the  characteristic  and  '9003671  is  the  mantissa. 

Negative  characteristics.    Suppose  we  know  that 

log  2  =  -30103. 
Then,  by  Art.  138, 

log  J=  log  1  -log  2  =  0-  log  2  =  --30103, 

so  that  log  ^  is  negative. 

Now  it  is  found  convenient,  as  will  be  seen  in  Art.  143, 
that  the  mantisssB  of  all  logarithms  should  be  kept  positive. 
We  therefore  instead  of  -'30103  write  -  [1  -  '69897],  so 
that 

log  i  =  -  (1  -  -69897)  =  - 1  +  -69897. 

For  shortness  this  latter  expression  is  written  1-69897. 
The  horizontal  line  over  the  1  denotes  that  the  integral 
part  is  negative ;  the  decimal  part  however  is  positive. 

I*  As  another  example,  3*4771213  stands  for 

-3+4771213. 

142.  The  charoGteriatic  of  the  logarithm  of  any  nv/mher 
can  always  be  determined  by  inspection. 
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(i)    Let  the  number  be  greater  than  unity. 

Since  10^=1,  therefore  logl  =0; 
since  10^  =  10,     therefore  log  10   =  1 ; 

since  10^  =  100,  therefore  log  100  =  2, 

and  so  on. 

Hence  the  logarithm  of  any  number  lying  between  1 
and  10  must  lie  between  0  and  1,  that  is,  it  will  be  a 
decimal  fraction  and  therefore  have  0  as  its  characteristic. 

So  the  logarithm  of  any  number  between  10  and  100 
must  lie  between  1  and  2,  i.e,  it  will  have  a  characteristic 
equal  to  1.    • 

Similarly,  the  logarithm  of  any  number  between  100 
and  1000  must  lie  between  2  and  3,  i,e.  it  will  have  a 
characteristic  equal  to  2. 

So,  if  the  number  lie  between  1000  and  10000,  the 
characteristic  will  be  3. 

Generally,  the  characteristic  of  the  logarithm  of  any 
number  will  he  one  less  than  the  nwmher  of  digits  in  its 
integral  part. 


The  number  296*3457  has  3  figures  in  its  integral  part,  and 
therefore  the  oharaoteristic  of  its  logarithm  is  2. 

The  oharaoteristio  of  the  logarithm  of  29634*57  will  be  5  - 1,  ».«.  4. 

(ii)    Let  the  number  be  less  than  unity. 
Since  10^=      1,  therefore  log      1  =  0; 

since      10"^  =  ir^  =     '1,  therefore  log      1  =  —  1 ; 

since      10-«  =  ^=   -01,  therefore  log   -01  =  -2; 

since     lO""*  =  j^  = '001,  therefore  log001  =  -3; 
and  so  on. 
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The  logarithm  of  any  number  between  1  and  '1  there- 
fore lies  between  0  and  —  1,  and  so  is  equal  to  —  1  +  some 

decimal,  i.e,  its  characteristic  is  1. 

So  the  logarithm  of  any  number  between  *1  and  01 
lies  between  —  1  and  —  2,  and  hence  it  is  equal  to  —  2  + 

some  decimal,  i.e.  its  characteristic  is  2. 

Similarly,  the  logarithm  of  any  number  between  '01 

and  '00.1  lies  between  —  2  and  —  3,  %,e.  its  characteristic  is  8. 

Generally,  the  charou^teristic  of  the  logarithm  of  any 
decimal  fra>ction  mil  be  negative  and  numerically  will  be 
greater  by  unity  than  the  number  of  cyphers  following  the 
decimal  point. 

For  any  fraction  between  1  and  *1  (e.g.  *5)  has  no 
cypher  following  the  decimal  poiut  and  we  have  seen  that 

its  characteristic  is  1. 

Any  fraction  between  '1  and  '01  (e,g.  '07)  has  one 
cypher  following  the  decimal  point  and  we  have  seen 

that  its  characteristic  is  2. 

Any  fiwjtion  between  01  and  OOl  (e.g.  '003)  has  two 
cyphers  following  the  decimal  point  and  we  have  seen  that 

its  characteristic  is  3. 

Similarly  for  any  fraction. 


The  oharaoteristio  of  the  logarithm  of  the  number  *00R35  is  8. 
The  dharaoterietio  of  the  logarithm  of  the  number  *0000058  is  6. 
The  characteristic  of  the  logarithm  of  the  number  *S4567  is  L 

143.     The  mantissas  of  the  logarithm  of  all  numbers, 
consisting  of  the  sams  digits,  are  the  same. 
This  will  be  made  clear  by  an  example. 
Suppose  we  are  given  that 

log  66818  ^  4*8248935. 
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Then 
log  668-18  =  log  ?Y^  =  log  66818  -  log  100  (Art.  138) 

=  4-8248935  -  2  =  28248935  ; 

log  -66818  =  log  ^^  =  log  66818  -  log  100000 

(Art.  138) 
=  4-8248935  -  5  =  18248935. 

So     log  -00066818  =  log  ^^  =  log  66818  -  log  10« 

=  4-8248935  -  8  =  4-8248935. 

Now  the  numbers  66818, 66818,  66818,  and  00066818 
consist  of  the  same  significant  figures,  and  only  differ  in 
the  position  of  the  decimal  point.  We  observe  that  their 
logarithms  have  the  same  decimal  portion,  i.e,  the  same 
mantissa,  and  they  only  differ  in  the  characteristic. 

The  value  of  this  characteristic  is  in  each  case  deter- 
mined by  the  rule  of  the  previous  article. 

It  will  be  noted  that  the  mantissa  of  a  logarithm  is 
always  positive. 

144.  Tables  of  logarithms.  The  logarithms  of  all 
numbers  fix)m  1  to  108000  are  given  in  Chambers'  Tables 
of  Logarithms.  Their  values  are  there  given  correct  to 
seven  places  of  decimala 

The  student  should  have  access  to  a  copy  of  the  above 
table  of  logarithms  or  to  some  other  suitable  tabla  It 
will  be  required  for  many  examples  in  the  course  of  the 
next  few  chapters. 

On  the  opposite  page  is  a  specimen  page  selected  from 
Chambers'  Tables.  It  gives  the  mantissas  of  the  logarithms 
of  all  whole  numbers  from  52500  to  53000. 


No. 

0   12   3   4 

5   6   7   8   9 

Diflf. 

5250 

7201593  1676  1758  1841  1924 

2007  2089  2173  2255  2887 

51 

2420  2503  2586  2668  2751 

2834  2916  2999  8082  8164 

52 

3247  3330  3413  3495  3578 

8661  8748  8826  8909  8991 

53 

4074  4157  4239  4322  4405 

4487  4570  4658  4785  4818 

54 

4901  4988  5066  5149  5281 

5314  5397  5479  5562  5645 

55 

5727  5810  5892  5975  6058 

6140  6223  6806  6888  6471 

.56 

6554  6636  6719  6801  6884 

6967  7049  7182  7215  7297 

57 

7380  7462  7545  7628  7710 

7798  7875  7958  8041  8123 

58 

8206  8288  8371  8454  8536 

8619  8701  8784  8867  8949 

59 

9032  9114  9197  9279  9362 

9445  9527  9610  9692  9775 

60 

9857  9940  0023  0105  0188 

0270  0353  0485  0518  0600 

5261 

7210683  0766  0848  0981  1013 

1096  1178  1261  1848  1426 

62 

1508  1591  1674  1756  1889 

1921  2004  2086  2169  2251 

63 

2334  2416  2499  2581  2664 

2746  2829  2911  2994  8076 

64 

3159  8241  8824  3406  3489 

8571  3654  8786  8819  8901 

65 

3984  4066  4149  4231  4314 

4396  4479  4561  4644  4726 

66 

4809  4891  4973  5056  5138 

5221  5303  5386  5468  5551 

67 

5633  5716  5798  5881  5968 

6045  6128  6210  6298  6375 

68 

6458  6540  6623  6705  6787 

6870  6952  70^  '7117  7200 

69 

7282  7364  7447  7529  7612 

7694  7777  7859  7941  8024 

70 

8106  8189  8271  8358  8436 

8518  8601  8683  8765  8848 

82 

1   s 

6271 

8930  9013  9095  9177  9260 

9342  9424  9507  9589  9672 

72 

9754  9836  9919  0001  0084 

016610248  0331  0413  0495 

X        9 

2  16 

73 

7220578  0660  0742  0825  0907 

0990  1072  1154  1237  1319 

8  86 

74 

1401  1484  1566  1648  1731 

1813  1895  1978  2060  2142 

4  &S 

75 

2225  2307  2389  2472  2554 

2636  2719  2801  2883  2966 

5  41 

76 

3048  3130  3212  8295  3377 

3459  3542  3624  3706  3789 

6  49 

7  57 

77 

3871  3953  4036  4118  4200 

4282  4365  4447  4529  4612 

8  06 

78 

4694  4776  4858  4941  5023 

5105  5188  5270  5352  5434 

9  74 

79 

5517  5599  5681  5763  5846 

5928  6010  6092  6175  6257 

80 

6339  6421  6504  6586  6668 

6750  6883  6915  6997  7079 

5281 

7162  7244  7326  7408  7491 

7573  7655  7737  7820  7902 

82 

7984  8066  8148  8231  8313 

8395  8477  8559  8642  8724 

83 

8806  8888  8971  9053  9135 

9217  9299  9382  9464  9546 

84 

9628  9710  9792  9875  9957 

0039  0121  0208  0286  0368 

85 

7230450  0532  0614  0696  0779 

0861  0943  1025  1107  1189 

86 

1272  1354  1436  1518  1600 

1682  1765  1847  1929  2011 

87 

2093  2175  2257  2340  2422 

2504  2586  2668  2750  2832 

88 

2914  2997  3079  3161  3243 

3325  3407  8489  3571  3654 

89 

3736  3818  3900  3982  4064 

4146  4228  4310  4393  4475 

90 

4557  4639  4721  4803  4885 

4967  5049  5131  5218  5296 

5291 

5378  5460  5542  5624  5706 

5788  5870  5952  6034  6116 

92 

6198  6280  6362  6445  6527 

6609  6691  6773  6855  6937 

93 

.  7019  7101  7183  7265  7347 

7429  7611  7593  7675  7757 

94 

7839  7921  8003  8085  8167 

8250  8832  8414  8496  8578 

95 

8660  8742  8824  8906  8988 

9070  9152  9234  9316  9398 

96 

9480  9562  9644  9726  9808 

9890  9972  0054  0136  0218 

97 

7240300  0382  0464  0546  0628 

0710  0792  0874  0956  1038 

98 

1120  1202  1283  1365  1447 

1529  1611  1693  1775  1857 

99 

1939  2021  2103  2185  2267 

2349  2431  2513  2595  2677 

5300 

2759  2841  2923  3005  3086 

3168  3250  3332  3414  3496 
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146.  To  obtain  the  logarithm  of  any  such  number,  such 
as  52687,  we  proceed  as  follows.  Run  the  eye  down  the 
extreme  lefb>hand  column  uutil  it  arrives  at  the  number 
5268.  Then  look  horizontally  until  the  eye  sees  the  figures 
7035  which  are  vertically  beneath  the  number  7  at  the  top 
of  the  page.  The  number  corresponding  to  52687  is  there- 
fore 7217035.  But  this  last  number  consists  only  of  the 
digits  of  the  mantissa,  so  that  the  mantissa  required  is 
•7217035.    But  the  characteristic  for  52687  is  4. 

Hence  log  52687  =  47217035. 

So  log  -52687  =  r7217035, 

and  log  00052687  =  47217035. 

If,  again,  the  logarithm  of  52725  be  required,  the 
student  will  find  (on  running  his  eye  vertically  down  the  ex- 
treme lefb-hand  column  as  fieir  as  5272  and  then  horizontally 
along  the  row  until  he  comes  to  the  column  under  the 

digit  5)  the  number  0166.  The  bar  which  is  placed  over 
these  digits  denotes  that  to  them  must  be  prefixed  not 
721  but  722.  Hence  the  mantissa  corresponding  to  the 
number  52725  is  -7220166. 

Also  the  characteristic  of  the  logarithm  of  the  number 
52725  is  4. 

Hence  log  52725  =  47220166. 

So  log -052725  =  2-7220166. 

We  shall  now  work  a  few  numerical  examples  to  shew 
the  efficiency  of  the  application  of  logarithms  for  purposes 
of  calculation. 


146.    Bz.  1.    Find  the  value  of  ^28-4. 

Let  x=^i/2Slt= {28-4)^* 
80  that  log  or = g  log  (28-4),  by  Art.  189. 
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In  the  taUe  of  logarithms  we  find,  opposite  the  number  284,  the 
logarithm  8692159. 

Hence  log  28*4 = 1-8692169. 

Therefore  log  x = ^  [1*8692159] = -2780482. 

5 

Again,  in  the  table  of  logarithms  we  find,  oonesponding  to  the  logarithm 
2788482,  the  number  187864,  so  that 

log  1-87864 =-2788482. 

.-.  x=  1-87864. 

Bz.  9.    Find  the  value  of 

(6  45)»x  V-00084 
(9-87)«x4/8^ 

Let  X  be  the  required  yalne  so  that,  by  Arts.  188  and  189, 
log  a;  slog  (6-45)*+ log  (•00084)i-log  (9-87)*-log  ^^8*98 
= 8  log  (6-46)  + 1  log  (-00084)  -  2  log  (9-87)  - 1  log  8-98. 

Now  in  the  table  of  logarithms  we  find 

opposite  the  nmnber  645  the  logarithm  8095597, 

.5814789, 
9717896, 
9508515. 

log«=8x -8095597  +  1  (4-5814789) 
-  2  X  -9717896  -  j  x  -9608515. 

But  I  (4-5814789) = |  [6 + 2-5814789] 

=2  + -8488268. 
.-.  loga;=r2-4286791  +  [2+-8488268]-l-9484792-  -2877129 

=8-2725054-41811921 

= 1 + 4-2725054  -  4-1811921 
=  1-0918188. 


»» 
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In  tibe  table  of  Iiimii'^mi  we  fad.  iifpciti  Ae  niBBber  1»I0,  the 
k^KiOm  091S151;  so  fli^ 

loiK  -ISHhr  1-0913159L 

HoMe  kjKxrrlog-IBiOiMuly, 

aad  OkBg^tote  x=:-lSIO  omiIj. 

When  the  Inpmthm  of  si^  nmiiher  does  no!  quite  agree  with  any 
Inpmthm  in  the  teMce,  but  liee  btiwiJtu  two  eoneeeotife  logarithms,  it 
win  be  diewii  in  the  next  dnpler  how  the  ""iwIm^  maj  be  aeeorately 


•.    Hawimg  gUten  Ib^S^-SOlOS^  Jimd  the  mmMAcr  ef  diffiU  in  7F 
amd  ikepoHUam,  ofihejint  ngwijuDBoA  Jigwn  ui  2-'. 

We  here  log  2^=67  x  log  2=G7  x  -90103 

^ao-ieooi. 

Sinee  the  efaaneteristic  of  the  logarithm  of  2*^  is  80,  it  follows,  by  Art. 
142,  that  in  V  thero  aze  21  digits. 

Again,  log2-s'=  -  371og  2=  -  37  x  -30103 

=  -11-13811 =12-86189. 

Henoe,  by  Art.  142,  in  ^^  there  are  11  cyphers  following  the  decimal 
pointy  i.«.  the  first  significant  figure  is  in  the  twelfth  place  of  decimals. 


4.    Qiven.  logS=i'^in219,log  7=*8450980,  and  %  11 =1*0413927, 

iolve  the  equation 

'3*x7***-»=ll*t*. 

Taking  logarithms  of  both  sides  we  have 

log  3* + log  7***-i = log  11»+*. 

.-.  ajlog3  +  (2x  +  l)log7=(x+6)logll. 
/.  xPog3+21og7-logll]=51ogll-log7. 
5  log  11  -  log  7 


Xss 


log8+21og7-logll 

5-2069635  -  -8450980 
''  -4771213  + 1-6901960  - 10413927 

4-3618655 


1-1259246 


—  S'o7.... 
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147.     To  prove  that 

loga  m  s  logb  >n  X  log^  b. 

Let  logatn^x,  so  that  a*^m. 

Also  let  log(  m^yy  so  that  6^  »  m. 

Hence  log«  (a*)  =  loga  (ft*'). 

. *.  a?  =  y  loga  6'     (Art.  139.) 

Hence  log^  m  =  loga  m  x  loga  6* 

By  the  theorem  of  the  foregoing  article  we  can  from 
the  logarithm  of  any  number  to  a  base  h  find  its  logarithm 
to  any  other  base  a.  It  is  found  convenient,  as  will  appear 
in  a  subsequent  chapter,  not  to  calculate  the  logarithms  to 
base  10  directly,  but  to  calculate  them  first  to  another 
base  and  then  to  transform  them  by  this  theorem. 

EXAMPLES.    XXm, 

1.  Given  log  4=  -60206  and  log  8=  -4771218,  find  the  logarithms  of 
8,  -008,  -0108,  and  (-00018)^ 

2.  Oiyen  log  11 = 10418927  and  log  18  » 11189484,  find  the  Talaes  of 
(1)  log  1-43,  (2)  log  138-1,  (8)  log  4^148,  and  (4)  log^j^^OOieO. 

3.  What  are  the  oharaoteristioe  of  the  logarithms  of  248*7,  -0158, 
2-8713,  -00057,  -028,  4^24615,  and  (24589)^? 

4.  Find  the  5th  root  of  -003,  haying  given  log  8= -4771218  and 

log  812986=5-4954248. 

5.  Find  the  value  of  (1)  7^,  (2)  (84)^,  and  (8)  (-021)^,  having  given 

log  2= -80103,  log  3 =-4771218, 

log  7=r -8450980,  log  132057 =5 -1207288, 

log  588458  =  5-7697117,  and  log  461791  =  5*6644488. 
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6.  Having  given  log  8 = -477121S, 

find  the  number  of  digits  in 

(1)  3«     (2)  3»,  and  (3)  3««, 
and  the  position  of  the  first  significant  figure  in 

(4)  8-18,     (5)  8-«   and  (6)  3-« 

7.  Given  log  2= '30103,  log  8 =-4771213,  and  log  7  ==-8450980,  solve 

the  equations  ^ 

(1)  2*.3«^*=7*, 

(2)  2«»^-i.3«»+«=7**, 

(3)  72x-5-2*-*=3«*-7. 

7«^x  3*^=9  1   . 
*°"  ^  '    3*-»4.2*-2if=3x|"  * 

8.  From  the  tables  find  the  seventh  root  of  -000026751. 
Making  use  of  the  tables,  find  the  approximate  values  of 

9.    4^645^3.  10.    4^82357.  11.    ^|^. 


77-2x8-3  >s/8ixlli 

A^-     V9-4-hl6-5'     ^^'      ^^74x^62* 


CHAPTER  XI. 

TABLES  OF  LOGARITHMS  AND  TRIGONOMETRICAL  RATIOS. 
PRINCIPLE   OF  PROPORTIONAL  PARTS. 

148.  We  have  pointed  out  that  the  logarithms  of  all 
numbers  from  1  to  108000  may  be  found  in  Chambers' 
Mathematical  Tables,  so  that,  for  example,  the  logarithms 
of  74583  and  74584  may  be  obtained  directly  therefrom. 

Suppose  however  we  wanted  the  logarithm  of  a 
number  lying  between  these  two,  e.g.  the  number  74583*3. 

To  obtain  the  logarithm  of  this  number  we  use  the 
Principle  of  Proportional  Parts  which  states  that  the 
increase  in  the  logarithm  of  a  number  is  proportional  to 
the  increase  in  the  number  itself 

Thus  from  the  tables  we  find 

log  74588  =  4-8726398 (1), 

and  log  74584  =  48726457 (2). 

The  quantity  log  74583*8  will  clearly  lie  between 
log  74583  and  log  74584. 

Let  then     log  74583*3  =  log  74583  +  x 

=  4-8726398  4- a; (3). 
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From  (1)  and  (2),  we  see  that  for  an  increase  1  in  the 
namber  the  increase  in  the  logarithm  is  "OOOOOdQ. 

The  Theory  of  Proportional  Parts  then  states  that  for 

an  increase  of  '3  in  the  number  the  increase  in  the 

logarithm  is 

•3  X  0000059,  i.c.,   00000177. 

Hence   log 745833  =  48726398  +  00000177 

=  4-87264157. 

149.  As  another  example,  we  shall  find  the  value  of 
log '0382757  and  shall  exhibit  the  working  in  a  more 
concise  form. 

From  the  tables  we  obtain 

log  038275  =  2-5829152 
log -038276  =  2-5829265. 

Hence  the  diflference  for 

•000001=    0000113. 
Therefore  the  difference  for 

•0000007  = -7  X -0000113 
=  00000791. 

.-.     log -0382757  =  2-5829152 

-h    00000791 

=  2-58292311. 
Since  we  only  require  logarithms  to  seven  places  of 
decimals,  we  omit    the    last    digit   and  the  answer  is 
25829231. 

160.  The  converse  question  is  often  met  with,  viz., 
to  find  the  number  whose  logarithm  is  given.  If  the 
logarithm  be  one  of  those  tabulated  the  required  nuinber 
is  easily  found.  The  method  to  be  followed  when  this  is 
not  the  case  is  shewn  in  the  following  examples. 
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Find  the  number  whoee  logarithm  is  2*6288924. 

On  reference  io  the  tables  we  find  that  the  logarithm  6288924  la  not 
tabulated,  but  that  the  nearest  logarithms  are  6288889  and  6288991, 
between  which  oar  logarithm  lies. 

We  have  then  log  426-00 =2-6288889 (1), 

and  log  426-01 =2-6288991 (2). 

Let  log  (426-00 +x)= 2-6283924 (8). 

From  (1)  and  (2),  we  see  that  corresponding  to  a  difference  -01  in  the 
number  there  is  a  difference  -0000102  in  the  logarithm. 

From  (1)  and  (3),  we  see  that  corresponding  to  a  difference  x  in  the 
nnmber  there  is  a  difference  -0000086  in  the  logarithm. 

Hence  we  have      xi'Ol::  -0000086  :  -0000102. 

.-.  x=  —  x  -01=  —  =-00848  nearly. 
102  102      ^^*""  "««*/• 

Hence  the  required  nmnber= 426-00 +-00848=426*00848. 

161.  Where  logarithms  are  taken  out  of  the  tables 
the  labour  of  subtracting  successive  logarithms  may  be 
ayoided.  On  reference  to  page  153  there  is  found  at  the 
extreme  right  a  column  headed  Diff,  The  number  82  at 
the  head  of  the  figures  in  this  column  gives  the  difference 
corresponding  to  a  difference  unity  in  the  numbers  on 
that  page. 

This  number  82  means  -0000082. 

The  rows  below  the  82  give  the  differences  correspond- 
ing to  *1,  *2,....  Thus  the  fifth  of  these  rows  means  that 
the  difference  for  -5  is  -0000041. 

As  an  example,  let  us  find  the  logarithm  of  52746-74. 

From  page  153,  we  have 

log  52746      =  4-7221895 
diff.  for  -7    =    -0000057 

diff.  for  04 


( 


=  ^  X  diff.  for  4 )      =    -0000003 


•  • 


log  52746-74  =  4-722196o. 

I'T.  11 
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We  shall  solve  two  more  examples,  taking  all  the  logarithms  from 
the  tables,  and  only  patting  down  the  necessary  steps. 


1.    Find  the  seventh  root  of  '034574. 

If  X  be  the  required  quantity,  we  have 

log  X = I  log  (-034574) = f  (2-5S87496) 
=1(7 +5-6887496), 
.-.log  x= 1-7912499. 
But  log -61887 =1*7912484 

diff.  =  ^0000015. 

Butdiff.  for   -00001=  -0000071, 

.-.required  increase  =  -00000211, 

x=  -61887211. 


71)  160  (211 
142 

80 
71 


90 
71 


19 


2.    If  0^84562*78  and  b =2Sd4T9l2,  find  the  value  of  the  square 
root  of  a*  -  l^. 

If  a;  be  the  required  quantity,  we  have 

21oga;=log(a«-6*)=log(a-6)  +  log(a+6) 

=log  6214-818 + log  62910-642. 


Now 


log   6214-8     s  3-7984272 

1  7 

8  5 

log  62910-0     =4-7987197 

6  41 

4  2 

2 


6 


8 
14 


Hence,  by  addition,  2  log  x=8-5921525|  54. 

log  x= 4-2960763. 
But  log  19773=4-2960726 

.-.       diff.  =  87. 

But  diff.  fori  =  220, 

proportional  increase = //^  x  1  =  -168, 
.-.       a: =19773-168. 


162.  The  proof  of  the  Principle  of  Proportional  Parts 
will  not  be  given  at  this  stage.  It  is  not  strictly  true 
without  certain  limitations. 
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The  numbers  to  which  the  principle  is  applied  must 
contain  not  less  than  five  significant  figures,  and  then  we 
may  rely  on  the  result  as  correct  to  seven  places  of 
decimals. 

For  example,  we  must  not  apply  the  principle  to 
obtain  the  value  of  log  2*5  fi*om  the  values  of  log  2  and 
log  3. 

For,  if  we  did,  since  these  logarithms  are  '30103  and 
•4771213,  the  logarithm  of  25  would  be  '389075. 

But  from  the  tables  the  value  of  log  2'5  is  found  to  be 
•3979400. 

Hence  the  result  which  we  should  obtain  would  be 
manifestly  quite  incorrect. 

Tablei  of  trigonometrical  ratioi. 

163.  In  Chambers'  Tables  will  be  found  tables  giving 
the  values  of  the  trigonometrical  ratios  of  angles  between 
0°  and  45°,  the  angles  increasing  by  differences  of  1'. 

It  is  unnecessary  to  separately  tabulate  the  ratios  for 
angles  between  45°  and  90*,  since  the  ratios  of  angles 
between  45°  and  90°  can  be  reduced  to  those  of  angles 
between  0°  and  45°.    (Art.  75.) 

For  example, 

[sin  76"  11'  =  sin  (90°  - 13°  49')  =  cos  13°  49', 

and  is  therefore  known]. 

Such  a  table  is  called  a  table  of  natural  sines,  cosines, 
etc.  to  distinguish  it  fi:om  the  table  of  logarithmic  sines, 
cosines,  etc. 

If  we  want  to  find  the  sine  of  an  angle  which  contains 
an  integral  number  of  degrees  and  minutes,  we  can  obtain 

11—2 
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it  from  the  tables.    If,  however,  the  angle  contain  seconds, 
we  must  use  the  principle  of  proportional  parts. 

Bz.  1.    Given  sin  29""  14' = -4883674, 

and  »in  29°  16' =-4886212, 

find  the  value  of  sin  29°  14'  32". 
By  subtraction  we  have 

difference  in  the  sine  for  r= -0002538. 

32 
.  * .  difference  in  the  sine  for  32"  =  ^  x  -0002538 = -00013536, 

.-.  sin  29°  14'  32" = -4883674 

+  00013536 

=  •48850276. 

Since  we  want  our  answer  only  to  seven  places  of  decimals,  we  omit 
the  last  6,  and,  since  76  is  nearer  to  80  than  70,  we  write 

sin  29°  14'  32" = -4886028^ 

N.B.  When  we  omit  a  figure  in  the  eighth  place  of  decimals  we  add 
1  to  the  figure  in  the  seventh  place,  if  the  omitted  figure  be  5  or  a  number 
greater  than  5. 

Bz.  2.    Given  cos  16°  27' = -9690672, 

and  cos  16°  28' = -9589848, 

^ndco«  16°  27' 47". 

We  note  that,  as  was  shewn  in  Art.  65,  the  cosine  decreases  as  the 
angle  increases. 

Hence  for  an  inereaM  of  1',  Le,  60",  in  the  angle,  there  is  a  dAcroajM 
of  -0000824  in  the  cosine. 

Hence  for  an  IncreaM  of  47"  in  the  angle,  there  is  a  doermuM  of 

47 

^  X  -0000824  in  the  cosine. 

60 

.-.  cos  16°  27'  47" = -9590672  -  ^  x  -0000824 

oO 

= -9590672  - -0000645 
=  -9590672 
-  -0000645 

=  -9690027. 
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In  pntetle«  this  may  be  abbreviated  thus ; 

C08l6''28'=  -9589848 
C08l6''2r=  '9590672 

di£f.  for  r=- -0000824. 
diff.  for  47"  =  -  ♦}  x  -0000824 

=  -  -0000646. 
An8.=     '9590672 
-'0000645 

=     -9590027. 


824 

_47 

5768 
8296 

60)  3872,8 

645 


164.     The  inverse  question,  to  find  the  angle,  when 
one  of  its   trigonometrical  ratios  is  given,  will   now  be 

easy. 


Find  the  angle  whose  cotangent  U  1*4109825,   having  given 
cot  SS*' 19' =1'4114799,  and  cot  85°  20'= 1-4106098. 

Let  the  required  angle  be  85°  19' +x", 
BO  that  cot  (85°  19' + x'')  =  1-4109825. 

From  these  three  equations  we  have 
For  an  increase  of  60"  in  the  angle,  a  decrease  of  -0008701  in  the  cotangent, 

»»  »»  *  i»  tt   t       »»  »f        •U00O474  ,,  „ 

.*.  ar  :  60  ::  5474 :  8701,  so  that  a; =37-7. 
Hence  the  required  angle = 35°  19'  37*7". 

166.  In  working  all  questions  involving  the  applica- 
tion of  the  Principle  of  Proportional  Parts,  the  student  must 
be  very  careful  to  note  whether  the  trigonometrical  ratios 
increase  or  decrease  as  the  angle  increases.  As  a  help  to 
his  memory,  he  may  observe  that  in  the  first  quadrant  the 
three  trigonometrical  ratios  whose  names  begin  with  co-, 
i.e.  the  cosine,  the  cotangent,  and  the  cosecant,  all  decrease 
as  the  angle  increases. 
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Tablei  of  logarithmic  linei^  coiinei,  etc. 

166.  In  many  kinds  of  trigonometric  calculation,  as 
in  the  solution  of  triangles,  we  often  require  the  logarithms 
of  trigonometrical  ratios.  To  avoid  the  inconvenience  of 
first  finding  the  sine  of  any  angle  from  the  tables  and 
then  obtaining  the  logarithm  of  this  sine  by  a  second 
application  of  the  tables,  it  has  been  found  desirable  to 
have  separate  tables  giving  the  logarithms  of  the  various 
trigonometrical  functions  of  angles.  As  before,  it  is  only 
necessary  to  construct  the  tables  for  angles  between  O'' 
and  45°. 

Since  the  sine  of  an  angle  is  always  less  than  unity, 
the  logarithm  of  its  sine  is  always  negative  (Art.  142). 

Again,  since  the  tangent  of  an  angle  between  0°  and 
45''  is  less  than  unity  its  logarithm  is  negative,  whilst  the 
logarithm  of  the  tangent  of  an  angle  between  45°  and 
90°  is  the  logarithm  of  a  number  greater  than  unity  and 
is  therefore  positive. 

167.  To  avoid  the  trouble  and  inconvenience  of  print- 
ing the  proper  sign  to  the  logarithms  of  the  trigonometric 
functions,  the  logarithms  as  tabulated  are  not  the  IBrue 
logarithms,  but  the  true  logarithms  increased  by  10. 

For  example,  sine  30°  =  ^. 

Hence  log  sin  30°  =  log  ^  =  —  log  2 

^-•30103  =1-69897. 
The  logarithm  tabulated  is  therefore 

10  +  log  sin  30°,  i.e.  9-69897. 
Again,  tan  60°  =  \/3. 
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Hence    log  tan  60°  =  J  log  3  =  J  (-4771213) 

=  -2885606. 

The  logarithin  tabulated  is  therefore 

10  + -2385606,  i.e.  10-2386606. 

The  symbol  L  is  used  to  denote  these  ''tabular 
logarithms/'  %,e.  the  logarithuls  as  found  in  the  Ilnglish 
books  of  tables. 

Thus        L  sin  15"  25'  =  10  +  log  sin  15°  25', 
and  L  sec  48°  23'  =  10  +  log  sec  48°  23'. 

168.  If  we  want  to  find  the  tabular  logarithm  of  any 
function  of  an  angle,  which  contains  an  integral  number 
of  degrees  and  minutes,  we  can  obtain  it  directly  from  the 
tables.  If,  however,  the  angle  contain  seconds  we  must 
use  the  principle  of  proportional  parts.  The  method  of 
procedure  is  similar  to  that  of  Art.  152.  We  give  an 
example  and  also  one  of  the  inverse  question. 

az.1.    Qivea       Lc(m«c32'' 21'= 10-2715788, 

and  L  eoeee  S2°  22'= 10*2718740, 

findLco8ecB2P2r5r. 

For  an  increase  of  60"  in  the  angle,  there  is  a  decrease  of  *0001998  in 
the  logarithm. 

Henoe  for  an  increase  of  51"  in  the  angle,  the  oorresponding  decrease 

is  ^  X  -0001998,  i.e.  -0001694. 
oU 

Hence  L  cosec  32°  21'  51" = 10-2715788 

-     -0001694 

=  10-2714039. 

az.  2.    Find  the  angle  such  that  the  tabular  logarithm  of  iti  tangent 
is  9-4417250. 

Let  X  be  the  required  angle. 


168 
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From  the  tables,  we  have 
JL  tan  x= 9-4417250 
L  tan  15°  27' =9-4416145 


L  tan  15°  28' =9-4420062 
L  tan  15°  27' =9-4415145 


diff.          =          2106.              diff.  forl'- 

4917. 

2105 
60 

Oorresponding  increase = |^  x  60" 

=25-7". 
.-.  ar=16°27'25-7". 

4917)" 

126300  (26-7 
9834 

27960 
24585 

33750 

Bz.  8.    Given           L  sin  14°  6' = 9  *3867040, 

findLcosecWe*. 

Here                     log  sin  14°  6' = L  sin  14°  6'  - 10 

=  - 1  +  -3867040. 

Vm«»                                            1«\«»  masaa  IJO  A' \n.n 

^  "'^  sin  14°  6' 

=  -  log  sin  14°  6' 
»1  -  -3867040 =-6132960. 
Hence  I,  oosec  14°  6'=  10-6132960. 

More  generally,  we  have  sin  ^  x  cosec  ^=1. 

log  sin  ^ + log  oosec  ^ = 0. 
.-.     L  sin  ^+I«  ooseo  ^qp20. 

The  error  to  be  avoided  is  this ;  the  student  sometimes  assumes  that, 

because 

log  cosec  14°  6'  =  -  log  sin  14°  6', 

he  may  therefore  assume  that 

L  cosec  14°  6'=  - 1,  sin  14°  6'. 

This  is  obviously  untrue. 


1,  Given 

and 

find  the  values  of 

2.  Given 
and 

find  the  values  of 


log  35705 =4-5627290 
log  36706 =4-5527412, 
log  35706-7  and  log  35-70586. 

log  6-8743 =-7689487 
log  587 -44 =2-7689661, 
log  58743-57  and  log  -00587432. 
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3.  Given  log  47847  s  4-6798647 
and  log  47848 = 4-6798688, 
find  the  numbers  whose  logarithms  are  respectively 

2-6798598  and  8-6798617. 

4.  Given  log  258-36 = 2*4122258 
and  log  2*5887=  -4122421, 
find  the  numbers  whose  logarithms  are 

-4122878  and  2-4122287. 

5.  From  the  .table  on  page  158  find  the  logarithms  of 
(1)    52588-97,        (2)    527-286,        (8)    -000529678, 

and  the  numbers  whose  logarithms  are 

(4)    3-7221098,        (5)    2-7240075,   and   (6)  -7210886. 

6.  Given  sin  48°  28' =-6868761 
and  sin  43^' 24' =  -6870875, 
find  the  value  of  sin  48''  23'  47^ 

7.  •  Find  also  the  angle  whose  sine  is  -6870849. 

8.  Given  cos  d2<>  16' =-8455726 
and  cos  32°  17'=  -8454172, 

find  the  values  of    cos  32°  16'  24"  and  of  cos  32°  16'  47". 

9.  Find  also  the  angles  whose  cosines  are 

•8454832  and  '8455176. 

10.  Given  tan  76°  21' =41177784 
and  tan  76°  22' = 41280079, 

find  the  values  of     tan  76°  21'  29"  and  tan  76°  21'  47". 

•     11.    Given  ooseo  18°  8' =  4-4010616 

and  cosec  13°  9' = 4-3955817, 

find  the  values  of    cosec  13°  8'  19"  and  cosec  13°  8'  37". 

12.  Find  also  the  angle  whose  cosecant  is  4*396789. 

13.  Given  L  cos  84°  44' =9*9147729 
and  L  cos  34°  45' »  9-9146852, 
find  the  value  of  L  cos  34°  44'  27". 
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14.  Find  also  the  angle  0,  where 

Loos  ^=9-9147328. 

15.  GiTen  I,  cot  7P  27' =9-6257779 
and  Loot7P28'= 9-5253589, 
find  the  valne  of  L  cot  71°  27'  47", 
and  solve  the  equation  Ir  cot  ^ = 9-5254782. 

16.  Given  Lsecl8° 27' =10-0229168 
and  L  sec  18°  28' = 100229590, 
find  the  value  of  L  sec  18°  27'  85". 

17.  Find  also  the  angle  whose  I.  sec  is  10*0229285. 

18.  Find  in  degrees,  minutes,  and  seconds  the  angle  whose  sine  is  -6, 

given  that 

log6=7781513,  Ir sin 36° 52' =9 -7781186, 

and  L  sin  36°  53'  =  9  -7782870. 

169.  On  the  next  page  is  printed  a  specimen  page 
taken  from  Chambers'  tables.  It  gives  the  tabular  log- 
arithms of  the  ratios  of  angles  between  32°  and  33°  and 
also  between  57°  and  58°.  ^ 

The  first  column  gives  the  L  sine  for  each  minute 
between  32°  and  33°. 

In  the  second  column  under  the  word  DiflF.  is  found 
the  number  2021.  This  means  that  -0002021  is  the 
diflFerence  between  Xsin32°0'  and  X  sin  32°  1';  this  may 
be  verified  by  subtracting  97242097  from  9-7244118.  It 
will  also  be  noted  that  the  figures  2021  are  printed  half- 
way between  the  numbers  9*7242097  and  9*7244118, 
thus  clearly  shewing  between  what  numbers  it  is  the 
difference. 

This  same  column  of  Differences  also  applies  to  the 
column  on  its  right-hand  side  which  is  headed  Cosec. 

Similarly  the  fifth  column,  which  is  also  headed  I>i£El, 
may  be  used  with  the  two  columns  on  the  right  and  leflb 
of  it. 


LCX^ABITHMIC  SINES,  TANGENTS,  AND  SECANTa 


ffiDe?. 


0 
1 
2 
3 
4 
6 

6 
7 
8 
9 
10 

U 
12 
13 
U 
16 

16 
17 
18 
19 
20 

21 
22 
28 
21 
26 

26 
27 
28 
29 
80 

31 
32 
33 
34 
86 

36 
37 
38 
89 
40 

41 
42 
43 
44 
46 

46 
47 
48 
49 
60 

61 
62 
63 
64 
66 

66 
67 

66 
68 
60 


Sine       Diif. 


9-7949087 
9*7944118 
9*7948138 
9-7948166 
9-7960174 
9*7969188 

9-7964904 
9*7260217 
97968999 
9*7900940 
9*7962948 

9*7964967 
97900964 
97966909 
97970278 
97279976 

97974978 
97270878 
97978877 
979B0376 
97962271 

97984907 
97286200 
97986968 
97980944 
97999284 

9-7294998 
979908U 
97298197 
97300189 
97809106 

97304148 
97800198 
97808108 
97810087 
97818084 

97814040 
9*7810015 
87817868 
87818801 


87898802 
87828S70 
87897887 
87888808 
87881708 

87883781 
87386088 
87887064 
87388014 
97841079 

97848698 
87846486 
87847440 
87849888 
87861845 

87868980 
87886846 
87857186 
87868149 
87801088 


9021 
9090 
9018 
9018 
9016 
9015 

9013 
9019 
9011 
2008 
9006 

9007 
9005 

9004 
9006 
9009 

9000 
1988 
1888 

IVDO 

1880 

1968 
1883 
1981 
1880 
1888 

1988 
1886 
1965 
1888 
1868 

1861 
1860 
1878 
1877 
1970 

1875 
1874 
1879 
1871 
1970 

1908 
1807 
1800 
1806 
1908 

1909 
1901 
1960 
1866 
1987 

1966 
1965 
1968 


Ooseo. 

10*9757908 
10*2756682 
10*9758809 
10*9751844 
10*9748690 
10*2747811 

10*9740796 
10*2748788 
10*8741771 
10*2789700 
10*9787751 

10*9786748 
10*2788786 
10*2781781 
10*9728797 
10*2787794 

10*9795799 
10*9798799 
10*2791798 
10*9719795 
10*2717798 

10*9716788 
10*2718740 
10*9711747 
10*2709768 
10*9707700 

10*9706777 
10*2706789 
10*9701808 
10*9088618 
10*9687885 

10*9085868 
10*9088871 
10*9091881 
10*9069918 
10*9887986 

10*9086900 
10*9088965 
10*9868011 
10-9680008 
10*9078006 

10*9070086 
10*9874180 
10*9079108 
10*9070187 
10*9008989 


10* 

10*9004807 

10*9009846 

10*9000886 

10*5 


1960 
1948 
1947 
1940 


10*9060471 
10*9054515 
10*9669660 
10*9660007 
10*9048666 

10*9846704 
10*9044764 
10*9049805 
10'9640666 
10*9088819 


Tang. 

879S7892 
9*7800708 
9*7808518 
87800399 
87909180 
97971986 

97874745 
9*7977661 
97860666 
87868100 
87966064 

87868707 
9*7891660 
87894870 
87897170 
87888970 

8*8002709 
9*8006667 
9*8006806 

9*8011101 
9*8018067 

9*8016768 
9*8019646 
9*8089840 
9*8095188 
8*8097895 

8*8060716 
8.8088606 

8*8066986 
8*8068065 
8*8041878 

8*8044661 
8*8047447 
9*8060988 
9*8068019 
9*8066806 

9*8066667 
9*8061870 
9*8004159 

9*8060714 

8*8079494 
9*8076878 
9*8078068 
9*8060898 
9*8068000 

v*oUoDotNy 
9*8089166 
9*8091988 
9*8094707 
9*8097480 

9*8100258 
9*8108095 
9-8106796 
9*8106806 
9*8111886 

9*8114105 
9*8116878 
9*8119641 
9*8199408 
9*8195174 
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9811 
9810 


9806 
9806 

9807 

9806 
9805 
9804 
9604 
9600 


9801 
9800 
9800 

8788 

9786 
9786 
9796 
2796 
9786 

9784 
9794 
9788 
2782 
2791 

9790 
9790 
2789 
9788 
9788 

2786 
9786 
2786 

9784 
9784 

9788 
2789 

9781 
9781 
9780 

8779 
9779 
2777 
9777 
9777 

8775 
9775 
2774 
9778 
9778 

9779 
9771 
9770 
9770 
9708 

9708 
9708 
9707 
2700 


10*9049106 
10*9088987 
10*9000487 
10*9068878 
10-9080870 
10*9088089 

10*9096886 
10*9099448 
10*9018644 
10-9016840 
10*9014006 

10*9011988 
10*9006481 
10*9006080 
10*9009880 
10*9000080 

10*1897981 
10-1894488 
10*1991085 
10*1988689 
10*1866048 

10*1868948 
10*1860454 
10*1877000 
10*1874887 
10*1879075 

10*1808964 
10*1800484 
10*1808704 
10*1800915 
10*1968197 

10*1956889 
10-1969668 
10*1948707 
10*1940861 
10*1944197 

10*1941418 
10*1988680 
10*1986848 
10*1988087 
10*1980980 

10*1997600 
10*1994797 
10*1991948 
10*1919171 
10*1910894 

10*1918617 
10-1910849 
10*1906007 
10*1906886 
10*1809680 

10*1888747 
10*1880876 
10*1884904 
10*1881484 
10*1868604 

10*1886886 
10*1888127 
10-1660860 
10*1877609 
10*1874896 


10-0716796 
10*0716665 
10*0717876 
10*0718166 
10*0718807 
10*0719748 

vronoMX 

10*0791884 
10*0799197 
10*0799991 
10*0798716 

10*0794610 
10*0796806 
10*0796101 
10'€796697 
10*0797094 

10*0798491 
10*0799968 
10*0780087 
10*0780688 
10*0781686 

10*0789486 
10*0788966 
10*0784067 
10*0784888 
10*0786080 

10*0788498 
10*0787986 
10'€7a8088 
10*0786804 
10*0788706 

10*0740618 
10*0741818 
10*0749195 
10*0749981 
10*0748780 

10*0744646 
10*0745354 
10*0746160 
10*0740879 
10*0747788 

10*0748689 
10-0749408 
10*0760914 
10*0751096 
10*0751888 

10*0758661 
10*0758465 
10*0754979 
10*0766098 
10*0766806 

10*0766798 
10*0757589 
10*0768866 
10*0769178 
10*0760880 

10*0700809 
10*0781097 
10*0709440 
10*0708960 
10*0704066 


700 
780 
791 
791 
799 
799 

798 
798 
794 
794 
706 

796 
796 
796 
797 
797 

798 
798 
780 
800 
800 

800 
801 
801 
809 
808 

808 
808 
806 
804 
805 

806 
806 
800 
808 
807 

806 
809 
808 
810 
810 

811 
8U 
819 
818 
819 

814 
814 
814 
815 
815 

816 
817 
817 
817 
819 

818 
819 
890 
890 


9-9184905 
9*9988415 
9-9989896 
9*9981884 
9*9981048 
9*9980961 

9*9979460 
9*9978800 
9*9977878 
9*9977079 
9-9970986 

9*9975480 
9-9974096 
9-9978888 
8*9978108 
9*9279808 

9*99n609 
9*9970711 
9*9908918 
9*9989114 
9*9986814 

9*9967514 
9*9988714 
9*9960918 
9*9905119 
9*9904810 

9*9963607 
9*9908704 
9*9981901 
9*9901090 
9-9900899 

9*9969487 
9*9968681 
9-99S7075 
9-9967009 
9*9960901 

9*9966454 
9*9954640 
9*9958887 
9*9953028 
9*9202918 

9*9951408 
9-9960607 
9*9949786 
9-9948874 
8*8948161 

8*8947848 
8*8946685 
8*8846791 
8*9944807 
9*9944099 

9*9948977 
9*9249461 
9*9941044 
9*9940897 
9-9940010 

9*9988181 
8*8938878 
9*9987664 
9*9980784 
9*9986914 


60 
60 
66 
67 
06 
66 

64 
68 

68 

51 
60 

49 
48 
47 
46 
46 

44 

48 
49 
41 
40 

89 
88 
87 
86 
85 

84 
88 
89 
81 
80 

99 
98 
97 
90 
96 

94 
98 
99 

91 
90 

19 
18 
17 
10 
15 

14 
18 
19 
11 
10 

9 

8 
7 
0 

5 

4 
8 
9 
1 
0 


Oodne    Diff.      Secant       Cotang.    Diff.      Tang.         Ck>8eo.     Diff.      Sine 
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160.  There  is  one  point  to  be  poticed  in  using  the 
columns  headed  Diff.  It  has  been  pointed  out  that  2021 
(at  the  top  of  the  second  column)  means  '0002021.  Now 
the  790  (at  the  top  of  the  eighth  column)  means  not  '000790, 
but  -0000790.  The  rule  is  this ;  the  right-hand  figure  of 
the  Diff.  must  be  placed  in  the  seventh  place  of  decimals 
and  the  requisite  number  of  cyphers  prefixed.     Thus 

Diff.  =         9  means  that  the  difference  is  '0000009, 
Diff.=        74  „  „  „  -0000074, 

Diff.=      735  „  „  „  0000735, 

Diff.=    2021  „  „  „  -0002021, 

whilst  Diff.  =  12348  „  „  „  '0012348. 

161.  Page  171  also  gives  the  tabular  logs,  of  ratios 
between  57°  and  58°.  Suppose  we  wanted  L  tan  57°  20'. 
We  now  start  with  the  line  at  the  bottom  of  the  page  and 
run  our  eye  up  the  column  which  has  Tang,  at  its /oo^.  We 
go  up  this  column  until  we  arrive  at  the  number  which  is 
on  the  same  level  as  the  number  20  in  the  extreme 
right-hand  column.  This  number  we  find  to  be  101930286, 
which  is  therefore  the  value  of 

i  tan  57°  20'. 


EXAMPLES.    XXV. 

1,  Find  e,  given  that      cos  6=  •9725382, 

cos  13°  27' =  -9726733,  difif.  for  l'=677. 

3 

2.  Find  the  angle  whose  sine  is  ^ ,  given 

sin  22°  1'= -3748763,  difif.  for  l'=2696. 
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3.  GiYen  cosec  65°  24' = 1-0998243, 

di£F.  fori' =1464, 
find  the  value  of  coseo  65°  24'  87", 

and  the  angle  whose  ooseo  ia  1*0997938. 

4.  Given  L  tan  22°  87' =9-6197206, 

diff.  for  l'=8657, 
find  the  value  of  L  tan  22°  87'  22", 

and  the  angle  whose  L  tan  is  9*6195288. 

5.  Find  the  angle  whose  L  cos  is  9*998,  given 

L  cos  10°  15'=9-9980181,  diff.  for  l'=229. 

6.  Find  the  angle  whose  L  sec  is  10*15,  given 

L  sec  44°  55'= 10-1498848,  diff.  for  l'=1260. 

7.  From  the  table  on  page  171  find  the  values  of 

(1)  L  sin  32°  18' 28",  (2)  L  cos  82°  16' 49", 

(3)  Loot 82° 29' 48",  (4)  L sec 82° 52' 27", 

(5)  L  tan  57°  46' 28",  (6)  L  cosec  57°  48' 21", 

and  (7)  L  cos  57°  58' 29". 

'  8.    With  the  help  of  the  same  page  solve  the  equations 

(1)    L  tan  ^  =  10*1959261,  (2)    L  cosec  ^=10-0738126, 

(3)    L  cos  ^=9*9259283,       and  (4)    L  sin  ^=9*9241352. 

9.  Take  oat  of  the  tables  L  tan  16°  6' 28"  and  calculate  the  value  of 
the  square  root  of  the  tangent. 

10.  Change  into  a  form  more  convenient  for  logarithmic  computation 
(i.€.  express  in  the  form  of  products  of  qnantities)  the  quantities 

(1)    l+tana;tan^,  (2)    l-tanxtany, 

(3)    cota;  +  tan2/,  (4)    cot  a;- tan  ^, 

,_.     1- cos  2a?  ,  .«,    tan  a;  +  tan  V 

(5)    i TT-i  and  (6)    — 7 ~* 

'    1+C082ar  ^        cota;  +  cot^ 


I< 


CHAPTER  XII. 

RELATIONS  BETWEEN  THE  SIDES  AND  THE  TRIGONOMETRICAL 
RATIOS  OF  THE  ANGLES  OF  ANY  TRIANGLE. 

162.  In  any  triangle  ABC,  the  side  BC,  opposite 
to  the  angle  A,  is  denoted  by  a;  the  sides  CA  and  AB, 
opposite  to  the  angles  B  and  C  respectively,  are  denoted 
by  b  and  c. 

163.  Theorem.     In  any  triangle  ABC, 

sin  il  _  sin  JB  _  sin  C 
a    "     b  c~' 

i.e.  the  sines  of  the  angles  are  proportional  to  tJie  opposite 
sides. 


Draw  AD  perpendicular  to  the  opposite  side  meeting 
it,  produced  if  necessary,  in  the  point  Z). 
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In  the  triangle  ABD,  we  have 

--j-^=8injB,  80  that  AD^csinB. 

In  the  triangle  ACD,  we  have 

AD 

-j^  =  sin  C,  so  that  AD  »  6  sin  C 

[If  the  angle  C  be  obtuse,  as  in  the  second  figure,  we  have 

-~  =  siniiCD=8m(180°-C)  =  8inC  (Art.  72), 

80  that  AD = 6  sin  C] 

Equating  these  two  values  of  AD,  we  have 

4 

c  sin  £  =  6  sin  C, 

sin  B  ^  sin  C 
6  c 

In  a  similar  manner,  by  drawing  a  perpendicular  from 

B  upon  CA,  we  have 

sin  (7  __  sin  -4 

c  a    ' 

If  one  of  the  angles,  (7,  be  a  right  angle,  as  in  the  third 
figure,  we  have  sin  0  =  1, 

sin  il  =  -  ,  and  sin  jB  =  - . 
c  c 

jj  sin  A     sinJB     1     sin  (7 

Hence  =  — r—  =  -  = . 

a  0        c        c 

We  therefore  have,  in  all  cases, 

Bin  A     8inB     linO 


I 


TBIGONOMETRY. 


164.    In  any  triangle,  to  find  the  cosine  of  an  angle  in 
terms  of  the  sides. 


D     B 


But 


=  C08  0,   1 


.  that  CD=bc> 


the  triangle  and  let  the  perpendicular 
from  A  on  BV  meet  it,  produced  if  necessary,  in  the 
point  D. 

First,  let  the  angle  C  be  acute,  as  in  the  first  figure. 
By  Euc.  n.  13,  we  have 

AB'  =  BC^  +  CA^-2BC,GD (i). 

OA- 
Hence  (i)  becomes 

c'  =  a'  +  6'  —  2a ,  6  cos  G, 

i.e.  2a6  cos  C=  a'  +  6"  -  c", 

a'  4-  6=  -  c» 
i.e.  cosU= ^r--,  —  . 

Secondly,  let  the  angle  C  be  obtuse,  as  in  the  second 
figure- 
By  Euc,  II.  12,  we  have 

AB^  =  BG^-^GA*  +  tBC.CD  (ii). 

8(180"-C?)=-CO8C, 

(Art.  72) 


But    ^=CQ&AGD  = 


80  that 


CD  =  -hco&C. 
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Hence  (ii)  becomes 
c>=:a»  +  6*-f2a(-6oos(7)  =  a*-f6»-2a6cos(7, 
so  that,  as  in  the  first  case,  we  have  i  ioir^'* 

C08C7=  zr-T ^« 

2a6 
In  a  similar  manner  it  may  be  shewn  that  v.  '"    v 

b>+c«-a«  f^ 


and  cos  B  =s 


abc 


2ca 

If  one  of  the  angles,  0,  be  a  right  angle,  the  above 
formula  would  give  c'=a*-f6",  so  that  cos  (7  =  0.  This 
is  correct,  since  (7  is  a  right  angle. 

The  above  formula  is  therefore  true  for  all  values  of  0. 

Bz.    If  ar=15,  6  =  86,  and  c=89, 

86«+8y-15a_8^(12«+18«-5«)_    288        12 
Uwn  0084-   2x36x89    "  2x88x12x13   "2r^ri8"18' 

165.  To  find  the  sines  of  half  the  angles  in  terms  of 
the  sides. 

In  any  triangle  we  have,  by  Art.  164, 

"^«^==       26c       ' 
By  Art.  109,  we  have 

cos  J.  =  1  —  2  sin'  -^ . 

Hence     2  sin'  —  =  1  —  cos  -4  =  1 ^ 

2  26c 

_  26c-6'-c'  +  a' ^ g' - (6' -f  c' - 26c) ^ a» - (6 - c)' 
■"  26c  26c  ■"       26c 

_[a  +  (6--c)][a-(6~c)]_(a  +  6-c)(a-6  +  c)     .. 
""  26c  ■"  26c  '"^  ^' 

L.T.  12 


■# 


17» 

Let  2$  stood  £ar  a-ri+c;so  that  «  is  eqral  to  half  the 
mmof  the  sides  of  the  tnangle,  £e.  ^iseqpul  tothesoni- 
perimeter  of  the  triaogleL 

We  then  have 

and     a  -  6  + c=a+6  +  c -36  =  2»-2fc  =  2(*-6X 
The  relati(m  (1)  therefixe  heoomes 

^^2"  26c  "^  k  • 


-1-7*^^3 ,,, 

Sitnilariy, 

^2"V   S^ '"^^  «!»  2  «V  S -^ 

166.     7\>  y{iu2  the  cosines  of  half  the  angles  in  terms  of 
the  sides. 

By  Art  109,  we  have 

cos  Ass  2  cos'  "s  —  1. 

XT  ft      ,-4     -  .      -     6*  +  c*  — a* 

Hence    2 cos' 7^  —  1+^08-4=1  H xr 

2  26c 

^  26C+6'  +  ^ a*  ^  (6-fc/-a' 
26c  ■"        26c 

[(6  +  c)-»-a][(6  +  c)-a]     (a  +  6  +  c)(6  +  c-a)      ._. 

SB     — — ^      »m  ■\  f  W     2^        ^  ■   ..  ._  Ill 

26c  26c  '^  '' 

Now    6  +  c  —  a  =  a  +  6  +  c  —  2a  =  2*  —  2a  =  2(«  —  a). 
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SO  that  (1)  becomes 

^      .A     28x2(8  — a)     o«(«  — a) 


A        /b  (b  —  a)  .«v 


Similarly, 

B  /8{8-h)  ,  a  /8(8-c) 


CO82 


167,     To  find  the  ixmgenU  of  half  the  angles  in  terms 
of  the  sides. 

.    A 

A     ^'"^  2 
Since  tan  -^  =         j  , 

C08^ 

we  have,  by  (2)  of  Arts.  165  and  166, 

tnn4_  V(*-^)(«-c)  .  ,  A(^^  -  _ /g^^^irrS) 
a~V  6c  .y       be      "V      ■(■-a)     • 

Similarly, 
:B_    /(.-c)(«-a)  andtan^-./SHS^) 

Since,  in  a  triangle,  A  is  always  <  180°,  -5-  is  always 

<  90°. 

A 
The  sine,  cosine,  and  tangent  of  -^  are  therefore  always 

positive  (Art.  52). 

The  positive  sign  must  therefore  always  be  prefixed  to 
the  radical  sign  in  the  formulae  of  this  and  the  last  two 
articles.  , 

12—2 
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ft 

168.    Bs.    U  a=13,  6=14,  and  c=15. 


13+14+15    ^,  a        X    T 

Hieii  t= J =«1,  t-a=8,t-6=7, 

_  .    il  /  7x6         1      1  ,r 

.   B  I  6x8         4         4    , 


C  /iixo         o        o    ,-^ 


21x6  _    3   _  3 
13xl4~Vl3     13 


and  tan_=^^j^  =  ^. 


169.     1(9  express  the  sine  of  any  angle  of  a  triangle 
in  terms  of  the  sides. 

We  have,  by  Art.  109, 

.      g.   .    A.        A. 

svDlA  =2sm^cos  g-. 

But,  by  the  previous  articles, 

^"^2~V  be         .and  cos  2 -y      ^^      . 

Hence 

/.   sin  A  =  —  V  s  (s  -  a)  (8  -  b)  (s  -  c). 

EXAMPLES.    XXVI. 

In  a  triangle 

1,    Given  a =25,  6=62,  and  c=68, 

find  tan  ^ ,  tan  ^ ,  and  tan  ^ . 
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2.  Given  a  =125,  5=123,  and  es  62, 

find  the  sines  of  half  the  angles  and  the  sines  of  the  angles. 

3.  Given  a=18,  5=24,  and  <;=30, 
find  sin^,  sin B,  and  sin  C, 

4.  (Hven  a=85,  5=84,  and  e=91, 
find  tanJ,tanB,  and  tanC. 

5.  Given  a =18,  5=14,  and  c= 15, 
find  the  sines  of  the  angles. 

6.  Given  a=287,  5=816,  and  c=865, 
find  the  values  of  tan  ^  and  tan  A, 

7.  Given  a=sV3,5=V2,andc=>^^y^. 
find  the  angles. 

170.    In  any  triangle^  to  prove  th<xt, 

a  =:  6  cos  (7+ c  cos  5. 

Take  the  figures  of  Art.  164. 

In  the  first  case,  we  have 

BD 

^-rsscosB,  so  that  BD  —  ccoaB, 

CD 
and  ^^  =  cos(7,  so  that  CD  =  6cos  (7. 

Hence  a«5(7=5i)  +  D(7=cco85-f  6cos  (7. 
In  the  second  case,  we  have 
BD 


BA 


=  cos5,  so  that  5i>  =  c  cos  5, 


CD 
and  ^  =  cos  ^(7i)  =  cos  (180°  -  C) 

=  - cos  (7  (Art.  72), 
so  that  CD  =  -  6  cos  C. 


1^ 


imiGOXoiOEi&r. 


%»1icmC^c 


:^?ftUM'^> 


«m) 


in. 


i ^"^^^ 


l^  ;W:^  ^CW»^\*f  K  ^V  il«^ 


i"     ^cn 


^*» 


s 


4  JSia»    '«. 


^  '-^  ^     $a;  J^  ^  $cx  . 


B-C 


B-C 


X*£t  —  <■ 


•JLrn.  fJ  . 


^^ 


S;fVn^f 


^C     ^- 


^^<r 
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172.  Bz.  -From  the  /(rnnulae  of  Art,  164  deduce  thoee  of  Art.  170 
and  vice  versd. 

The  first  and  third  formulae  of  Art.  164  give 

boosC+ccoBBs — + . 

2a  2a 

BO  that  a=&oosC+coo8P. 

Similarly,  the  other  formulae  of  Art.  170  may  be  obtained. 
Again,  the  three  formulae  of  Art.  170  give 

a=ab  ooa  C+ecoBB, 

6=0  eoB  J +a  cofl  C, 

and  «  eszaooBB  +  hoosA. 

Multiplying  these  in  suoeession  by  a,  b,  and  -  e  we  have,  by  addition, 
aS+ 5S- c^=a  (5  COS  C+c  008  B)  + 6  (c  cos  J +a  COB  C)  ~e  (a  COS  B+ b  cos ^) 
=:2a&  COS  C. 

.*.    COSC;= jr-T . 

2a6 
Similarly,  the  other  formulae  of  Art.  162  may  be  found. 

173.  The  student  will  often  meet  with  identities,  which  he  i^  required 
to  prove,  which  involve  both  the  sides  and  the  angles  of  a  triangle. 

It  is,  in  general,  desirable  in  the  identity  to  substitute  for  the  sides  in 
terms  of  the  angles,  or  to  substitute  for  the  ratios  of  the  angles  in  terms 
of  the  sides. 

B  ^  C  A 

1.    Prove  that       a  cos     ^    =  (6 +c)  sin  ^ . 


By  Art.  163,  we  have 


^  .    B+C       B-C 

2  sm  —=—■  cos 


b+c     sinB+sinC  2  2 


a  mnA  .      ^  .    A       A 

2  sm  ^  cos  ^ 

A'      B-C  B-C 

COS^COS-g—       COS-y- 

^      .    A       A     ^      .    A     ' 
sm^cosg  sm^ 

^..,A  B-C 

.'.  (6+c)8m^=acos— -     . 
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2.    In  any  triangle  prove  thai 

(6»-'c2)cotJ  +  (c«-a2)ootB  +  (a«-6«)cotC7=0. 

By  Art.  163  we  have 

sin  J     BinB     sin  C    ,  .      . 

=  —J—  = =  k  (say). 

a  0  c  ^      ' 

Hence  the  given  expression 


2dbck 
=  0. 


8.    In  any  triangle  prove  that 


(A  B\  C 

tan  ^+ tan  —  j  =2c  oot  ^ . 


The  left-hand  member 

2j8  18-C),C 

^{s -a)  {8- b) 
=2ccot  ^. 

This  identity  may  also  be  proved  by  substituting  for  the  sides. 
We  have,  by  Art.  163, 

a+6+c_sin  J  +  sinB+sin  C 
e  sin  C 

ABC  ^        A       B 

4  COB  -J5  cos  ^  COS  "5^  2  COS  -5  008  -5 

^  *  *  •  »       X        lAf*  ^  ^ 

=  c       C      '  ^  ^^  '  =  ^        • 

28in-^oos-^  sin-g 


Also 
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2C0t^  2 COS ^  008 -^  C08 -^ 


tan^+taii^     am  j  [sm^oos^ +  00858111  ^ J 
^        A       B       C     ^        A       B 

2  008  -^  COS  -^  008  -^       2  0O8  •;;  C08  -r- 


sm^Bin-g-  Binj 


We  have  therefore 


2cot^ 
a+&+e  2 


.      A^^     JB' 
tan^+tan-g 


tan -^  +  tan -^  j  =2e  cot  ^ . 


4.    j[^  tilt  tides  of  a  triangle  he  in  Arithmetical  Progression,  prove 
that  80  also  are  the  cotangents  of  half  the  angles, 

Wehavegiven  that  a+c=26 (1), 

and  we  have  to  prove  that 

AG              B 
cot-5+cot5=2eot-^ (2). 

Now  (2)  is  true  if 

/     »{8-a)      ,  ^  /     s(S'C)  "_g     /     »{'-b) 
V  («-6)(«-c)'*'V   («-.a)(»-6)"    V   («-c)(«-a)' 

or,  by  mnltiplying  both  sidee  by 

/{8-a){s-b){s^)^ 

if,  {«-a)  +  U-c)=2(«-6), 

t.«.  if  2«>(a+c)=2#«»2&, 

t.«.  if  a+c=:2&,  which  is  relation  (1). 

Henoe  if  relation  (1)  be  trae,  so  also  is  relation  (2). 
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EXAMPLES.    XXVp:. 

In  any  triangle  ABC^  prove  that 

.    B-G     h-c       A 

1.  8m-2-  =  -^ooB- 

2.  62sin2C+casin2B=26c8inJ. 

3.  a  (6  cos  C-c  0O8J5)  =  62_c8. 

4.  (6+c)oos  J +  (c+ a)  COB  J5  + (a +  6)  cos  C=a  +  6  +  c. 

A 

5.  a(oosB+oo8C)  =  2(6H-c)sin2-. 

6.  a  (cosC-co8B)=2(6-c)oob2^. 

8in(B-C)_5g-c8 
'•    ain(J5  +  C)~    a^    * 

^     a+6    ^     -4  +  B     ^ii-B 

H     =  tan cot '- , 

o-    a-b  2  2 

9,    aein  T-^+bW  (6  +  c)sin  g. 

•  gg  Bin  (B-C)     62sin(C--J[)     c«Bin(^-B)^ 
sinB+sinC      BinC+sin^      Bin^  +  BinB"" 

11.  (6+c-a)f  cot  ^+oot^W2acot2. 

12.  a^  +  6*  +  c2= 2  (6c  cos  il  +  ca  cos  B + ah  cos  C). 

13.  (a2-62+ca)tanB=(aa+62-ca)tanC. 

14.  c>=(a-6)»oos9^+(a+6)«sin«^. 

15.  aBin(B-C)  +  6Bin(C-i4)+(r8in(^-B)=0. 
o  sin  (B  -  C)  _  ft  Bin  (0^  il)  _  c  sin  (^  ~  B) 

.    ^    .    B-C    ^  .  B   .    C-il  .    C  .    A-B    ^ 

17.    asm  ^sin— g— +  68in-Bm— s— +  c  sin  ^sm—^— =0. 
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18.    a'(0O88B-0O8»C)  +  6«(0Ofl»C7-co8«J)+<j«(oo««-4-0OB^B)=0. 

liS.eS  <;3-a9  fl'-b* 

a'  tr  c* 

*^      *^     *^ 

20-    a^+i^+e*T  ooiA+ootB-^cotV'  ^ 

22.  In  A  triangle  whose  sides  are  3,  4,  and  ^38  feet  respectively, 
proye  that  the  largest  angle  is  greater  than  120^. 

23.  The  sides  of  a  right-angled  triangle  are  21  and  28  fiBet ;  find  the 
length  of  the  perpendioolar  drawn  to  the  hypothenose  from  the  right 

angle. 

• 

24.  If  in  ftny  triangle  the  angles  he  to  one  another  as  1:2:8, 
prove  that  the  corresponding  sides  are  as  1 :  /^3  :  2. 

25.  In  any  triangle,  if 

,     A     5      .^     B     20 
TAn  —  =s  -t  and  tan  —  ^  — . 
2      6  2      37 

find  tan  ^ ,  and  prove  that  in  this  triangle  a+c=z2b, 

26.  In  an  isosceles  right-angled  triangle  a  straight  line  is  drawn  from 
the  middle  point  of  one  of  the  equal  sides  to  the  opposite  angle.  Shew 
that  it  divides  the  angle  into  parts  whose  cotangents  are  2  and  3. 

27.  ^®  perpendicular  AD  to  the  hase  of  a  triangle  ABC  divides  it 
into  segments  such  that  BD,  CD,  and  AD  are  in  the  ratio  of  2,  3,  and  6 ; 
prove  that  the  vertical  angle  of  the  triangle  is  45°. 

28.  A  ring,  ten  inches  in  diameter,  is  suspended  from  a  point  one 
foot  above  its  centre  by  6  equal  strings  attached  to  its  circumference  at 
equal  intervals.  Find  the  cosine  of  the  angle  between  consecutive 
strings. 

29.  If  o^i  ^f  ftnd  c*  be  in  a.p.,  prove  that  cot  A,  cot  B,  and  cot  C  are  in 
A.  p.  also. 

A  B 

30.  If  a,  b,   and  c  be  in  a.  p.,  prove  that  cos  ^  cot  ^r ,  cos  B  cot  -^ , 

Q 

and  cos  C  cot  ^  are  in  a.  p. 
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31.  If  a,  by  and  c  are  in  h.p.,  prove  that  sin^  -^r ,  sin^  -^^  and  sin^  ^  are 

also  in  h.p. 

32.  The  sides  of  a  triangle  are  in  a.p.  and  the  greatest  and  least 
angles  are  0  and  0 ;  prove  that 

4  (1  ~  cos  0)  (1  -  cos  0)  =  OO8  ^  +  COS  04 

33.  The  sides  of  a  triangle  are  in  a.p.  and  the  greatest  angle  exceeds 
the  least  by  90° ;  prove  that  the  sides  are  proportional  to  ^1  + 1,  (^7,  and 
V7-1. 

34.  If  C7=60°,  then  prove  that 

113 

+ 


35.  In,  any  triangle  ABC  if  D  be  any  point  of  the  base  BC,  saoh  that 
BD  :  DC  : :  m  :  n,  prove  that 

(m+n)cot^DC=nootB-mcot  C, 

and  (m + n)^  AB^ = (wn-  n)  (mft* + lu?)  -  nvM?. 

36.  If  in  a  triangle  the  bisector  of  the  side  c  be  perpendicular  to  the 

side  5,  prove  that 

2tan^  +  tanC=0. 

37.  In  ftny  triangle  prove  that,  if  ^  be  any  angle;  then 

6  cos  e=c  cos  (A  -  ^)  +  acos  (C-\'d), 

38.  I^  P  find  q  be  the  perpendiculars  from  the  angular  points  A  and  S 

on  any  line  passing  through  the  vertex  C  of  the  triangle  ABC^  then 

prove  that 

ay + 6^8-  2al)!p«  cos  C=o«6«  sm«  C. 

39.    In  the  triangle  ABC^  lines  OA^  OB,  and  OC  are  drawn  so  that 
the  angles  OABj  OBCy  and  OCA  are  each  equal  to  w ;  prove  that 

cot  ci»= cot  J  +  cot  £ + cot  C, 

and  cosec*  <a = cosec^  A  +  cosec^  B  +  cosec*  C. 
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SOLUTION  OF  TRIANGLES. 


174  In  any  triangle  the  three  sides  and  the  three 
angles  are  often  called  the  elements  of  the  triangle.  When 
any  three  elements  of  the  triangle  are  given,  provided  they 
be  not  the  three  angles,  the  triangle  is  in  general  com- 
pletely known,  i,e,  its  other  angles  and  sides  can  be 
calculated.  When  the  three  angles  are  given,  only  the 
ratios  of  the  lengths  of  the  sides  can  be  found,  so  that  the 
triangle  is  given  in  shape  only  and  not  in  size.  When 
three  elements  of  a  triangle  are  given  the  process  of 
calculating  its  other  three  elements  is  called  the  Solution 
of  the  Triangle. 

We  shall  first  discuss  the  solution  of  right-ai^gled 
triangles,  i.e.  triangles  which  have  one  angle  given  equal 
to  a  right  angle. 

The  next  four  articles  refer  to  such  triangles,  and  C 
denotes  the  right  angle. 

175.  Case  I.  Given  the  hypothenuse  and  one  side,  to 
solve  the  triangle. 
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Let  b  be  the  given  side  and  c  the  given  hypothenuse. 
The  angle  B  is  given  by  the 
relation 

sm  -o  =  - . 

c 

.'.  ZsinJJ  =  10  +  log6  — logc. 

Since   b  and   c  are   known,  we 
thus  have  LsiuB  and  therefore  B, 

The  angle  A  (=  90°  -  B)  is  then  known. 

The  side  a  is  obtained  from  either  of  the  relations 


cosJS=:-,   tan B  =  -  ,  or  a  =  J(c  —  6)  (c  +  6). 


176.     (7a«e  //.     Given  the  two  sides  a  and  6,  to  solve 
the  triangle. 

Here  5  is  given  by  ^^ 

tanS=s-, 


a 

so  that 

L  tan  £  =  10  +  log  6  —  log  a. 

Hence  Z  tan  £,  and  therefore  By  is  known. 
The  angle  A  (=  90°  —  B)  is  then  known. 

The  hypothenuse  c  is  given  by  the  relation  c  =  Va*  +6*. 
This  relation  is  not  however  very  suitable  for  loga- 
rithmic calculation,  and  c  is  best  given  by 

.    „     6     .  b 

sm  ±>  =  - ,  I.e.  c  =  — — n  • 
c  sm  £ 

.'.    log  c  =  log  6  —  log  sin  B 

=  10  +  log5-Zsin5. 

Hence  o  is  obtained. 
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177.    Com  III.    Given  an  angle  B  and  one  of  the  sides 
a,  to  solve  the  triangle,     • 

Here  A  (=  90°  -  fi)  is  known. 
The  side  b  is  found  from  the  rela- 
tion 

a 


A 
b 


and  c  from  the  relation 

cobJ9. 


a 
c 


178.     Case  IV,    Oiven  an  angle  B  and  the  hypothenuse 
c,  to  solve  the  triangle,  i 

Here  A  is  known,  and  a  and  h  are 
obtained  from  the  relations 


-  =  cosjB,  and  -  =  sinjB. 
c  c 


EXAMPLES.    ZXVm. 

1.  In  a  right-angled  triangle  ABC,  where  C  is  the  right  angle,  if 
a=50  and  J3s75^  find  the  sides,     (tan  75®=3+<^3.) 

2.  Solve  the  triangle  of  whioh  two  sides  are  equal  to  10  and  20  feet 
and  of  which  the  included  angle  is  9^ ;  given  that  log20=l'S0103,  and 

L  tan  26^  38' rr  9-6086847.  diff.  for  r=3160. 

3,  The  length  of  the  perpendidolar  from  one  angle  of  a  triangle  upon 
the  base  is  3  inches  and  the  lengths  of  the  sides  containing  this  angle  are 
4  and  5  inches.    Find  the  angles,  having  given 

log  2  a  •80108,  log  8  ==  -4771218, 

L  sin  96*»  62':=  9-7781186,  diiJ.  for  l'==1684, 

and  Lsin  48'>85'*±9'8760142,  diff.  for  I'sslllS. 

4,  Find  the  acute  angles  of  a  right-angled  triangle  whose  hypothenuse 
is  four  times  as  long  as  the  perpendicular  drawn  to  it  from  the  opposite 
angle. 
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179.  We  now  proceed  to  the  case  of  the  triangle  which 
is  not  given  to  be  right  angled.    . 

The"'diflFerent  cases  to  be  considered  are; 

Case  I.     The  three  sides  given  ; 

Case  11.    Two  sides  and  the  included  angle  given ; 

Ca^e  III,    Two  sides  and  the  angle  opposite  one  of 
them  given; 

Ca>se  IV,    One  side  and  two  angles  given ; 

Case  V.    The  three  angles  given. 

180.  Case  I     The  three  sides  a,  6,  and  c  given. 

Since  the  sides  are  known,  the  semi-perimeter  s  is 

known  and  hence  also  the   quantities  s  —  a,  s  —  h,   and 

s  —  c, 

ABC 
The  half-angles  «■  >  -q  >  and  ^  are  then  found  from  the 

formulae 

^^^-y      8{8-a)     ■**''2-V      sia-i)    ' 

and  ^''l=V^'~e{s-6)^^- 

Only  two  of  the  angles  need  be  found,  the  third  being 
known  since  the  sum  of  the  three  angles  is  always  180°. 

The  angles  may  also  be  found  by  using  the  formulae 
for  the  sine  or  cosine  of  the  semi-angles. 

(Arts.  165  and  166.) 

The  above   formulae  are  all  suited  for  logarithniic 
computation. 
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The  angle  A  may  also  be  obtained  from  the  formula 

cobA  = ^r- —  .    (Art.  164.) 

This  formula  is  not,  iu  general,  suitable  for  logarithmic 
calculation.  It  may  be  conveniently  used  however  when 
the  sides  a,  b,  and  c  are  small  numbers. 


The  nde$  of  a  triangle  are  82,  40,  and  66  feet;  find  the  angle 
opponte  the  greateet  iide,  having  given  that 

{0^207=2-8159708,  2op  1078=8*0805997, 

Xeot66»  18'=9-6424841,  tabulated  difference  for  r=8481. 

Here  a=:82,  5=40,  and  e=66, 

BO  that      ,=?L!:^[±^=69,  •-a=87,  #-6=29,  and#-c=8. 

Hence     coi^^J^I^^^±^^J'^^^J 
2      V  (•-a)(«-6)     V  87x29     V 


207 
1078* 


L  cot  ^  =  10  +  i  [log  207  -  log  1078] 

r=  10 + 1  •15798515  - 1*51529985 
=9-6426858. 

Q 

X  cot  ^  is  therefore  greater  than  L  oot  66°  IS', 
80  that  ^  18  2«M  than  66°  18'. 

Let  then  ^=66°  18' -a?". 

The  difference  in  the  logarithm  corresponding  to  di£Ferenoe  of  «"  in  the 
angle  therefore 

=     9-6426853 
-  9-6424341 

=       -0002512. 
Also  the  difference  for  60"=  -0008481. 

I*T.  13 
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X      -0002512 


Hence 


60  ~  -0003431  * 


XI.  X  2612     ^^  ,    ^^ 

BO  that  X = s^oT  X  60 = nearly  44. 

.-.  ^=66°  18' -44" =66°  17' 16",  and  hence  0=132°  34' 32". 


1.  If  the  Eddes  of  a  triangle  be  56,  65,  and  33  feet,  find  the  greatest 
angle. 

2.  The  sides  of  a  triangle  are  7,  4  /^3,  and  Vl3  yards  respectively. 
Find  the  number  of  degrees  in  its  smallest  angle. 

3.  The  sides  of  a  triangle  are  d;^ + a; + 1,  2a; + 1,  and  a;^  - 1 ;  prove  that 
the  greatest  angle  is  120°. 

4.  The  sides  of  a  triangle  are  a,  d,  wid  Ja*+ab+b^  feet ;  find  the 
greatest  angle. 

5.  If  a = 2,  6 = V6,  and  c = V^  - 1,  «olve  the  triangle. 

6.  If  a = 2,  d = V6»  ftnd  c = /^3  -f- 1,  solve  the  triangle. 

7.  If  a=9,  5=10,  andc=ll,  find  J?,  given 

log  2  =-30103,  L  tan  29°  29'= 9-7623472, 
and  L  tan  29°  30' = 9-7626420. 

8.  The  sides  of  a  triangle  Are  130,  123,  and  77  feet.    Find  the 
greatest  angle,  having  given 

log  2= -30103,  Xtan38°39'=9-9029376, 

and  L  tan  38°  40' ==9*9031966. 

9.  Find  the  greatest  angle  of  a  triangle  whose  sides  are  242, 188,  and 
270  feet,  having  given 

log  2 =-30103,    log  8 =-4771213,    log  7  ='8460980, 
L  tan  38°  20' =9-8980104,  and  L  tan  38°  19' =9 -8977607. 

10.  The  sides  of  a  triangle  are  2,  3,  and  4 ;  find  the  greatest  angle, 

having  given 

log  2  =  -80103,  log  3 = -4771218, 

L  tan  62°  14' = 10-1108396, 

and  L  tan  62°  16'= 10-1111004. 
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Making  use  of  the  tables,  find  all  the  angles  when 

11.  a=25,  6=26,  and  c=27. 

12.  a=17,  6=20,  and  c=27. 

13.  a=2000,  6  =  1050,  and  6=1150. 

181.     Case  IL    Oiven  two   sides  b  and  c  and  the 
included  angle  A. 

Taking  b  to  be  the  greater  of  the  two  given  sides, 

A 

tan — 7z —  = 


and 


These  two  relations  give  us 


B^G       ,   B+G 

— ;r —   and    — :=. — 


and  therefore,  by  addition  and  subtraction,  B  and  G. 
The  third  side  a  is  then  known  from  the  relation 


a 


sin  A     sin  j5  ' 

, .  ,     .  ,  sin-4 

which  ffives  a  =  6  - — ^ , 

°  sin  jd 

and  thus  determines  a. 

The  side  a  may  also  be  found  from  the  formula 

a^  =  62  +  c^  _  26c  cos -4. 

This  is  not  adapted  to  logarithmic  calculation  but  is 
sometimes  useful,  especially  when  the  sides  a  and  b  are 
small  numbers. 


■>  '  J  . 
■>   ->  J  J 


^  J  ■> 


13— 2 
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182.    Bz.  1.    If  b=y/Z,  e^\,  and  A^^GP,  tolve  the  triangle. 

We  have 

B-C     b-c     .A     V3-1     *,«o 
tan — ^     =1-7-00*0  =  ^75 — =  cot  16°. 
2         6+c        2     V^  +  l 

Now  tan  16°=^!^    (Art.  101), 


80  that  cot  15°= 


V3  +  1 
V3-1' 


Hence  tan — ^ — = 1. 

•••  ^=«» (1). 

Also  ?i?  =  90°-^=90°-16''=76°...-. (2). 

By  addition,  B= 120°. 
By  subtraction,  C=30°. 
Since  A  =  C,we  have  a=c  =  1. 

OthonrbM.    We  have 

a3=6a+c«- 26c  COB  .1  =  8  +  1 -2^3.^=1, 
BO  that  a=l  =  c. 

/.   C=^=30°, 
and  B=180°-.l- 0=120°. 


2.    If  5=215,  c= 105,  and  A =74:°  27',  find  the  remaining  angles 
arid  also  the  third  side  a,  having  given 

log  2= -3010300,  %  11  =  1*0413927, 

log  105 = 2  0211893,  log  212*476 = ^8273103, 

L  cot  37°  13' =10-1194723,  diff.for  l'=2622, 

L  tan  24°  20' =9-6663477,  d^.for  l'=3864, 

L«n  74°  27' =9-9838062, 

and  L  coaec  28°  25'  =  10-3225025,  diff.  for  V = 2834. 
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Here  tan  ?^  =  L_£  cot  ^= H  cot  sr  18'  80". 
2    .    b+c       2     " 


Now  Loot 87°  13'=     10-1194728  • 

dig,  for  30"=-     -      1811 

.-.  L  cot  37°  18' 30"=     10*1198412 
log  11=       10418927 

11*1607889 
log  32=       1-60516 

/.  L  tan  J'(B  -  C)  =      9-6666889 

Bnt  L  tan  24°  20'  =      9-6663477 

di£r.=»  2862 

=diir.  for1|Uof60" 

=  diir.  for  42-1". 

B-C 


But 


=24°  20' 42". 


?±£=  90°- :^=62° 46'80". 


.-.  by  addition,  B^ITT  12", 
and,  by  subtraction,  C=28°  26'  48". 


Agftip 


a 


;=ccoBeoC, 


sinJl     sinC 

.-.  a=106Bin74°27'coBeo28°26'48". 

Bnt       L  coseo  28°  26'  =     10-8225026 

diff.  for48"=-     -      1867 

L  coseo  28°  26'  48"=  10-8223168 

L  sin  74°  27'=   9-9888052 

log  106=   2-0211893 

22-3273103 
20 

.-.  loga=   2-3273103. 
.-.  a =212 -476. 


•30108 

6 

1-60616. 


2862 
60 


141720 (42-1 
18466 

7160 
6728 


4820 


«  X  2834 
=fx2334 

=  1867. 
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#183.    There  are  ways  of  finding  the  third  side  a  of  the  triangle  in  the 
previous  case  without  first  finding  the  angles  B  and  C. 

Two  methods  are  as  follows : 

(1)    Since  a2=&2+c«-26cco8^ 

=  b2  +  c2_26c^2C0B2^-l) 

=  (6+c)3-4&ccob9  2  . 


•••  '''=(*+')*t-(iS^.''-'t]' 


Hence,  if  sin^  0  =  .^ — r^  cos*  -^ , 

we  have  a^={b  +  c)^  [1  -  sin^  ^]=(6+c)a  cos*  6, 

so  that  a=:{h-{-c)  cos $, 

» 

If  then  sin  ^  be  calculated  from  the  relation 

.    .    2jbc       A 
sm^=-r-5^ — cos  77, 
b+c         2' 

we  have  a={b+c)  cos  $, 

(2)    We  have 

a'»=b^+c^-2bcoo8A=b^+c*-2bc(l-2Bin^^\ 
=(&-c)«+46csin2^ 


=  (^-)'t^(-5^*«^^^t]- 


so  that  tan^=-r^^^^ — sin-, 

^     b-c        2 

and  hence  </>  is  known. 

Then  a»=(&-c)«[l+tan3  0]=^^^, 

^        '  *•  ""     cos*^ 

so  that  a=(5-c)sec0, 

and  is  therefore  easily  found. 

An  angle,  such  as  ^  or  0  above,   introduced  for  the  purpose  of 
facilitating  calculation  is  called  a  subsidiary  angle  (Art.  129). 
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EXAMPLES.    XXX. 

1.  If  6=90,  c=70,  and  4  =  72°  48' 80",  find  B  and  C,  given 

log  2 = -80103,  L  cot  36°  24'  16" = 10-1823111, 
L  tan  9°  37' =9-2290071, 

and  L  tan  9°  SS'^  9*2297785. 

2.  If  a= 21,  6= 11.  and  C= 34°  42'  30",  find  A  and  B,  given 

log  2 =-30108, 
and  L  tan  72°  38'  45"  =  10-50616. 

3.  If  the  angles  of  a  triangle  be  in  a.  p.  and  the  lengths  of  the  greatest 
and  least  sides  be  24  and  16  feet  respectively,  find  the  length  of  the  third 
side  and  the  other  angles,  given 

log  2 = -30103,  log  3 = -4771213, 

and  L  tan  19°  6' = 9'5394287,  difif.  for  1' = 4084. 

4.  If  a=13,  5=7,  and  C=60°,  find  A  and  B,  given  that 

log  3 =-4771213, 
and  X  tan  2r  27' = 9-7166508,  diff .  for  1' = 3087. 

5.  If  a=2&,  and  C=120°,  find  the  values  of  A,  B,  and  the  ratio  of  c 

to  a,  given  that 

log  3 =-4771213, 

and  L  tan  10°  63' = 9-2839070,  diff.  for  1' = 6808. 

6.  If  6=»14,  c  =  ll,  and  ^=60°,  find  B  and  C,  given  that 

log  2=  -30103,  log  3 =-4771213, 
LtanH°44'=9-3174299, 
and  L  tan  11°  46'  =:  9-3180640. 

7.  The  two  sides  of  a  triangle  are  540  and  420  yards  long  respectively 
and  include  an  angle  of  62°  6'.    Find  the  remaining  angles,  given  that 

log  2  =  -30103,  L  tan  26°  3'=  9*6891430, 

I.  tan  14°  20'= 9*4074189,  and  L  tan  14°  21' =9*4079453. 
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8.  If  b=2iti,,  c=2  ft.,  and  A=22f'2(y,  find  the  other  angles,  and 
shew  that  the  third  sideifl  nearly  one  foot,  given 

log  2  =  -30108,  log  3 = -47712, 
L  cot  11®  10' = 10-70466,  L  sin  22°  20' = 9-67977, 
L  tan  29**  22'  20"= 9-76038,  L  tan  29°  22'  80"=9-76043, 
and  L  sin  49°  27'  34" = 9-88079. 

0.    If  a=2,  d=l+V3»  and  C»60°,  solve  the  triangle. 

^ 

10.  Two  sides  of  a  triangle  are  ^3  + 1  and  V^  - 1*  and  the  included 
angle  is  60° ;  find  the  other  side  and  angles. 

11.  If  fr = 1,  c = V^  - 1»  and  ^  s  60°,  find  the  length  of  the  side  a. 

12.  If&=91,(;=126,andtan4  =  ^*provethata=204. 

A  O 

31 

13.  If  a=6,  dsB4,  and  cob  {A- 3)=^,  prove  that  the  third  side  e  will 

be  6. 

14.  One  angle  of  a  triangle  is  30°  and  the  lengths  of  the  sides 
adjacent  to  it  are  40  and  40»JS  yards.  Find  the  length  of  the  third 
side  and  the  number  of  degrees  in  the  other  angles. 

15.  The  sides  of  a  triangle  are  9  and  3,  and  the  difference  of  the 

angles  opposite  to  them  is  90°.    Find  the  base  and  the  angles,  having 

given 

log  2=  -30103,  log  3 = -4771213, 

log  76894 = 4  -8802074,  log  76896 = 4-8802132, 
L  tan  26°  33' =9 -6986847, 
and  L  tan  26°  34' = 9  '6990006. 

16.  If  tan  ^=^^  cot  2, 

.    C 

sm^ 

prove  that  c  ={a  +  b)  , 

cos  0 

If  a=3,  &=1,  and  0=63°  7' 48",  find  c  without  getting  A  and  B, 

given 

log  2 = -30103,  log  26298 = 4-4030862, 

log  26299 = 4-4031034,  L  cos  26°  33'  64" = 9-9616462, 

and  L  tan  26°  33'  64" = 9*6989700. 
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17.  Two  codes  of  a  triangle  are  287  and  158  feet  and  the  contained 
angle  is  66°  40^ ;  find  the  base  and  the  other  angles^  having  given 

log  2=: '80108,  log  79= 1*89768, 

log  22687 = 4  -86578,  L  cot  88«  20* = 10-18197, 

Z  sin  88''  20' = 9*78998,  L  tan  16°  54' = 9  -48262, 

Xtanl6°55'=9-48d08,  L  sec  16°  54' =10-01917, 
and  L  sec  16°  55' = 10-01921. 

[Use  either  the  formula  cos  — ^—  = $in  jr  or  the  formula  of  the 

a  CL  i 

Receding  queHion,"] 

In  the  following  four  examples^  the  required  logarithms  must  be  taken 
from  the  tables, 

18.  If  a=242-5,  5=164-8,  and  C»64° 86',  solve  the  triangle. 

19.  If  6 = 130,  c = 63,  and  ^ = 42°  15'  80",  solve  the  triangle. 

20.  Two  sides  of  a  triangle  being  2265-4  and  1779  feet,  and  the 
included  angle  58°  17',  find  the  remaining  angles. 

21.  Two  sides  of  a  triangle  being  287-09  and  130-96  feet,  and  the 
included  angle  57°  59',  find  the  remaining  angles. 

184.     Case  III.     Given  two  sides  b  and  c  and  the 
angle  B  opposite  to  one  of  them. 

The  angle  G  is  given  by  the  relation 

sin  G     sin  jB 


A 


i.e.  sin  C  =  r  sin  i? (1). 

Taking  logarithms,  we  determine    g 
0,  and  then  A  (==  180°  -B-G)  is 
found. 
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The  remaining  side  a  is  then  found  from  the  relation 

sin  -4. ""  sin  5 ' 

I.  sin  -4  ,^. 

%.e.  a  =  o— — ^  (2). 

186.  The  equation  (1)  of  the  previous  article  gives  in 
some  cases  no  value,  in  some  cases  one,  and  sometimes 
two  values,  for  C, 

First,  let  B  be  an  acute  angle. 

(a)  If  6<csinjB,  the  right-hand  member  of  (1)  is 
greater  than  unity,  and  hence  there  is  no  corresponding 
value  for  C. 

(13)  If  6  =  csinjB,  the  right-hand  member  of  (1)  is 
equal  to  unity  and  the  corresponding  value  of  C  is  90°. 

(7)    If  6  >  c  sin  -B,  there  are  two  values  of  C  having 

c  sm  B 

— T —  as  its  sine,  one  value  lying  between  0°  and  90"^ 

and  the  other  between  90°  and  180°. 

Both  of  these  values  are  not  however  always  admissible. 

For  if  6  >  c,  then  B>G.  The  obtuse-angled  value  of 
G  is  now  not  admissible ;  for,  in  this  case,  G  tjannot  be 
obtuse  unless  B  be  obtuse  also,  and  it  is  manifestly 
impossible  to  have  two  obtuse  angles  in  a  triangle. 

If  6  <  c  and  B  be  an  acute  angle,  both  values  of  G 
are  admissible.  Hence  there  are  two  values  found  for 
A,  and  hence  the  relation  (2)  gives  two  values  for  a.  In 
this  case  there  are  therefore  two  triangles  satisfying  the 
given  conditions. 

Secondly,  let  B  be  an  obtuse  angle. 

If  6  be  <  or  =  c,  then  B  would  be  less  than,  or  equal 
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to,  c,  so  that  C  would  be  an  obtuse  angle.  The  triangle 
would  then  be  impossible. 

If  6  be  >  c,  the  acute  value  of  (7,  as  determined  fix)m 
(1),  would  be  admissible,  but  not  the  obtuse  value.  We 
should  therefore  only  have  one  admissible  solution. 

Since,  for  some  values  of  6,  c  and  B,  there  is  a  doubt 
or  ambiguity  in  the  determination  of  the  triangle,  this 
case  is  called  the  Ambiguoiu  Caie  of  the  solution  of 
triangles. 

186.  The  Ambiguous  Case  may  also  be  discussed 
in  a  geometrical  manner. 

Suppose  we  were  given  the  elements  6,  c,  and  JB,  and 
that  we  proceeded  to  construct,  or  attempted  to  construct, 
the  triangle. 

We  first  measure  an  angle  ABD  equal  to  the  given 
angle  B. 

We  then  measure  along  BA  a  distance  BA  equal  to 
the  given  distance  o,  and  thus  determine  the  angular 
point  -4. 

We  have  now  to  find  a  third  point  (7,  which  must  lie 
on  BD  and  must  also  be  such  that  its  distance  from  A 
shall  be  equal  to  K 

To  obtain  it,  we  describe  with  centre  A  a  circle  whose 
radius  is  h. 

The  point  or  points,  if  any,  in  which  this  circle  meets 
BD  will  determine  the  position  of  G, 

Draw  AD  perpendicular  to  BD,  so  that 

AD  =  AB  sin  jB  =  c  sin  B. 

One  of  the  following  events  will  happen. 

The  circle  may  not  reach  BD  (Fig.  1)  or  it  may 
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touch  BD  (Fig.  2),  or  it  may  meet  BD  in  two  points  C^ 
and  (7,  (Figs.  3  and  4> 


Flg.l 


Fig.  2 


Fig.  4      --- ""■' 

In  the  case  of  Fig.  1,  it  is  clear  that  there  is  no 
triangle  satisfying  the  given  condition. 


Here 


h  <  AD,  i,e.  <  c  sin  B, 


In  the  case  of  Fig.  2,  there  is  one  triangle  ABD 
which  is  right-angled  at  D.     Here 

b  =  AD  =  c  sin  B, 

In  the  case  of  Fig.  3,  there  are  two  triangles  ABG^ 
and  ABG^,  Here  h  lies  in  magnitude  between  AD  and  c, 
i.e,  6  is  >  c  sin  5  and  <  c. 

In  the  case  of  Fig.  4,  there  is  only  one  triangle  ABC^ 
satisfying  the  given  conditions  [the  triangle  ABG^  is 
inadmissible ;  for  its  angle  at  B  is  not  equal  to  B  but  is 
equal  to  180°  —  B\  Here  h  is  greater  than  both  c  sin  B 
and  0. 
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In  the  case  when  B  is  obtuse,  the  proper  figures 
should  be  drawn.  It  will  then  be  seen  that  when  b<c 
there  is  no  triangle  (for  in  the  corresponding  triangles 
ABO^  and  ABC^  the  angle  at  5  will  be  180°  -  5  and  not 
B).  If  b>c,  it  will  be  seen  that  there  is  one  triangle, 
and  only  one,  satisfying  the  given  conditions. 

To  sum  up : 

Qiven  the  elements  b,  c,  and  J9  of  a  triangle, 

(a)    If  6  be  <  0  sin  B,  there  is  no  triangle. 

(fi)    If  6  =  c  sin  B,  there  is  one  triangle  right-angled. 

(7)  If  6  be  >  c  sin  B  and  <  c  and  B  be  acute,  there  are 
two  triangles  satisfying  the  given  conditions. 

(S)    If  6  be  >  c,  there  is  only  one  triangle. 
Clearly  if  6  ==  c,  the  points  B  and  C,  in  Fig.  3  coincide 
and  there  is  only  one  triangle. 

(e)  If  j5  be  obtuse,  there  is  no  triangle  except  when 
b>c. 

187.  The  ambiguous  case  may  also  be  considered 
algebraically  as  follows. 

From  the  figure  of  Art.  184,  we  have 

6»=c*  +  a^-2cacos5. 

.-.  a*-2accos-B+c»cos*5  =  .6»-c'  +  c'cos«JB 

=  63-c«sin8A 


.-.   a-ccos5=± V6'-c'sin*JB, 


i,e.  a  =  c  cos  -B  +  V6'  -  c*  sin*  B (1). 

Now  (1)  is  an  equation  to  determine  the  value  of  a 
when  6,  c,  and  B  are  given. 
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(a)  If  J  <  c  sin  i5,  the  quantity  Vi^  —  c^  sin^  B  is 
imaginary,  and  (1)  gives  no  real  value  for  a, 

(fi)  If  6  =  c  sin  B,  there  is  only  one  value,  c  cos  B, 
for  a;  there  is  thus  only  one  triangle  which  is  right- 
angled. 

(y)  If  6  >  c  sin  -B,  there  are  two  values  for  a.  But, 
since  a  must  be  positive,  the  value  obtained  by  taking 
the  lower  sign  affixed  to  the  radical  is  inadmissible  unless 

c  cos  B  —  V6^  — c^sin*5  is  positive, 

i.e.  unless  Vft^  —  c^  gin^  B  <  c  cos  B, 

i.e.  unless  6*  -  c^  sin*  B<c^  cos*  B , 

i.e.  unless  6*  <  cl 

There  are  therefore  two  triangles  only  when  6  is 
>csin5  and  at  the  same  time  <  c. 

(S)  If  B  be  an  obtuse  angle,  then  c  cos  B  is  negative, 
and  one  value  of  a  is  always  negative  and  the  correspond- 
ing triangle  impossible. 

The  other  value  will  be  positive  only  when 

c  cos  B  +  Vft*  —  (f  sin*  B  is  positive, 

i.e.  only  when      Vft*  —  c*  sin*  £  >  —  c  cos  5, 
t.e.  only  when         6*  >  c*  sin*  £  +  c*  cos*  5, 
i.e.  only  when         b>c. 

Hence,  B  being  obtuse,  there  is  no  triangle  if  6  <  c, 
and  only  one  triangle  when  6  >  c. 

188.    B3C     Given  6 = 16,  c = 25,  ancZ  B = dd""  15',  prove  that  the  triangle 
is  ambigtioua  and  find  the  other  angles,  having  given 

Zo^  2= -30103,  X»m  33°  15' =9-7390129, 
X«n  68°  66' =9-9327616, 
and  L»in  68°  57' =9-9328376. 
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We  have 


8inC=^8m5=?iBinB=^8in5=~Bm88n6'. 

o  lo  D4  VP 


Hence 


LBinC=2+L8in33''15'-61og2 
=9-9328329. 
Hence  L  sin  C=9*9d28329  L  sin  58° 57'= 9-9828876 

X  sin  Sd^"  56' = 9*9327616  L  sin  58°  56' = 9-9827616 


Diff. 

=  56" 

713 

x60" 
nearly. 

Diff. 

fori 

/__ 

760. 

angular  diff. 

713 
6 

76)  4278 (56 
880 

478 
456 

.-.   C= 68°  66' 66"  or  180°  -  68°  56' 56". 
Hence  (Fig.  3,  Art.  186)  we  have 

Cl=68°56'56^  and  Ca=121°3'4". 
.-.   I BA  Ci= 180°  -  88°  16'  -  58°  56'  56"= 87°  48'  4", 
and  I  BAC^=i  180°  -  88°  15'  - 121°  8'  4"=25°  41'  66". 


EXAMPLES.    XXXT. 

g 

1.  If  a=6,  6= 7,  and  sin  ^ = j ,  is  there  any  ambiguity? 

2.  If  a = 2,  c = V^  + 1>  B^d  ^  =  ^°>  solve  the  triangle. 

3.  If  a = 100,  c = 100  V3,  and  A = 80°,  solve  the  triangle. 

g 

4.  If  26= 8a,  and  tan'  A=-=^  prove  that  there  are  two  valaes  to  the 

o 

third  side,  one  of  which  is  double  the  other. 

5.  If  J =30°,  5=8,  and  a=6,  find  c. 

6.  Given  B=30°,  c=160,  and  &=50j^8,  prove  that  of  the  two 
triangles  which  satisfy  the  data  one  will  be  isosceles  and  the  other  right- 
angled.    Find  the  greater  value  of  the  third  side. 

Would  the  solution  have  been  ambiguous  had 

B=80°,  c=160,  and  6=75? 
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7.    In  the  imhigooni  cms  givoi «,  ft,  and  il,  piofe  duii  the  diffeience 
the  two  ^ahMmoicm  %Jtfl-V^m^A. 


8.  Va=5,ft=4,  and  il-45°,  find  ifaeoliMr  ancles,  hftTinggiTen 

]og8=-901(»,  Lmn9Sf'2ar=9-7S»Sm, 
and  2.  on  33°3(r =9-7590993. 

9.  If  a=9,  6=12,  and  if  =3CP,  find  c,  having  giren 

kg  2= -30103,  ]og3=-47712, 

log  171 =2-23301,  ]og368=2-56635, 

Lnnll°48'39^=9-31108,  JG sin 41'' 48' 39* =9*82391, 
and  i:.8inlQ6<'ll'21"=9-97774. 

10.  Fcrint  oat  whether  or  no  the  solntions  of  the  following  triangles 
axe  amhigiioas. 

Find  the  smaller  valiie  of  the  third  side  in  the  amhignoas  case  and 
the  other  angles  in  both  eases. 

(1)  if=dO»,c=250 feet, and a=125 feet; 

(2)  J=30°,e=250  feet,  and  a=200  feet 
Oiyen  log2=  -80103,  log 6-03893 =-7809601, 

X  sin  38°  4i'=9-7968800, 
and  X  sin  8°  41' = 9-1789001. 

11.  Giyena=250, 5=240,  and  .1=72° 4' 48",  find  the  angles B  and  C, 
and  state  whether  th^  can  have  more  than  one  yalne,  given 

log  2-5 = -3979400,  log  2*4 = -3802112, 

X  sin  72°  4' =9-9783702,  X  sin  72°  6'= 9-9784111, 
and  X  sin  65°  59' = 9-9606789. 

12.  Two  straight  roads  intersect  at  an  angle  of  80° ;  from  the  point 
of  jtmction  two  pedestrians  A  and  B  start  at  the  same  time,  A  walking 
along  one  road  at  the  rate  of  5  miles  per  honr  and  B  walking  uniformly 
along  the  other  road.  At  the  end  of  3  hours  th^  are  9  miles  apart. 
Shew  that  there  are  two  rates  at  which  B  may  walk  to  fulfil  this 
condition  and  find  them. 
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For  the  following  three  examples,  a  book  of  tablet  wUl  be  rehired. 

13.  Two  Bides  of  a  triangle  are  1015  feet  and  732  feet,  and  the  angle 
opposite  the  latter  side  is  40° ;  find  the  angle  opposite  the  former  and 
prove  that  more  than  one  value  is  admissible. 

14.  Two  sides  of  a  triangle  being  6374-5  and  1586*6  feet,  and  the 
angle  opposite  the  latter  being  15°  11',  oalonlate  the  other  angles  of  the 
triangle  or  triangles. 

15.  Given  A=10P,  a =2808-7,  and  (= 7908*2,  find  the  smaller  value 
of  c. 


189.    Case  IV,     Given  one  side  and  two  a/ngles,  viz. 
a,  B,  and  C. 

Since  the  three  angles  of  a  triangle  are  together  equal 
to  two  right  angles,  the  third  angle 
is  given  also.  . 

The  sides  b  and  c  are  now  obtained 
from  the  relations 

b  0  a  B^^         ^C 


sin  B     sin  G     sin  il ' 

,        sin  jB       j  sin  0 

giving  6  =  a  . — -^  ,  and  c  =^a— — .  . 

sin  jol  sin  ^ 


190.     Case  V.     The  three  angles  A,  J?,  and  C  given. 

Here  the  ratios  only  of  the  sides  can  be  determined 
by  the  formulae 

a     _     6    _     c 
sinil     sin^^sinO* 

Their  absolute  magnitudes  cannot  be  found. 
L.  T.  14 


210  TRIGONOMETRY. 


EXAMPLES.    ZXXn. 

17  1 

1.  If  cos  ^ =^  and  cos  ^7=^7 »  find  the  ratio  ofaibie, 

2.  The  angles  of  a  triangle  are  as  1 :  2  :  7 ;  prove  that  the  ratio  of 
the  greatest  side  to  the  least  side  is  V^  +  ^  ^  n/^  - 1* 

3.  If  J  =  46°,  B = 76°,  and  C = 60°,  prove  that  a  +  cj2=2b. 

4.  Two  angles  of  a  triangle  are  41°  13'  22"  and  71°  19'  6"  and  the  side 

opposite  the  first  angle  is  55;  find  the  side  opposite  the  latter  angle, 

given 

log  55 =1-7403627,  log  79063 =4-8979776, 

L  sm  41°  13'  22" = 9-8188779, 

and  i.  sin  71°  19'  5" = 9-9764927. 

5.  From  each  of  two  ships,  one  mile  apart,  the  angle  is  observed 
which  is  subtended  by  another  ship  and  a  beacon  on  shore ;  these  angles 
are  found  to  be  52°  25'  15"  and  75°  9'  30"  respectively.    Given 

L  sin  75°  9'  30" =9-9852635, 
L  sin  52°  25'  15" = 9-8990056,  log  1  -2197  =  -0862630, 
and  log  1  -2198  =  -0862886, 

find  the  distance  of  the  beacon  from  each  of  the  ships. 

6.  The  base  angles  of  a  triangle  are  22^°  and  112}° ;  prove  that  the 
base  is  equal  to  twice  the  height. 

For  the  following  five  questions  a  hook  of  tables  is  required. 

7.  The  base  of  a  triangle  being  seven  feet  and  the  base  angles 
129**  23'  and  38°  36',  find  the  length  of  its  shorter  side. 

8.  If  the  angles  of  a  triangle  be  as  5  :  10  :  21,  and  the  side  opposite 
the  smaller  angle  be  3  feet,  find  the  other  sides. 

9.  The  angles  of  a  triangle  being  150°,  18°  20',  and  11°  40^,  and  the 
longest  side  being  1000  feet,  find  the  length  of  the  shortest  side. 

10.  To  get  the  distance  of  a  point  A  from  a  point  B,  a  line  BC  and 
the  angles  ABC  and  BCA  are  measured,  and  are  found  to  be  287  yards 
and  56°  82'  10"  and  51°  8'  20"  respectively.    Find  the  distance  AB, 

11.  To  find  the  distance  from  ^1  to  P  a  distance,  AB,  of  1000  yards  is 
measured  in  a  convenient  direction.  At  A  the  angle  PAB  is  found  to  be 
41°  18'  and  at  B  the  angle  PBA  is  found  to  be  114°  38'.  What  is  the 
required  distance  to  the  nearest  yard  ? 


CHAPTER  XIV. 


HEIGHTS  AND  DISTANCES. 


• 

19L  In  the  present  chapter  we  shall  consider  some 
questions  of  the  kind  which  occur  in  land-surveying. 
Simple  questions  of  this  kind  have  already  been  considered 
in  Chapter  III. 

192.  To  find  the  height  of  an  inaccessible  tower  by 
means  of  observations  made  at  distant  points. 

Suppose  PQ  to  be  the  tower  and  that  the  ground 
passing  through  the  foot  Q  of  the 
tower  is  horizontal.  At  a  point  A 
on  this  ground  measure  the  angle 
of  elevation  a  of  the  top  of  the 
tower. 

Measure  off  a  distance  AB(=a)    A 
from  A  directly  toward  the  foot  of 
the  tower,  and  at  B  measure  the  angle  of  elevation  /8. 

To  find  the  unknown  height  x  of  the  tower,  we  have 
to  connect  it  with  the  measured  length  a.  This  is  best 
done  as  follows : 

14—2 
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From  the  triangle  PBQ,  we  have 


^-p  =  sin/3.... 
and,  from  the  triangle  PAB,  we  have 


(iX 


PB     emPAB 


sin  a 


a       BinBPA     sin(/8  — a) 

since  zBPA^zQBP-zQAP^^'-a. 

From  (1)  and  (2),  by  multiplication,  we  have 

a?  _  sin  a  sin  ^ 
a  "  sin  (^  —  a) ' 

sin  a  sin  ^ 


.(2), 


t.e. 


fl7  =  a 


sui()8— a)' 

The  height  x  is  therefore  given  in  a  form  suitable  for 
logarithmic  calculation. 

Numerical  Example.    If  a  =  100  feet,  a = 80°,  and  /3 = 60°,  then 

.=1005^e^  =  10Ox^=86-6f8et. 
8md0°  2 

193.    It   is  often  not  convenient    to   measure    AS 
directly  towards  Q, 

Measure  therefore  AB  in  any 
other  suitable  direction  on  the  hori- 
zontal ground,  and  at  A  measure  the 
angle  of  elevation  a  of  P,  and  also 
the  angle  PAB  (=  fi). 

At  B  measure  the  angle  PBA 

(=7) 

In  the  triangle  PAB,  we  have  then 

Z  APB  =  180° -/:  PAB -z  PBA  =  180° -(fi  +  y). 
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TT  ilP  _  sin  PBA  __      sin  7 

Hence         "^^  sin^Pil  ~sin(^  +  7)' 

From  the  triangle  PAQ,  we  have 

.  -,  .  sin  a  sin  7 

sin  (^+7) 

Hence  x  is  found  by  an  expression  suitable  for 
logarithmic  calculation. 

191.  To  find  the  distance  between  two  inaccesMle  points 
by  means  of  observations  made  at  two  points  the  distance 
between  which  is  known,  all  four  points  being  supposed  to 
he  in  one  plane. 

Let  P  and  Q  be  two  points  whose  distance  apart,  PQ, 
is  required. 

Let  A  and  B  be  the  two  known 
points  whose  distance  apart,  AB,  is 
given  to  be  equal  to  a. 

At  A  measure  the  angles  PAB 
and  QAB,  and  let  them  be  a  and  fi    A' 
respectively. 

At  B  measure  the  angle  PBA  and  QBA,  and  let  them 
be  7  and  8  respectively. 

Then  in  the  triangle  PAB  we  have  one  side  a  and  the 
two  adjacent  angles  a  and  7  given,  so  that,  as  in  Art.  163, 
we  have  AP  given  by  the  relation 

AP  _     sin  7     _      sin  7 
a   "  sin  APB     sin  (a +  7)' 

In  the  triangle  QAB  we  have,  similarly, 

AQ         sin  S 


,(1). 


a       sin(/8  +  S) 


,(2). 
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In  the  triaDgle  APQ  we  have  now  determined  the 
sides  AP  and  AQ ;  also  the  included  angle  PAQ(=  a  —  )9) 
is  known.  We  can  therefore  find  the  side  PQ  by  the 
method  of  Art.  181. 

If  the  four  points  A,  B,  P,  and  Q  be  not  in  the  same 
plane,  we  must,  in  addition,  measure  the  angle  PAQ ;  for 
in  this  case  PAQ  is  not  equal  to  a  — /8.  In  other  respects 
the  solution  will  be  the  same  as  above. 

195.    Bearings  and  Points  of  the  Compass.  The 

Bearing  of  a  given  point  B  as  seen  from  a  given  point 
0  is  the  direction  in  which  JB  is  seen  from  0.    Thus  if 


the  direction  of  OB  bisect  the  angle  between  East  and 
North^thebearing  of  B  is  said  to  be  North-East. 

If  a  line  is  said  to  bear  20°  West  of  North,  we  mean 
that  it  is  inclined  to  the  North  direction  at  an  angle  of 
20°,  this  angle  being  measured  from  the  North  towards 
the  West:  • 
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To  £BU3ilitate  the  statement  of  the  bearing  of  a  point 
the  circumference  of  the  mariner's  compass-card  is  divided 
into  32  equal  portions,  as  in  the  above  figure,  and  the  sub- 
divisions marked  as  indicated  Consider  only  the  quadrant 
between  East  and  North.  The  middle  point  of  the  arc 
between  N.  and  E.  is  marked  North-East  (N.R).  The 
bisectors  of  the  arcs  between  N.E.  and  N.  and  K  are 
respectively  called  North-North-East  and  East-North- 
East  (N.N.R  and  KN.E.).  The  other  four  subdivisions, 
reckoning  from  N.,  are  called  North  by  East,  N.R  by 
North,  N.E.  by  East,  and  East  by  North.  Similarly  the 
other  three  quadrants  are  subdivided. 

It  is  clear  that  the  arc  between  two  subdivisions  of 

the  card  subtends  an  angle   of  -ss-,  ».^.  lli°,  at  the 

centre  0, 


EXAMPLES. 


.#.#.«  1 1 


1.  A  flagstafif  standB  on  the  middle  of  a  sqaare  tower.  A  man  on 
the  gromid,  opposite  the  middle  of  one  face  and  distant  from  it  100  feet, 
jnst  sees  the  flag ;  on  his  receding  another  100  feet,  the  tangents  of  eleva- 
tion of  the  top  of  the  tower  and  the  top  of  the  flagstaff  are  f omid  to  be  ^ 

g 
and  ^ .   Find  the  dimensions  of  the  tower  and  the  height  of  the  flagstaff, 

the  ground  being  horizontal. 

2.  A  man,  walking  on  a  level  plane  towards  a  tower,  observes  that 
at  a  certain  point  the  angular  height  of  the  tower  is  10°,  and,  after  going 
$0  yards  nearer  the  tower,  the  elevation  is  fonnd  to  be  15°.    Having  given 

Lsm  15° =9  4129962,    X  cos  5° =9 '9988442, 

log  25 -783 =1*4113334,  and  log  25*784 =1*4113503, 

find,  to  4  places  of  'decimals,  the  height  of  the  tower  in  yards. 
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3.  DE  is  a  tower  standing  on  a  horizontal  plane  and  ABCD  is  a 
straight  line  in  the  plane.  The  height  of  the  tower  subtends  an  angle  0 
at  ^,  2^  at  By  and  Be  at  C.  li  AB  and  BC  be  respectively  50  and  20  feet, 
find  the  height  of  the  tower  and  the  distance  CD, 

4.  A  tower,  50  feet  high,  stands  on  the  top  of  a  mound ;  from  a 
point  on  the  ground  the  angles  of  elevation  of  the  top  and  bottom  of  the 
tower  are  found  to  be  75®  and  45°  respectively;  find  the  height  of  the 
mound. 

5.  A  vertical  pole  (more  than  100  feet  high)  consists  of  two  parts, 
the  lower  being  -rd  of  the  whole.  From  a  point  in  a  horizontal  plane 
through  the  foot  of  the  pole  and  40  feet  from  it,  the  upper  part  subtends 
an  angle  whose  tangent  is  ^ .    Find  the  height  of  the  pole. 

6.  A  tower  subtends  an  anglis  a  at  a  point  on  the  same  level  as  the 
foot  of  the  tower,  and  at  a  second  point,  h  feet  above  the  first,  the 
depression  of  the  foot  of  the  tower  is  p.    Find  the  height  of  the  tower. 

7.  A  person  in  a  balloon,  which  has  ascended  vertically  from  flat 
land  at  the  sea  level,  observes  the  angle  of  depression  of  a  ship  at  anchor 
to  be  30°;  after  descending  vertically  for  600  feet,  he  finds  the  angle 
of  depression  to  be  15°;  find  the  horizontal  distance  of  the  ship  from  the 
point  of  ascent. 

8.  PQ  is  a  tower  standing  on  a  horizontal  plane,  Q  being  its  foot ; 
A  and  B  are  two  points  on  the  plane  such  that  the  iQAB  ia  90°,  and  AB 
is  40  feet.    It  is  found  that 

cot PAQ=^  and  cot PBQ=^. 

Find  the  height  of  the  tower. 

9.  A  column  is  E.S.E.  of  an  observer,  and  at  noon  the  end  of  the 
shadow  is  North-East  of  him.  The  shadow  is  80  feet  long  and  the 
elevation  of  the  column  at  the  observer's  station  is  45°.  Find  the  height 
of  the  colunm. 

10.  A  tower  is  observed  from  two  stations  A  and  B.  It  is  found  to 
be  due  north  of  A  and  north-west  of  B.  B  is  due  east  of  A  and  distant 
from  it  100  feet.  The  elevation  of  the  tower  as  seen  from  A  is  the 
complement  of  the  elevation  as  seen  from  B,  Find  the  height  of  the 
jtower. 
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11.  The  elevation  of  a  steeple  at  a  place  due  south  of  it  is  46®  and 
at  another  place  due  west  of  it  the  elevation  is  15®.  If  the  distance 
between  the  two  places  be  a,  prove  that  the  height  of  the  steeple  is 

a(.y8-l) 

12.  A  person  stands  in  the  diagonal  produced  of  the  square  base  of 
a  church  tower,  at  a  distance  2a  ttom  it,  and  observes  the  angles  of 
elevation  of  each  of  the  two  outer  comers  of  the  top  of  the  tower  to  be 
SO°,  whilst  that  of  the  nearest  comer  is  45®.  Prove  that  the  breadth  of 
the  tower  is  a  (^10  -  ^^2). 

13.  A  person  standing  at  a  point  A  due  south  of  a  tower  built  on  a 
horizontal  plane  observes  the  altitude  of  the  tower  to  be  60®.  He  then 
walks  to  B  due  west  of  A  and  observes  the  altitude  to  be  45°,  and  again 
at  CinAB  produced  he  observes  it  to  be  30®.  Prove  that  B  is  midway 
between  A  and  C, 

14.  At  each  end  of  a  horizontal  base  of  length  2a  it  is  found  that 
the  angular  height  of  a  certain  peak  is  0  and  that  at  the  middle  point  it 
is  ip.    Prove  that  the  vertical  height  of  the  peak  is 

a  sin  ^  sin  0 
Jmn (0  +  ^) sin  (<p-0)' 

15.  A  and  B  are  two  stations  1000  feet  apart;  JP  and  Q  are  two 
stations  in  the  same  plane  aa  AB  and  on  the  same  side  of  it ;  the  angles 
I>AB,  PBAy  QAB,  and  QBA  are  respectively  75®,  30®,  46®,  and  90®;  find 
how  far  P  is  from  Q  and  how  far  each  is  from  A  and  B, 

For  the  following  seven  examples  a  book  of  tables  will  be  wanted, 

16.  At  a  point  on  a  horizontal  plane  the  elevation  of  the  summit  of 
.a  mountain  is  found  to  be  22®  16',  and  at  another  point  on  the  plane,  a 

mile  further  away  in  a  direct  line,  its  elevation  is  10®  12';  find  the  height 
of  the  mountain. 

17.  From  the  top  of  a  hill  the  angles  of  depression  of  two  successive 
milestones,  on  level  ground  and  in  the  same  vertical  plane  with  the 
observer,  are  found  to  be  6®  and  10®  respectively.  Find  the  height  of  the 
hill  and  the  horizontal  distance  to  the  nearest  milestone. 

18.  A  castle  and  a  monument  stand  on  the  same  horizontal  plane. 
The  height  of  the  castle  is  140  feet,  and  the  angles  of  depression  of  the 
top  and  bottom  of  the  monument  as  seen  from  the  top  of  the  castle  are 
40®  and  80®  respectively.     Find  the  height  of  the  monument. 
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19.  A  flagstaff  PN  stands  on  level  ground.  A  base  AB  is  measured 
at  right  angles  to  AN,  the  points  A,  B,  and  N  being  in  the  same  horizontal 
plane,  and  the  angles  PAN  and  PBN  are  found  to  be  a  and  /3  respectively. 
Prove  that  the  height  of  the  flagstaff  is 

.  _            an  a  Bin  B  • 

An -  , 

V  sin  (a  -  /3)  sin  (a + /3) 
If  AB =100  feet,  a =70°,  and  /3=50°,  calculate  the  height. 

20.  A  man,  standing  due  south  of  a  tower  on  a  horizontal  plane 
through  its  foot,  finds  the  elevation  of  the  top  of  the  toweif  to  be  54°  16'; 
he  goes  east  100  yards  and  finds  the  elevation  to  be  then  50°  8'.  Find 
the  height  of  the  tower. 

21.  A  man  in  a  balloon  observes  that  the  angle  of  depression  of  an 
object  on  the  ground  bearing  due  north  is  33°;  the  balloon  drifts  3  miles 
due  west  and  the  angle  of  depression  is  now  found  to  be  21°.  Find  the 
height  of  the  balloon. 

22.  From  the  extremities  of  a  horizontal  base-line  AB,  whose  length 
is  1000  feet,  the  bearings  of  the  foot  C  of  a  tower  are  observed  and  it  is 
found  that  zCJB=56°23',  i  CB A  =  41°  15\  and  that  the  elevation  of 
the  tower  from  A  is  9°  25' ;  find  the  height  of  the  tower. 

196.  Ex.  1 .  A  flagstaff  18  on  the  top  of  a  tower  which 
stands  on  a  hmizontal  plane.  A  person  observes  the  angles^ 
a  and  )8,  subtended  at  a  point  on  tlie  horizontal  plane  by  the 
flagstaff  and  the  tower  ;  he  then  walks  a  known  distance  a 
toward  ilie  tower  and  finds  thai  the  flagstaff  subtends  the 
same  angle  as  before;  prove  that  the  height  of  the  tower 
and  the  length  of  the  flagstaff  are  respectively 
a  sin /Sees  (a +/8)  ,  a  sin  a 
cos  (a +2/3)  cos  (a  +  2/3) ' 

Let  P  and  Q  be  the  top  and  foot  of  the  tower,  and  let 
PR  be  the  flagstaff.  Let  A  and  B  be  the  points  at  which 
the  measurements  are  taken,  so  thatzPilQ  =  /S  and 
zPAR  =  zPBR  =  a,  Since  the  two  latter  angles  are 
equal,  a  circle  will  go  through  the  four  points  A,  B,  P, 
and  R. 
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To  find  the  height  of  the  flagstaff  we  have  to  connect 
the  unknown  length  PR  with  the  known  length  AB. 
This   may  be   done    by  connecting   each  with    the 

length  AR. 

To  do  this,  we  must  first 
determine  the  angles  of  the 
triangles  ARP  and  ARE, 

Since  A,B,P,  and  R  lie  on  a 
circle,  we  have 

ZBRP==ZBAP=^I3, 
and      ZilPJ?  =  Zili2£  =  ^(8ay).  ft 

Also         Z^Pi2=:  90° +  zPilQ  =  90°  +  ^. 

Hence,  since  the  angles  of  the  triangle  APR  are 
together  equal  to  two  right  angles,  we  have 

180°  =  a  +  (90°  +  i8)  +  (^  +  )9), 
so  that  ^  =  90°-(a  +  2)9) (1). 

From  the  triangles  APR  and  ABR  we  then  have 

PR  ^     AR     ^     AR     ^    a       /^^  X63). 
sin  a     sin^Pil     sin  RB A     aia0 
[It  will  be  found  in  Chap.  XV.  that  each   of  these 
quantities  is  equal  to  the  radius  of  the  circle.] 
Hence  the  height  of  the  flagstaff 

a  sin  a  __      a  sin  a       ,     ... 

'^0  "^(o^wy  ^^^  ^' 


r=PB^ 


Again, 


^  =  cos£PQ  =  cos(a  +  ^). 
PB     sin  PAB     sin  /3 


*^^  a  "smAPB^BmO"' 

Hence,  from  (2)  and  (3),  by  multiplication, 

PQ  _  sin  ^cos(a-f^)_  sin  )8cos(a  +  ^) 
a   "  sinO  cos 


(2). 
(3). 


(a +  2/3)     •''^^'■^- 
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Also,  BQ  =  PQ  tan  i?PQ  =  PQ  tan  (0+/9) 

_     sin  /9  sin  (a  +  ^) 
~"     co8(a  +  2/9)     ' 

and     ^Q  =  a  +  i?Q  =  a?5?l(^±M)  +  «5^£i?Lt^) 
^  ^  COS  (a  +  2/S) 

_     C06  /8  cos  (g  +  ^) 
""        cos  (a  +  2^)     " 

If  a,  a,  and  )9  be  given  numerically,  these  results  are 
all  in  a  form  suitable  for  logarithmic  computation. 

Bz.  a.  At  a  distance  a  from  the  foot  of  a  tower  AB,  of  known  height 
^»  <t  flagstaff  BC  and  the  tower  subtend  equal  angles.  Find  the  height  of 
the  flagstaff. 

Let  O  be  the  point  of  observation,  and  let  the  angles  AOB  and  BOC 
be  each  0;  also  let  the  height  BC  be  x. 

We  then  have  tan ^=- ,  and  tan 20=z  — ^. 

a  a 

2» 

Hence  ^±»=tan  2tf =,  ?f  *  =  -S,. 

a  1-tan*^  W 

so  that  — ?f  =  _^^. 

a        a^-br 

Then  y=  _^^.5=:5 

If  a  and  &  be  given  numerically,  we  thus  easily  obtain  y, 

197.  Ex.  A  man  walks  along  a  straight  road  and 
observes  that  the  greatest  angle  svbtended  by  two  objects  is  a; 
from  the  point  where  this  greatest  angle  is  subtended  he  walks 
a  distance  c  along  the  road,  and  finds  that  the  two  objects  are 
now  in  a  straight  line  which  makes  an  angle  fi  with  the 
road;  prove  that  the  distance  between  the  objects  is 

c  sm  a  sin  p  see  — ^  sec  — x — . 
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Let  P  and  Q  be  the  two  points,  and  let  PQ  meet 
the  road  in  B. 


If  A  be  the  point  at  which  the  greatest  angle  \b 
subtended,  then  A  must  be  the  point  where  a  circle  drawn 
through  P  and  Q  touches  the  road. 

[For,  take  any  other  point  A'  on  ABy  and  join  it  to  P 
cutting  the  circle  in  B,  and  join  A'Q  and  BQ. 

Then  Z  PA'Q  <  Z  PRQ  (Euc.  I.  16), 

and  therefore  <  Z  PAQ  (Euc.  III.  21).] 

Let  the  angle  QAB  be  called  0,  Then  (Euc.  III.  32) 
the  angle  APQ  is  0  also. 

Hence  180°  =  sum  of  the  angles  of  the  triangle  PAB 
=  tf  +  (a  +  ^)  +  /3, 
a+)8 


so  that 


tf=90°- 


2 


From  the  triangles  PAQ  and  QAB  we  have 

PQ  _ sin tt  ,  AQ  _    sinyg     _     sin^g 

ZQ""sm?'  ~7'""SrirQJS'sin(^  +  a)' 


V 
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Hence,  by  multiplication,  we  have 

PQ         sinasinfi 


dnasin/S 

cos       ^       COS       Q 

2  2 


/.  -rQ  =  c8in  asinpsec  — 5 — sec — ^— 


EXAMPLES.    XXXIV. 

1.  A  bridge  has  5  equal  spans,  each  of  100  feet  measured  from  the 
eentre  of  the  piers,  and  a  boat  is  moored  in  a  line  with  one  of  the  middle 
piers.  The  whole  length  of  the  bridge  subtends  a  right  angle  as  seen 
from  the  boal  Prove  that  the  distance  of  the*  boat  from  the  bridge  is 
100^6  feet. 

2.  A  ladder  placed  at  an  angle  of  75°  with  the  ground  jast  reaches 
the  sill  of  a  window  at  a  height  of  27  feet  above  the  ground  on  one  side 
of  a  street.  On  taming  the  ladder  over  without  moving  its  foot,  it  is 
found  that  when  it  rests  against  a  wall  on  the  other  side  of  the  street 
it  is  at  an  angle  of  15°  with  the  ground.  Prove  that  the  breadth  of  the 
street  and  the  length  of  the  ladder  are  respectively 

27(3-^8)  and  27  (^/6  -  ^2)  feet. 

3.  From  a' house  on  one  side  of  a  street  observations  are  made  of  the 
angle  subtended  by  the  height  of  the  opposite  house ;  from  the  level  of 
the  street  the  angle  subtended  is  the  angle  whose  tangent  is  3 ;  from  two 
windows  one  above  the  other  the  angle  subtended  is  found  to  be  the 
angle  whose  tangent  is  -3;  the  height  of  the  opposite  house  being 
60  feet,  find  the  height  above  the  street  of  each  of  the  two  windows. 

4.  A  rod  of  given  length  can  turn  in  a  vertical  plane  passing  through 
the  sun,  one  end  being  fixed  on  the  ground ;  find  the  longest  shadow  it 
can  oast  on  the  ground. 

Calculate  the  altitude  of  the  sun  when  the  longest  shadow  it  can  cast 
is  3^  times  the  length  of  the  rod. 

5.  A  person  on  a  ship  A  observes  another  ship  B  leaving  a  harbour, 
whose  bearing  is  then  N.W.     After  10  minutes  A^  having  sailed  one  mile 
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N.E.,  sees  B  due  west  and  the  harbour  then  bears  W  West  of  North. 
After  another  10  minntes  B  is  observed  to  bear  S.W.  Find  the  distances 
between  A  and  B  at  the  first  observation  and  also  the  direction  and  rate 
ofB. 

6.  A  person  on  a  ship  sailing  north  sees  two  lighthooses,  which  are  6 
miles  apart,  in  a  line  due  west ;  after  an  hour's  sailing  one  of  them  bears 
S.W.  and  the  other  S.S.W.    Find  the  ship's  rate. 

7.  A  person  on  a  ship  sees  a  lighthouse  N.W.  of  himself.  After 
sailing  for  12  miles  in  a  direction  15°  south  of  W.  the  lighthouse  is 
seen  due  N.  Find  the  distance  of  the  lighthouse  from  the  ship  in 
each  position. 

8.  A  man,  travelling  west  along  a  straight  road,  observes  that  when 
he  is  due  south  of  a  certain  windmill  the  straight  line  drawn  to  a  distant 
tower  makes  an  angle  of  30°  with  the  road.  A  mile  ftxrther  on  the 
bearings  of  the  windmill  and  tower  are  respectively  N.E.  and  N.W.  Find 
the  distances  of  the  tower  from  the  windmill  and  from  the  nearest  point 
of  the  road. 

9.  An  observer  on  a  headland  sees  a  ship  due  north  of  him ;  after  a 
quarter  of  an  hour  he  sees  it  due  east  and  after  another  half-hour  he  sees 
it  doe  south-east;  find  the  direction  that  the  ship's  course  makes  with 
the  meridian  and  the  time  after  the  ship  is  first  seen  until  it  is  nearest 
the  observer,  supposing  that  it  sails  uniformly  in  a  straight  line. 

10.  A  man  walking  along  a  straight  road,  which  runs  in  a  direction 

30°  east  of  north,  notes  when  he  is  due  south  of  a  certain  house ;  when  he 

has  walked  a  mile  farther,  he  observes  that  the  house  lies  due  west  and 

that  a  windmill  on  the  opposite  side  of  the  road  is  N.E.  of  him  •  three 

miles  further  on  he  finds  that  he  is  due  north  of  the  windmill;  prove 

that  the  line  joining  the  house  and  the  windmill  makes  with  the  road 

the  angle  whose  tangent  is 

48-25^8 

11       • 

11.  A^B,  and  C  are  three  consecutive  milestones  on  a  straight  road 
from  each  of  which  a  distant  spire  is  visible.  The  spire  is  observed  to 
bear  north-east  at  A,  east  at  £,  and  60°  east  of  south  at  C,    Prove  that 

the  shortest  distance  of  the  spire  from  the  road  is  — ^—  miles. 

12.  Two  stations  due  south  of  a  tower,  which  leans  towards  the 
north,  are  at  distances  a  and  h  from  its  foot;   if  a  and  /3  be  the 
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m 

elevations  of  the  top  of  the  tower  from  these  stations,  prove  that  its 

inclination  to  the  horizontal  is 

^  ,  &oota-acot/3 

cot~* _ c , 

o-a 

13.  From  a  point  ^i  on  a  level  plane  the  angle  of  elevation  of  a 
balloon  is  a,  the  balloon  being  south  of  A ;  from  a  point  B,  which  is  at  a 
distance  c  south  of  A,  the  balloon  is  seen  northwards  at  an  elevation  of 
j3;  find  the  distance  of  the  balloon  from  A  and  its  height  above  the 
ground. 

14.  A  statue  on  the  top  of  a  pillar  subtends  the  same  angle  a  at 

distances  of  9  and  11  yards  from  the  pillar ;  if  tan  «= yo  *  ^^  ^^®  height 
of  the  pillar  and  of  the  statue. 

15.  A  flagstaff  on  the  top  of  a  tower  is  observed  to  subtend  the  same 
angle  a  at  two  points  on  a  horizontal  plane,  which  lie  on  a  line  passing 
through  the  centre  of  the  base  of  the  tower  and  whose  distance  from  one 
another  is  2a,  and  an  angle  /3  at  a  point  halfway  between  them.  Prove 
that  the  height  of  the  flagstaff  is 

2anB 

a  sm  a      '  '^ 


V  c 


cos  a  sin  (^  -  a) ' 

16.  An  observer  in  the  flrst  place  stations  himself  at  a  distance  a 

feet  from  a  column  standing  upon  a  mound.    He  finds  that  the  column 

1 
subtends  an  angle,  whose  tangent  is  ^ ,  at  his  eye  which  may  be  supposed 

to  be  on  the  horizontal  plane  through  the  base  of  the  mound.    On 

2 
moving  ^  a  feet  nearer  the  column,  he  finds  that  the  angle  subtended  is 

o 

unchanged.    Find  the  height  of  the  mound  and  of  the  column. 

17.  A  church  tower  stands  on  the  bank  of  a  river,  which  is  150  feet 
wide,  and  on  the  top  of  the  tower  is  a  spire  30  feet  high.  To  an  observer 
on  the  opposite  bank  of  the  river,  the  spire  subtends  the  same  angle  that 
a  pole  six  feet  high  subtends  when  placed  upright  on  the  ground  at  the 
foot  of  the  tower.    Prove  that  the  height  of  the  tower  is  nearly  285  feet. 

18.  A  person,  wishing  to  ascertain  the  height  of  a  tower,  stations 
himself  on  a  horizontal  plane  through  its  foot  at  a  point  at  which  the 
elevation  of  the  top  is  80°.  On  walking  a  distance  a  in  a  certain  direction 
he  finds  that  the  elevation  of  the  top  is  the  same  as  before,  and  on  then 

walking  a  distance  ^  a  at  right  angles  to  his  former  direction  he  finds  the 
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eleyation  of  the  top  to  be  60°.    ProTe  that  the  height  of  the  tower  is 
either 


19.  The  angles  of  elevation  of  the  top  of  a  tower,  standing  on  a 
horizontal  plane,  from  two  points  distant  a  and  h  from  the  base  and  in 
the  same  straight  Une  with  it  are  complementary.  Prove  that  the  height 
of  the  tower  is  ^b  feet,  and,  if  9  be  the  angle  sabtended  at  the  top  of 

the  tower  by  the  line  joining  the  two  points,  then  sin  9= — ^ . 

20.  A  tower  150  feet  high  stands  on  the  top  of  a  olilf  80  feet  high. 
At  what  point  on  the  plane  passing  through  the  foot  of  the  cliff  must  an 
obseryer  place  himself  so  that  the  tower  and  the  cliff  may  subtend  equal 
angles,  the  height  of  his  eye  being  5  feet? 

21.  A  statue  on  the  top  of  a  pillar,  standing  on  level  ground,  is 
found  to  subtend  the  greatest  angle  a  at  the  eye  of  an  observer  when  his 
distance  from  the  pillar  is  c  feet ;  prove  that  the  height  of  the  statue  is 
2e  tan  a  feet,  and  find  the  height  of  the  pillar. 

22.  A  tower  stood  at  the  foot  of  an  inclined  plane  whose  inclination 
to  the  horizon  was  9°.  A  line  100  feet  in  length  was  measured  straight 
up  the  incline  from  the  foot  of  the  tower,  and  at  the  end  of  this  line  the 
tower  sabtended  an  angle  of  54^  Find  the  height  of  the  tower,  having 
given  log  2 = -80108,    log  114-4128 = 2  0584726, 

and  I.sin54°=::9-9079576. 

23.  A  vertical  tower  stands  on  a  declivity  which  is  indined  at  15°  to 
the  horizon.  From  the  foot  of  the  tower  a  man  ascends  the  declivity  for 
80  feet,  and  then  finds  that  the  tower  subtends  an  angle  of  80°.  Prove 
that  the  height  of  the  tower  is  40  (^6  -  J2)  feet. 

24.  The  altitude  of  a  certain  rock  is  47°,  and  after  walking  towards  it 
1000  feet  up  a  slope  inclined  at  80°  to  the  horizon  an  observer  finds  its 
altitude  to  be  77°.  Find  the  vertical  height  of  the  rock  above  the  first 
point  of  observation,  given  that  sin  47° ='73135. 

25.  A  man  observes  that  when  he  has  walked  c  feet  up  an  inclined 
plane  the  angular  depression  of  an  object  in  a  horizontal  plane  through 
the  foot  of  the  slope  is  a,  and  that,  when  he  has  walked  a  further  distance 
of  c  feet,  the  depression  is  /3.  Prove  that  the  inclination  of  the  slope  to 
the  horizon  is  the  angle  whose  cotangent  is 

(2oot/3-cota). 

L.  T.  15 
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26.  A  regular  pyramid  on  a  square  base  has  an  edge  150  feet  long, 
and  the  length  of  the  side  of  its  base  is  200  feet.  Find  the  inclination  of 
its  fiioe  to  the  base. 

27.  A  pyramid  has  for  base  a  square  of  side  a ;  its  vertex  lies  on  a 
line  through  the  middle  point  of  the  base  and  perpendicular  to  it,  and  at 
a  distance  h  from  it ;  prove  that  the  angle  a  between  the  two  lateral  faces 
is  given  by  the  equation 


8ina= 


o2  +  4^a 


28.  A  flagstaff,  100  feet  high,  stands  in  the  centre  of  an  equilateral 
triangle  which  is  horizontal.  From  the  top  of  the  flagstaff  each  side 
subtends  an  angle  of  60° ;  prove  that  the  length  of  the  side  of  the  triangle 
is  50V6  feet. 

29.  The  extremity  of  the  shadow  of  a  flagstaff,  which  is  6  feet  high 
and  stands  on  the  top  of  a  pyramid  on  a  square  base,  just  reaches  the 
side  of  the  base  and  is  distant  56  and  8  feet  respectively  from  the 
extremities  of  that  side.  Find  the  sun's  altitude  if  the  height  of  the 
pyramid  be  34  feet. 

30.  The  extremity  of  the  shadow  of  a  flagstaff,  which  is  6  feet  high 
and  stands  on  the  top  of  a  pyramid  on  a  square  base,  just  reaches  the 
side  of  the  base  and  is  distant  x  feet  and  y  feet  respectively  from  the  ends 
of  that  side ;  prove  that  the  height  of  the  pyramid  is 


y 


^  tana-6. 


2 

where  a  is  the  elevation  of  the  sun. 

31.  The  angle  of  elevation  of  a  cloud  from  a  point  h  feet  above 
a  lake  is  a,  and  the  angle  of  depression  of  its  reflexion  in  the  lake  is 

B ;  prove  that  its  height  is  h  — — 5^ — I , 
'^    ^  sm  (j8  -  o) 

32.  The  shadow  of  a  tower  is  observed  to  be  half  the  known  height 
of  the  tower  and  sometime  afterwards  it  is  equal  to  the  known  height  - 
how  much  will  the  sun  have  gone  down  in  the  interval,  given 

log  2 = -30108,     L  tan  63°  26' = 10-8009994, 

and  diff.  fori' =3159? 
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33.  An  ifiosoeles  triangle  of  wood  is  placed  in  a  vertioal  plane,  vertex 
npwards,  and  faces  the  son.  If  2a  be  the  base  of  the  triangle,  h  its 
height,  and  30°  the  altitude  of  the  sun,  prove  that  the  tangent  of  the  angle 

at  the  apex  of  the  shadow  is  . . »  -  - « . 

34.  A  rectangular  target  faces  due  south,  being  vertioal  and  standing 
on  a  horizontal  plane.  Compare  the  area  of  the  target  with  that  of  its 
shadow  on  the  ground  when  the  sun  is  ^  from  the  south  at  an  altitude 
of  o°. 

35.  A  spherical  ball,  of  diameter  8,  subtends  an  angle  a  at  a  man's 
eye  when  the  elevation  of  its  centre  is  j3 ;  prove  that  the  height  of  the 

centre  of  the  ball  is  »  '  si^/Scoseo  ^ . 

36.  A  man  standing  on  a  plane  observes  a  row  of  equal  and  equi- 
distant pillars,  the  10th  and  17th  of  which  subtend  the  same  angle  that 
they  would  do  if  they  were  in  the  position  of  the  first   and    were 

respectively  -  and  ^  of  their  height.    Prove  that,  neglecting  the  height 

of  the  man's  eye,  the  line  of  pillars  is  inclined  to  the  line  drawn  to  the 
first  at  an  angle  whose  secant  is  nearly  2*6. 

For  the  following  four  examples  a  book  of  tables  will  be  wanted. 

37.  -^  cuid  B  are  two  points,  which  are  on  the  banks  of  a  river  and 
opposite  to  one  another,  and  between  them  is  the  mast,  PN,  of  a  ship ; 
the  breadth  of  thcriver  is  1000  feet,  and  the  angular  elevation  of  P  at  il 
is  14°  20'  and  at  B  it  is  8°  lO'.     What  is  the  height  of  P  above  AB  ? 

38.  AB  is  a  line  1000  yards  long ;  B  is  due  north  of  A  and  from  B 
a  distant  point  P  bears  70°  east  of  north ;  at  ^i  it  bears  41°  22'  east  of 
north ;  find  the  distance  from  ^  to  P. 

39.  -4  is  a  station  exactly  10  miles  west  of  B,  The  bearing  of  a 
particular  rock  from  A  is  74°  19^  east  of  north,  and  its  bearing  from  B  is 
26""  51'  west  of  north.    How  far  is  it  north  of  the  line  AB  ? 

40.  The  summit  of  a  spire  is  vertically  over  the  middle  point  of  a 

horizontal  square  enclosure  whose  side  is  of  length  a  feet ;  the  height  of 

the  spire  is  h  feet  above  the  level  of  the  square.     If  the  shadow  of  the 

spire  just  reach  a  comer  of  the  square  when  the  sun  has  an  altitude  $, 

prove  that 

^^2=a  tan^. 

Calculate  h,  having  given  a = 1000  feet  and  0  =  25°  15'. 

16—2 


CHAPTER  XV. 


PROPERTIES  OF  A  TRIANGLE. 


198.    Area  of  a  given  triangle.     Let  ABC  be  any 

triangle,  and  AD  the  perpen- 
dicular drawn  from  A  upon  the 
opposite  side. 

Through  A  draw  EAF  parallel 
to  BC,  and  draw  BE  and  GF  per- 
pendicular to  it.  By  Euc'i.  41, 
the  area  of  the  triangle  ABC 

=  i  rectangle  BF=^  ^BC.  CF=  ^ .  AD, 

But  AD  =  ^5sin  5  =  c  sin  B. 

The  area  of  the  triangle  ABC  therefore  =  ^ca  sin  B. 
This  area  is  denoted  by  A. 

Hence  A  =  |ca8inB  =  |ab8inC  =  |bC8inA ...(1). 

2    / 

By  Art.  169,  we  have  mnA=j-  ws  (s  —  a)  («  —  b)  (s  —  c), 


so  that      A  =  Jftc  sin  A  =  Vfl  (s  —  a)  (s  —  b)  (s  —  c) . .  .(2). 
This  latter  quantity  is  often  called  S, 
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EXAMPLES.    XXZV. 

Find  the  area  of  the  triangle  ABC  when 

I.  a=13,  &=14,  and  6=e15.  2.  a=:18,  5=24,  and  6=80. 
3.  a»25,  &=52,  and  es63.  4,  a=125,  6=128,  and  6=62. 
5.    a=15,    6=86,    and  e=89.     6.    a=287,    5s816,  and  6=865. 

7.  a  =  85,     &='84,    and  6  =  91. 

8.  a=V8,    6=^2,    and  6=^^^^^. 

9.  If  £=45^  (7=60°,  and  a=2  (V^+l)  inehes,  proye  that  the  area 
of  the  triangle  is  6+2/^8  sq.  inohes. 

10.  The  sides  of  a  triangle  are  119,  111,  and  92  yards ;  proye  that  its 
area  is  10  sq.  yards  less  than  an  acre. 

II.  The  sides  of  a  triangular  field  are  242,  1212,  and  1450  yards ; 
prove  that  the  area  of  the  field  is  6  acres. 

12.  A  workman  is  told  to  make  a  triangular  enclosure  of  sides  50, 41, 
and  21  yards  respectively ;  having  made  the  first  side  one  yard  too  long, 
what  length  must  he  make  the  other  two  sides  in  order  to  enclose  the 
prescribed  area  with  the  prescribed  length  of  fencing  ? 

13.  Find,  correct  to  '0001  of  an  inch,  the  length  of  one  of  the  equal 
sides  of  an  isosceles  triangle  on  a  base  of  14  inches  having  the  same  area 
as  a  triangle  whose  sides  are  18*6, 15,  and  15-4  inches. 

14.  Prove  that  the  area  of  a  triangle  is  Ja' . — -. —  . 

If  one  angle  of  a  triangle  be  60°,  the  area  10  JZ  square  fiBet,  and  the 
perimeter  20  feet,  find  the  lengths  of  the  sides. 

3 

15.  The  sides  of  a  triangle  are  in  a.p.  and  its  area  is  v  ths  of  an 

o 

equilateral  triangle  of  the  same  perimeter ;  prove  that  its  sides  are  in  the 
ratio  8:5:7,  and  find  the  greatest  angle  of  tiie  triangle. 

16.  In  a  triangle  the  least  angle  is  45°  and  the  tangents  of  the  angles 
are  in  a.p.  If  its  area  be  8  square  yards,  prove  that  the  lengths  of  the 
sides  ore  3/^5,  6^2,  and  9  feet,  and  that  the  tangents  of  the  other  angles 
are  respectively  2  and  8. 
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17.  The  lengths  of  two  sides  of  a  triangle  are  one  foot  and  J^  feet 
respectively,  and  the  angle  opposite  the  shorter  side  is  30° ;  prove  that 
there  are  two  triangles  satisfying  these  conditions,  find  their  angles,  and 
shew  that  their  areas  are  in  the  ratio 

V8+1:V3-1. 

18.  Find  by  the  aid  of  the  tables  the  area  of  the  larger  of  the  two 
triangles  given  by  the  data 

^=81°  16',  a=5ins.,  and  6=7 ins. 

199.  On  the  circles  connected  with  a  given 
triangle. 

The  circle  which  passes  through  the  angular  points  of 
a  triangle  ABC  is  called  its  circumscribing  circle  or,  more 
briefly,  its  circumcircle.  The  centre  of  this  circle  is 
found  by  the  construction  of  Euc.  iv.  5.  Its  radius  is 
always  called  R, 

The  circle  which  can  be  inscribed  within  the  triangle 
so  as  to  touch  each  of  the  sides  is  called  its  inscribed 
circle  or,  more  briefly,  its  incircle.  The  centre  of  this 
circle  is  found  by  the  construction  of  Euc.  iv.  4.  Its  radius 
will  be  denoted  by  r. 

The  circle  which  touches  the  side  BC  and  the  two 
sides  AB  and  AG  produced  is  called  the  escribed  circle 
opposite  the  angle  A,    Its  radius  will  be  denoted  by  r^. 

Similarly  r^  denotes  the  radius  of  the  circle  which 
touches  the  side  GA  and  the  two  sides  BG  and  BA 
produced.  Also  r,  denotes  the  radius  of  the  circle  touch- 
ing AB  and  the  two  sides  GA  and  GB  produced. 

200.  To  find  the  magnitude  of  iJ,  the  radius  of  the 
drcmruyircle  of  any  triangle  ABG, 

Bisect  the  two  sides  BG  and  GA  in  D  and  E  respec- 
tively, and  draw  -DO  and  EG  perpendicular  to  BG  and  GA. 


RADIUS  OF  THE  CIRCUMCIRCLE. 


231 


By  Euc.  IV.  5,  0  is  the  centre  of  the   circumcircle. 
Join  OB  and  OC. 


FIg.l.  Fig.  2.  Fig.  3 

The  point  0  may  either  lie  within  the  triangle  as  in 
Fig.  1,  or  without  it  as  in  Fig.  %  or  upon  one  of  the  sides 
as  in  Fig.  3. 

Taking  the  first  figure,  the  two  triangles  BOD  and 
COB  are  equal  in  all  respects,  so  that 

/:BOD^/.COD, 

.\  /.BOD^\/.BOC^/.BAG    (Euc.  in.  20), 

Also  BD^BOsmBOD. 

.'.  ^  =  iC8inil. 

If  A  be  obtuse,  as  in  Fig.  2,  we  have 
Z  BOD  =  i  Z  BOG  =  Z  BLC  =  180°  -  A  (Euc.  in.  22), 
so  that,  as  before,  sin  BOD  =  sin  A, 

a 


and 


12  = 


2  sin  il ' 
If  ^  be  a  right  angle,  as  in  Fig.  3,  we  have 


a 


B^OA^OG^"^ 


a 


2  sin  J. 


,  since  in  this  case  sin  ^  ==  1. 
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The  relation  found  above  is  therefore  true  for  all 
triangles. 

Hence,  in  all  three  cases,  we  have 

a  b  c 


Bs 


3  sin  A ""  3  sin  B  "  3  sin  C 


(Art.  163). 


201.     In  Art.  169  we  have  shewn  that 


where  8  is  the  area  of  the  triangle. 

Substituting  this  value  of  sin  A  in  (1),  we  have 

abc 


B  = 


48 


giving  the  radius  of  the  circumcircle  in  terms  of  the  sides. 

« 
202.     To  find  the  vcUtie  of  r^  the  radius  of  the  incirde 

of  the  triangle  ABC, 

Bisect  the  two  angles  B  and  C  by  the  two  lines  BI 
and  CI  meeting  in  /. 

By  Euc.  III.  4,  /  is  the 
centre  of  the  incircle.  Join 
I  A,  and  draw  ID,  IE,  and 
IF  perpendicular  to  the 
three  sides. 

Then  ID=IE=:  IF ^r. 

We  have 

area  of  A  IBC ^\ID.BC^^.a, 

area  of  A  ICA  =  \IE .  C4  =  Jr .  6, 

and  area  of  A  lAB  =  \IF.  AB^\r.  c. 
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Hence,  by  addition,  we  have 

^.a  +  lr.6  +  ir'.c=  sum  of  the  areas  of  the  triangles 

IBG,  ICA,  and  lAB 

m 

s  area  of  the  A  ABC, 

a+b+c     o 
t.e,  r g —  =  o, 

so  that  r.«  =  fif. 

S 
/.  rss-. 

f   - 

203.  Since  the  angles  IBD  and  IDB  are  respectively 
equal  to  the  angles  IBF  and  IFB,  the  two  triangles  IDB 
and  IFB  are  equal  in  all  respects. 

Hence        BD  =  BF,  so  that  2BD  -=^BD  +  BF. 

So  also       AE=^AF,  so  that  2AE^  AE+AF, 
and  CE  =  CD,  so  that  2CE  ^CE-h  CD. 

Hence,  by  addition,  we  have 
2BD  +  2AE+2CE=(BD  +(7i))+ (CE+  AE)  +  (ili^+ ^J5), 
i,e.  2BD  +  240  =  BO  +  0^  +  -4  A 

Hence  BD^8-h--BF\ 

so  GE^8-c^CD, 

and  AF==8  —  a  =  AE, 

Now  ^^  =  tan  752)  =  tan  ^  . 

.-.  r  =  /i)  =  JBi)tan~=:(«-6)tan^. 
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So      r^  IE  =CEtajiICE  =  {s-c)  tan^, 


and  also  r  =  JF=jP-4 tan/il-P=(5-a)tan  ^. 

A  B 

Hence    r  =  (s  -  a)  tan  7  =  (s  -  b)  tan  o  =  ("  "" 


c)tanj, 


204.    A  third  value  for  r  may  be  found  as  follows : 

we  have    a=^  BD -h  DC  =  ID  cot  IBD  + ID  cot  ICD 

B  C 

=  ?'  cot  -^  +  r  cot  ^ 

B  On 

cos  -^      COS  -^ 

+ 


=  r 


.    B 
sin  "2     sin-gj 


.  B  ,   c     r,  c 

.'.  a  sin  -^  sin  -^  =  r    sm  -^ 


B 

cos  ^  +  cos 


G    .    Bl 


=?r  sm 


(|4)=,.n[,0.-4]- 


rcos  -s. 


.'.  r  =  a 


.    B  .    C 

CO82 


A       A 
Cor.     Since  a  ^  2iJ  sin  -4  =  4i2  sin  -^  cos-^  , 


we  have 


.  -rx    •    A    .     B    •     G 
r  =  4it  sm  -^  sm  -^  sm  — . 

iS  iS  ^ 


206.     To  find  the  value  of  Vi,  the  radius  of  the  escribed 
circle  opposite  the  angle  A  of  the  triangle  ABG, 
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Produce  AB  and  AC  to  L  and  M. 

Bisect  the  angles  CBL  and 
BOM  by  the  lines  BI^  and  CI^ 
and  let  these  lines  meet  in  /i. 

Draw  /lA,  Ii^u  and  I^Fj^ 
perpendicular  to  the  three  sides 
respectively. 

The  two  triangles  IiDiB  and 
IjFiB  are  equal  in  all  respects, 

so  that  /i^i  =  /lA. 

Similarly  /i A  =  ^i  A- 

The     three     perpendiculars 
/iA>  -^iA>  and  IiFi  being  equal,  the  point  Ii  is  the  centre 
of  the  required  circle. 

Now  the  area  ABI^G  is  equal  to  the  sum  of  the 
triangles  ABC  and  IxBC\  it  is  also  equal  to  the  sum  of 
the  triangles  IiBA  and  I^GA, 

Hence 

A-4J50+  AI^BC=  AI.CA  +AI1AB. 
.-.  8  +  ^I^D„BC=^I,E,.CA+^I,F,.AB, 
i.e.  <Sf  +  iri.a  =  iri.6  4-iri.c. 

.    o-^  r^  +  g-Q^1^^  [b  +  c  +  a       1         , 
..  i3  =  nl 2 —  in 2 aj=ri(«-a). 


^1  = 


8 


-a 


Similarly  it  can  be  shewn  that 

8  .  8 

r«  =       -  ,  and  r.  =  ^— 

*      B-b  '       B- 
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206.  Since  AE^  and  AF^  are   tangents,  we   have, 
as  in  Art.  203,  AE^  =  AF^. 

Similarly,    BF,=:BD,,Si.nd  CE,=^CD,. 

.-.  2AE,  =  AE,  +  AF,  =  AB  +  BF,  +  AC  +  CE, 

^AB  +  BD,  +  AC+CD,^AB  +  BG+CA=2s. 

.-.  AE^  =  8  =  AFi. 

Also,         BD^  =  BF^^AF^'-'AB  =  8-'C, 

and  (7A  =  CE,=:AE,-AC  =  8-b. 

:.  I^Ei^^AEitanl^AE^, 

i.e,  TiSiB  tan  ^ . 

207.  A  third  value  may  be  obtained  for  Vi  in  terms  of 
a  and  the  angles  B  and  C, 

For,  since  IiC  bisects  the  angle  BCE^,  we  have 
Z  /i(7A  =  i(180°  -  (7)  =  90°  -  ^ . 

So  Z/i5A  =  90°-|. 

.-.  a  =  BC=:BD^  +  D^C 

=  /lA  cot  /i£A  +  /lA  cot  JiCA 
5 


=  n  Uan  ^ 


+  tan 


,    B      .    C' 
cos  -^     cos  -^ 
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B       C        (  .    B       C  B  .    C\ 

.'.  a  cos  -5^  cos  -^  =  r*!  ( sm  -^  cos  -5-  +  cos  -^  sin  -^  J 

=  risin  ("2  +  "2)  ^ ^^ ^^^  (^^°"  2")'*^'^^  2"' 

B       C 

cos -^  cos -^ 

cos^ 

A       A 
Cor.     Since  a  =  2i2  sin  ii  =  4sR  sin  -^  cos  -^ , 

we  have  rj  =  4-B  sin  -^  cos  -^  cos  ^ . 


EXAMPLES.    ZXXVI. 

1.  In  a  triangle  whose  sides  are  18,  24,  and  80  inches  respeotively, 
prove  that  the  cironmradias,  the  inradins,  and  the  radii  of  the  three 
escribed  circles  are  respectively  15,  6, 12, 18,  and  36  inches. 

2.  The  sides  of  a  triangle  are  13, 14,  and  15  feet ;  prove  that 

(1)  i2=8J  ft.,        (2)  r=4  ft.,         (8)  ri=10J  ft., 
(4)  r3=12  ft., and  (5)  r,=  14  ft. 

3.  In  a  triangle  ABC  if  a= 18,  &= 4,  and  cos  C=  -  ^a  1  find 

4.  In  the  ambigaoas  case  of  the  solution  of  triangles  prove  that  the 
circnmcircles  of  the  two  triangles  are  equal. 

Prove  that 

5.  ri(«-o)s=r2(«-6)=rg(«-<j)=sr«=Bfif. 

6.  ;^=tan2-.  7.    rrirar8=5r*. 

8.    rir2r8=f»cot»^cot«2Cots^.  9.    jT^cot^sS. 
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10.    rar8+r,ri  +  rir2=«' 


—  «2 


,,111 
11.    -  +  -  +  r 


i=0. 
r 


12.  a(rri+r,r8)=6(rr2  +  r8ri)=c(rr,+rirj). 

C  ^       d 

13.  (ri+ra)tan^=(r8-r)oot2=c. 

14.  5=2223  gin^  sin^sin  C. 

15.  4B Bin^ sin JB sin  C=a cos ^  +  6cob B  +  c cos  C. 

^        B        (7 

16.  S=4JBrcoB-g  cos-^-coB-^. 

17.  1+1.  l^l=«^^±^.  18.    r,+r,+r,-r=«. 


r*  '  ri« 


52 


19.    (ri-r)(r2-r)(r8-r)=4J2r». 


20.    i-+— +  ri:= 


&c     ca     a5     2jRr' 


22.    r»+ri2+ra2+r8«=16i2'»-a2-6«-c2. 

208.  Orthocentre    and  pedal   triangle   of    any 
triangle. 

Let  ABC  be  any  triangle,  and  let  AK,  BL,  and  CM  be 
the  perpendiculars  from  A,  B,  and  C 
upon  the  opposite  sides  of  the  tri- 
angle. It  can  be  easily  shewn,  as 
in  most  editions  of  Euclid,  that 
these  three  perpendiculars  meet  in 
a  common  point  P.  This  point  P 
is  called  the  orthocentre  of  the 

triangle.  The  triangle  KLM,  which  is  formed  by  joining 
the  feet  of  these  perpendiculars,  is  called  the  pedal 
triangle  of  ABC. 

209.  Distances  of  the  orthocentre  from  the  angular 
points  of  the  triangle. 
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We  have  PK  =  KB  tan  PBK  =  Z5  tan  (90°  -  C) 

=  AB  cos  5  cot  (7  =  -r— ^cos  jBcos  C 

smG 

=  2i2  cos  5  cos  C  (Art.  200). 

Again       AP  =  AL.8ecKAC 

a=  c  cos  -4  .  cosec  C 

^- — Pi.  cos  J. 
sinC/ 

=  2i2  cos  ^  (Art.  200). 

So  £P=  2jRcos5,  and  (7P=  212 cos C. 

The  distances  of  the  orthocentre  from  the  angular 
points  are  therefore  2i2  cos  ^,  2i2  cos  B,  and  2iZ  cos  (7;  its 
distances  from  the  sides  are  2i2cos£cos(7,  212  cos  (7  cos  ^, 
and  212  cos  A  cos  B. 

210.     To  find  the  sides  and  angles  of  the  pedal  triangle. 

Since  the  angles  PKC  and  PLC  are  right  angles,  the 
points  P,  i,  0,  and  iT  lie  on  a  circle. 

.-.   /.  PKL  =  Z  PaZ        (Euc.  III.  21) 
=  90°  -  A, 
Similarly,  P,  iT,  £,  and  M  lie  on  a  circle,  and  therefore 

/iPKM=^  aPBM 
=  90°-il. 
Hence  Z  JlfZZ  =  180"  -  2 J 

=  the  supplement  of  24. 
So  ZirZir=180°-25, 

and  zZJfir=180"-2a 
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Again,  firom  the  triangle  ALM,  we  have 

LM  ^      AL     ^ABcosA 
sinA^maAML     cor  P  ML 

c  cos  A       c  cos  A 


COB  PAL       sinC 


/.  LM= 


sin  C 


sin  A  cos  A 


So 


=  a  cos  il.  (Art.  163.) 

MK=  bcosB,  and  KL  =  c  cos  (7. 


The  sides  of  the  pedal  triangle  are  therefore  a  cos  A, 
bcosB,  and  ocosC;  also  its  angles  are  the  supplements 
of  twice  the  angles  of  the  triangle. 

211.  Let  /  be  the  centre  of  the  incircle  and  Ii,  /g,  and 
Is  the  centres  of  the  escribed  circles 
which  are  opposite  to  A,  B,  and  C 
respectively.  As  in  Arts.  202  and 
205,  IC  bisects  the  angle  A  CB,  and 
IiG  bisects  the  angle  BCM, 

.-.   ZICI,  =  ZIGB  +  ZI,CB 

=  ^jiACB  +  izMCB 

^^[ZACB+ZMCB] 

=  1 .  180°  =  a  right  angle. 

Similariy,    Z  ICI^  is  a    right 
angle. 

Hence  /iC/g  is  a  straight  line  to  which  IC  is  perpen- 
dicular. 

So  /jil/s  is  a  straight  line  to  which  lA  is  perpen- 
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dicular,  and  I^BI^  is  a  straight  line  to  which  IB  is  perpen- 
dicular. 

Also,  since  I  A  and  IiA  both  bisect  the  angle  BAC, 
the  three  points  A,  /,  and  /i  are  in  a  straight  line. 
Similarly  BII^  and  (7//,  are  straight  lines.  Hence  IilJt 
is  a  triangle,  which  is  such  that  A^  By  and  C  are  the  feet 
of  the  perpendiculars  drawn  from  its  vertices  upon  the 
opposite  sides,  and  such  that  /  is  the  intersection  of  these 
perpendiculars,  %.e,  ABC  is  its  pedal  triangle  and  /  is  its 
orthocentre. 

The  triangle  IJJt  is  often  called  the  excentric  triangle. 

212.  Centroid  and  Mediani  of  any  Triangle. 

If  ABC  be  any  triangle,  and  D,  E^  and  F  respectively 
the  middle  points  of  BO,  CA,  and 
AB,  the  lines  AD,  BE,  and  CF  are 
called  the  medians  of  the  triangle. 

It  is  shewn  in  most  editions  of 
Euclid  that  the  medians  meet  in  a 
common  point  0,  such  that 

AG^iAD,  BO=^iBE, 
and  CO^iCF. 

This  point  0  is  called  the  centroid  of  the  triangle. 

213.  Length  of  the  medians.    We  have,  by  Art.  164, 

AI>^AC^  +  CI>-2AC.CDoosC 

=  6^  +  ^ -at cos (7, 

and  c2  =  62  +  a2-2a6cos(7. 

L.  T.  16 
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a« 


Hence  2.1i)»-c»  =  6'- ^ , 


so  that  AD  =  \^W+2K^-a\ 

Hence  also  AD  =  ^  \/6«  +  c»  +  26c  cos  A    (Art.  164.) 
So  also 


5JS?=  i  V2c«  +  2a*  -  6«,  and  a^  =  i  V2a«  +  26« -  c». 

214     Angles  that  the  median  AD  makes  iinth  the  sides. 
If  the   Z  BAD  =  /3,  and  Z  (742)  =  7,  we  have 

sin  7  _  DC  _  a 
SnC"'ZD~2i' 

a  sin  G  a  sin  (7 

/.  sm  7  =  —^ =   ,  ,  . 

2^         V2t*  +  2c2  -  a^ 

o*    -1    1  •    o  asinB 

Similarly,         sm  p  = 


V263  +  2c*  ~  a» ' 

Again,  if  the  Z  -4i)(7  be  0,  we  have 

sing  _  4(7  _  6 
sin  (7  ~"  4.i)  ~  X  ' 

b  sin  (7  26  sin  (7 


.•,  sin  0  = 


^         726*+ 2c* -a*' 


The  angles  that  AD  makes  ^ath  the  sides  are  therefore 
found. 

216.     The  centroid  lies  on  the  line  joining  the  circum- 
centre  to  the  orthocentre. 


CIRCUMCENTRE  AND  ORTHOCENTRE. 
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Let   0  and  P  be  the  circumcentre  and  orthocentre 
respectively.     Draw   OD   and 
PK  perpendicular  to  BC. 

Let  AB  and  OP  meet  in  0. 

The    triangles    OOD   and 
PGA  are  cleai-ly  equiangular. 

Also,  by  Art.  200, 

0Z>  =  22  cos  J 

and,  by  Art.  209, 

AP=2RcoqA. 

« 

Hence,  by  Euc.  VI.  4, 

AO^AP 
GD'  OD'^  ' 

The  point  G  is  therefore  the  centroid  of  the  triangle. 
Also,  by  the  same  proposition, 

OG_OD      1 
OP     AP  "  2* 

The  centroid  therefore  lies  on  the  line  joining  the 
circumcentre  to  the  orthocentre,  and  divides  it  in  the  ratio 
1  :2. 

It  may  be  shewn  by  geometry  that  the  centre  of  the 
nine-point  circle  (which  passes  through  the  feet  of  the 
perpendiculars,  the  middle  points  of  the  sides,  and  the 
middle  points  of  the  lines  joining  the  angular  points 
to  the  orthocentre)  lies  on  OP  and  bisects  it. 

The  circumcentre,  the  centroid,  the  centre  of  the 
nine-point  circle,  and  the  orthocentre  therefore  all  lie  on  a 
straight  line. 

216.  Distance  between  the  circumcentre  and  the  ortho- 
centre. 

16—2 
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If  OF  be  perpendicular  to  AB,  we  have 

Z  OAF^  90°  -  /lAOF-:-  90°  -  0. 
Also       zP^i  =  90° -a 

.-.  /.OAP^-A'-z.OAF-Z.PAL 

=  ^~2(90°- (7)  =  ^ +  2(7-180" 

=^+2a-(ii+£+a)=a-£. 

Also  OA  =  iJ,  and,  by  Art.  209, 

Pul=2i2cos^. 
'  .-.  OF'^OA^  +  PA^-WA.PAco^OAP 

=  iP  +  4i22  cosM -- 4i?  cos  ^  cos  ((7  -  5) 
=  i2«  +  4JB«  cos  A  [cos  J.  -  cos  (C  -  £)] 

=  iJ2  -  4i22  cos  ^  [cos  (5  +  (7)  +  cos  ((7  -  ^)] 

(Art.  72), 
=  i?  —  8fi2  cos  -4  cos  5  cos  (7. 

.-.  0P  =  JB  Vl  -  8  cos^  cos  j8 cos  (7. 


*217.     To  find  the  distance  between  the  drcumcentre 
and  the  incentre. 

Let  0  be  the  circumcentre,  and 
let  OF  be  perpendicular  to  AB. 

Let  /  be  the  incentre,  and  IE 
be  perpendicular  to  AC, 

Then,  as  in  the  last  article, 

Z  0^1^=90°- a 

.-.   ZOAI^ZIAF-^OAF 

—  "^      /QAo     r\^'^tn    ^+^+  ^      C  —  B 
__-.(90  -(7)^_  +  C7 =-2- 
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Also  ^/=-^  =  -^-4B8m^8inJ(Art.204  Cor.). 
ainj     an  J 

.:  0P=  OA'  +  AI*  -  iOA .  AI  cos  OAJ 

=  i?  +  16ii»  8in«  I  sin' ^  -  Si?  sin  ^  gin  J  cos  ^^ . 

.-.     -^  =  1  + 16  sm' 2"  8m»  Y 

^  .  B  .  cr    B     c    .  B  .  cr\ 

—  Ssin-g  8in-5    cos -„  cos -g  +  sin -g  sm  "5 

^     .  .    B  .    G  (      B       C      .    B  .    C\ 
=  1  — 8 sin -g  sin  -5  ( c<m  f"''<'^'«~8Ui5-sui-5-) 

,     .  .    B  .    C       B  +  0 
=  1  —  8  sin  a-  sin  -5-  cos  — ^ — 

BOA 
=  1  — 88in^  sin^sin  ■=■      (Art.  69) (1). 


^R^J\- 


.*.  0/  =  i2  A  /  1  —  8  sin  -^  sin  -^  sin  -^ . 


Also  (1)  may  be  written 

0/»-l?-2iJx4U8in^8in|8in^ 

=  1?  -  2i2r.  (Art.  204.  Cor.) 

In  a  similar  manner  it  may  be  shewn  that,  if  I^  be  the 
centre  of  the  escribed  circle  opposite  the  angle  A,  we  shall 
have 


^i  =  i2>y/i 


Oh  =  -RA/l  +  8  8in-^cos-^cos-5, 


and  hence  0/x»  =  IP  +  2i?n.         (Art.  207.  Cor.) 
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Alltar.    Let  01  be  produced  to  meet  the  oircomoirole  of  the  triangle 
m  5  and  T,  and  let  AUj^  meet  it  in  H, 
By  Eno.  in.  85,  we  have 

SI.IT=AI.IH (2). 

But  5I.ir=(i?+0I)(i?-0I)=JR»-0I«. 

Also  lHIC=  IICA+  lIAC=  IICB+  iHAB 

^lICB+  iHCB 

=  IHCL 
/.  HI=  HC = 2B  sin  ^ .     (Art.  200.) 

Also  Jl=J£j  =  -L-. 

sm-     sin^ 

Substituting  in  (2),  we  have 

iP-OI«=2/2r, 
U.  0I«= JR»-2Br. 

Similarly,  we  can  shew  that  I^H=I^C,  and  hence  that 

I^O^-B^=I^H,I^A:=z2Rr^, 
ue.  IiOa=iJ«  +  2iJri. 

218.    Bisectors  of  the  angles. 

If  AD  bisect  the  angle  A  and 
divide  the  base  into  portions  x  and 
y,  we  have,  by  Euc.  vi.  3, 
X     AB     c 


y     AG     y 

*'  c^h^b  +  c  ~6  +  c 
giving  X  and  y» 

Also,  if  S  be  the  length  of  AD  and  6  the  angle  it 
makes  with  BC,  we  have 

l^ABD+t^ACD^t^ABa 
^cSsin  -^  +  ^hh ^in -^ ^-^bcsiVL A, 


•  • 
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^       be   sin  A      26c        A  .^. 

%.e.  0  =  7--: —        J  «  y — cos -ft  (2). 

6  +  c   .    A     6  +  c        2  ^  ^ 

sin^ 

Also  d  =  /D^5  +  B  =  ^+5  (3). 

We  thus  have  the   length  of  the  bisector  and  its 
inclination  to  BC, 


EXAMPLES.    XXXVn. 

If  J,  Jj,  Ig,  and  I,  be  respeotively  the  centres  of  the  inoirole  and  the 
three  escribed  circles  of  a  triangle  ABC,  prove  that 

1,  ^I=r  cosec-^. 

2,  Iil.IB.ICr=a&ctan^tan|tan^. 

A  A 

3,  illi=r2  cosec  ^.  4.    IIi=a8ec  ^  . 

5.    jy, = a  cosec  s-  •  6.    Hi .  lij .  11$ = lOBV. 

7.    JA"=4B(rg+r3).  8.     ZVA=^. 

10.    Area  of  Aliljlgs  8i2*  cos  -^^  cos  -j-  cos  ^  =  ^^ . 

AAA      2r 

sin^  sinjB  sinC    * 

If  7,  O,  and  P  be  respectively  the  incentre,  drotimcentre,  and  ortho- 
centre,  and  O  the  centroid  of  the  triangle  ABC,  prove  that 

12.  70«=iJ2(3-2cos-4-2cos5-2cosC). 

13.  7J»=2r3-4i2»cos^cosBcosC. 

14.  OQ^=R*-^{a^+hi+<^). 

16.    AreaofA70P=2ie2sin5^sin^^sin^^. 

A  A  2 


248  TRIGONOMBTBY.  [En.  XXXVIL] 

16.  Areaof  AiPO=|iP gill  ?^  gill  ^^  Bin  ^^. 

O  M  M  M 

17.  Prove  that  the  distaiMe  of  the  centre  of  the  nine-point  eirde  from 
the  angle  A\b  —  Jl-^SooBAanBanC- 

18.  D£l^  18  the  pedal  triangle  of  ii£C;  pro?e  that 

(1)  its  area  is  2£f  008 if  008 Boob C, 

(2)  the  xadiDs  of  its  dieameiiele  is  -^ , 

and    (3)    theradinsof  itsindideisSBcosJoosBoosC. 

19.  Ojpfi^  is  the  triangle  formed  by  the  centres  of  the  escribed  eirolee 
of  the  triangle  ABC\  prove  that 

A  B  C 

(1)  its  sides  are  ifi  cos  -^ ,  4B  cos  -^ ,  and  4B  cos  ^ , 

(2)  itsanglesare^- J,  ^-^,and|-^, 

and    (3)    its  area  is  2Bs, 

20.  DEF  is  the  triangle  formed  by  joining  the  points  of  contact  of 
the  indrde  with  the  sides  of  the  triangle  ABC;  prove  that 

A  B  C 

(1)  its  sides  are  2r cos ^,  2r  cos  ^,  and 2r cos ^, 

#«.    -x         1  r     A    V     B        .  V     C 

(2)  itsanglesare  j-j.g- j,andj- J, 

2;S*  1  r 

and   (3)    its  area  is  -r— ,  i.«.  -x-zzS. 

21.  I>»  E,  and  F  are  the  middle  points  of  the  sides  of  the  triangle 
ABC;  prove  that  the  centroid  of  the  triangle  DEF  is  the  same  as  that  of 
ABCf  and  that  its  orthocentre  is  the  oiroamcentre  of  ABC. 

In  any  triangle  ABd  prove  that 

22.  The  perpendicular  from  A  divides  BC  into  portions  which  are 
proportional  to  the  cotangents  of  the  adjacent  angles,  and  that  it  divides 
the  angle  A  into  portions  whose  cosines  are  inversely  proportional  to  the 
adjacent  sides. 

23.  The  median  through  A  divides  it  into  angles  whose  cotangents 

are  2  cot  ^ +cot  C  and  2  cot  ^ +cot  B,  and  makes  with  the  base  an  angle 

1 
whose  cotangent  is  ^  (cot  C  ~  cot  B), 
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24.  The  distance  between  the  middle  point  of  BC  and  the  foot  of  the 
perpendicular  from  A  is  — ^—  • 

25.  O  is  the  orthocentre  of  a  triangle  ABC ;  prove  that  the  radii  of 
the  circles  oironmscribing  the  triangles  BOC^  CO  A,  AOBi  and  ABC  are 
all  equal. 

26.  ^I>>  BEf  and  CF  are  the  perpendioolars  from  the  angular  points 
of  a  triangle  ABC  npon  the  opposite  sides ;  prove  that  the  diameters  of 
the  circtimciroles  of  the  triangles  AEF^  BDF,  and  CDE  are  respectively 
a  cot  ^,  &  cot  B,  and  e  cot  (7,  and  that  the  perimeters  of  the  triangles  DEF 
and  ABC  are  in  the  ratio  r  :  R, 

27.  Prove  that  the  prodact  of  the  distances  of  the  inoentre  from  the 
angular  points  of  a  triangle  is  4fir*. 

28.  The  triangle  DEF  dronmsoribee  the  three  escribed  circles  of  the 
triangle  ABC ;  prove  that 

EF    _    FD    _    BE 
a  cos  A  ~"  6cos  B^  e  cos  C ' 

29.  If  a  cirde  be  drawn  touching  the  inscribed  and  circumscribed 
circles  of  a  triangle  and  the  side  BC  externally,  prove  that  its  radius  is 

-  tan»-5. 
a  2 

30.  If  a,  h,  and  c  be  the  radii  of  three  circles  which  touch  one  another 
externally,  and  r^  and  r^  be  the  radii  of  the  two  circles  that  can  be  drawn 
to  touch  these  three,  prove  that 

112     2     2 

=-  +  -  +  -. 

fj        r^      a     0     e 

31.  If  Aq  be  the  area  of  the  triangle  formed  by  joining  the  points  of 
contact  of  the  inscribed  drde  with  the  sides  of  the  given  triangle,  whose 
area  is  A,  and  A^,  Ag,  and  A,  the  corresponding  areas  for  the  escribed 
circles,  prove  that 

Ai  +  Aa  +  A3-Ao=2A. 

32.  If  the  bisectors  of  the  angles  of  a  triangle  ABC  meet  the  opposite 
sides  in  A'i  B',  and  C,  prove  that  the  ratio  of  the  areas  of  the  triangles 
A'B'C  and  ABC  is 

.   .    A    .    B  ,    C  A-B        B~C        C-A 

2 sin -5  sm -^  sm -g  :  cos  — g—  cos  —5—  cob  — o"  • 
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33.  Throng  the  angnlar  points  of  a  triangle  are  drawn  straight 
lines  which  make  the  same  an^  a  with  the  opposite  sides  of  the  triangle ; 
prove  that  the  area  of  the  triangle  formed  by  them  is  to  the  area  of  the 
original  triangle  as  4oofli>a :  1. 

34.  Two  eirdes,  of  radii  a  and  &,  eat  eaeh  other  at  an  angle  0, 
Prove  that  the  length  of  the  oommon  ehord  is 

35.  Three  equal  circles  touch  one  another;  find  the  radios  of  the 
circle  which  touches  all  three. 

36.  Three  circles,  whose  radii  are  a,  b,  and  e,  touch  one  another 
externally  and  the  tangents  at  their  points  of  contact  meet  in  a  point ; 
prove  that  the  distance  of  this  point  from  either  of  their  points  of  contact  is 


f    abe     \h 


37.  In  the  sides  BC,  CA ,  AB  are  taken  three  points  A\  B\  C  such  that 

BA' :  A'Cr^CB' :  B'A^AC  :  CB=m  :  n; 

prove  that  if  AA',  BB\  and  CC  be  joined  they  will  form  by  their  inter- 
sections a  triangle  whose  area  is  to  that  of  the  triangle  ABC  as 

38.  The  drde  inscribed  in  the  triangle  ABC  touches  the  sides  £C, 
CA,  and  AB  in  the  points  Ai^  B^  and  (7^  respectively;  similarly  the 
drole  inscribed  in  the  triangle  A^B^Ci  touches  the  sides  ia  A^,  B^^  C, 
respectively,  and  so  on;  if  A^B^C^  be  the  nth  triangle  so  formed,  prove 
that  its  angles  are 

^(-2)-(^-s).  l  +  (-2)-"(«-i). 
and  |+(_3)-«(c-r). 

Hence  prove  that  the  triangle  so  formed  is  ultimately  equilateral. 

39.  -^i^i^i  ^  the  triangle  formed  by  joining  the  feet  of  the  perpen- 
diculars drawn  from  ABC  upon  the  opposite  sides;  in  like  manner 
A^^C^  is  the  triangle  obtained  by  joining  the  feet  of  the  perpendiculars 
from  ilj,  Bi,  and  C^  on  the  opposite  sides,  and  so  on.  Find  the  values  of 
the  angles  A^^B^y  and  C„  in  the  nth  of  these  triangles. 


CHAPTER  XVI. 


ON  QUADRILATERALS  AND  REGULAR  POLYGONS. 


219.     To  find  ike  area  of  a  qtuidrilateral  which  is 
inscribable  in  a  drde. 

Let  ABCD  be  the  quadrilateral,  the  sides  being  a,  h,  c, 
and  d  as  marked  in  the  figure. 
The  area  of  the  quadrilateral 

=area  of  A^jBC+area  of  A -4DC 

=  ^AuB+\cd  sin  D  (Art.  198.) 

=  ^(a6  +  cd)8in5, 

since,  by  Euc.  ill.  22, 

Zfi  =  180'-  ZD, 

and  therefore 

sin  £  =  sin  D. 

We  have  to  express  sin  B  in 
terms  of  the  sides. 
We  have 

a»  +  68-2a6cos5  =  ^0.  =  c>  +  d«-2cdcosD. 
But         cos  D  =  cos  (180°  -  5)  =  -  cos  5. 
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Henoe 

a*+i^-2a6co8  5  =  c*  +  cP+2cdco8  5, 

Henoe 

(2  (oft  +  cd)Y 

4(a6  +  cd)« 

_  {2  (a6-hcd)+(a'-i-6^-c'-cP)}  {2(a6  ■<-cd)-(a'+6'-c'-d')} 

4(a6  +  cd)* 
{(a«+2ai+y)--(c'-2cd+d^)|{(c'4-2od+(f)-(a'-h6^-2a6)} 

4(a6  +  od)* 
^{(a  +  6y-(c-dy}{(c  +  dy-(a~6)«} 

4(a6+cd)» 

^  {(g  +  6  +  c  -  d)  (a+6-c+d)}  {(c+d  +  a-6)(c+(f-a+  6)} 

4(a6  +  cd)« 
Let 

a  +  6  +  c  +  ci=2«, 
so  that 

a  +  6  +  c-d  =  (a  +  6  +  c  +  (i)-2{i  =  2(«-d), 

a  +  6  — c  +  d=2(«  — c), 

a-6  +  c  +  d=2(«-6), 
and    — a  +  6  +  c  +  (i=2(«  —  a). 

Hence 
.  ,„     2(«-d)x2(«-c)x2(«-6)x2(«-a) 

4  (ab  +  cdy 
so  that 

(a6  +  cd) sinfi=  2 V(«-a)(«-  6)(«-c)(«-d). 

Hence  the  area  of  the  quadrilateral 


=  i(a6  +  C(2)sin£  =  V(s-a)(s-b)(s-c)(s-d). 
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220.    Since   cosB^     2(ab  +  cd)     ' 
we  have  il(7»  =  a*  +  6«- 2a6co85 


=  a*  +  6*  -  a6 


a6  +  cd 


_(a'  +  fe»)cd  +  a6(c'  +  cP) 

_  (oc  +  6rf)  (ad  +  6c) 
"~  a6  +  cci 

Similarly  it  could  be  proved  that 

P7)«  _  (qfe  +  cd)  (oc  -f  6d) 
"~  ad-\-bc 

We  thus  have  the  lengths  of  the  diagonals  of  the 
quadrilateral. 

It  follows  by  multiplication  that 

i.e.  AC.BD^AB.GD  +  BC.  AD. 

This  is  Euc.  vi.  Prop.  D. 
Again,  the  radius   of  the   circle  circumscribing  the 

quadrilateral  =  ^  -. — ^ 

_     Uac  +  bd)(ad-\-  be)  ,  .      /(s  -  a)  (g  -  6)  (s  -  c)  (g  -  d) 
"  V  i6"+cd  •     V  pTcdy 

_i    /  ((qfe  +  gd)  (c^  -H  bd)  (ad  -h  6c)) 
""^V  ((«~a)(«-6)(«-c)(5-d)r 

221.  If  we  have  any  quadrilateral,  not  necessarily 
inscribable  in  a  circle,  we  can  express  its  area  in  terms  of 
its  sides  and  the  sum  of  any  two  opposite  angles. 
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For  let  the  sum  of  the  two  angles  B  and  D  be  denoted 
by  2a,  and  denote  the  area  of  the  ^ 

quadrilateral  by  A. 

Then 

A  =  area  of  ABC  -f  area  of  ACD 
=  iab  sin  B+^cd  sin  D,  _. 

h 

SO  that  " 

4A  =  2ab  sin  B  +  2cd  sin  D. .  .(I)- 
Also    a^  +  6^  -  2a6  cos  fi  =  c^  +  d^  -  2cd  cos  D, 
so  that 

^2+  ft2 -  c^  -  rfa  =  2ah  cos  5  -  2cd  cos  D (2). 

Squaring  (1)  and  (2)  and  adding,  we  have 
16A»  +  (a^  +  6^  -  c^  -  d'Y  =  ia'b^  +  4c^d» 

—  Sabcd  (cos  5  cos  D  —  sin  jB  sin  Z>) 
=  4a262  +  id'd^  -  8a6cd  cos  (J5  +  D) 
=  4!a^b^  +  40^^^  -  Sabcd  cos  2a 
=  4a262  +  4c'd^  -  8a6cd  (2  cos«  a  -  1) 

=  4  (at  +  cd)2  -  16abcd  cos*  a, 
so  that 

16A2  =  4  (a J  +  (jd)«  _  (eja  +  J2  _  c»  -  d*)'  -  16a6cd  cos*  a 

(3). 

But,  as  in  Art.  219,  we  have 

=  2  («  -  a) .  2  («  -  6) .  2  («  -  c) .  2  («  -  d) 
=  1 6  (s  -  a)  (s  -  6)  («  -  c)  («  -  d). 

Hence  (3)  becomes 

A*  =  (5  —  a)  (s  —  6)  (s  —  c)  (s  —  d)  —  abed  cos'  a, 
giving  the  required  area. 

Cor.  1.     If  d  be  zero,  the  quadrilateral  becomes  a 
triangle,  and  the  formula  above  becomes  that  of  Art.  198. 
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Cor.  3.  If  the  sides  of  the  quadrilateral  be  given  in 
length,  we  know  a,  b,  c,  d  and  therefore  8.  The  area  A  is 
hence  greatest  when  ahcd  cos^  a  is  least,  that  is  when  cos*  a 
is  zero,  and  then  a  =  90"".  In  this  case  the  sum  of  two 
opposite  angles  of  the  quadrilateral  is  ISO""  and  the  figure 
inscribable  in  a  circle.     (Euc.  IIL  22.) 

The  quadrilateral,  whose  sides  are  given,  has  therefore 
the  greatest  area  when  it  can  be  inscribed  in  a  circla 

332.    Bz.    Find  the  area  of  a  quadrilateral  whleh  can  have  a  eirele 
interibed  in  it. 

If  the  quadrilateral  A  BCD  can  have  a  oirole  inscribed  in  it  ao  as  to 

toach  the  sides  AB,  BC,  CD,  and  D^l  in  the  points  P,  Q,  R,  and  8,  we 

should  have 

AP=A8,  BP=BQ,  CQ=CR,  and  DR=D8. 

.\  AP-^BP+CR+DR=zAS  +  BQ  +  CQ+DS, 

i.e.  AB  +  CD=BC-^DAt 

t.e.  a+c  =  h+d. 

Hence  «= ssa+csib  +  d. 

/.  8-a=ef  8-b=dt  i-e=^a,  and  «-d=6. 
The  formula  of  the  last  article  therefore  gives  in  this  case 

A' = abed  -  abed  cos'  a = abed  sin*  a, 
ue.  the  area  required  =  tjabcd  sin  a. 

If  in  addition  the  quadrilateral  be  also  inscribable  in  a  circle,  we  have 

2a = 180°,  so  that  sin  a = sin  90° = 1. 
Hence  the  area  of  a  quadrilateral  which  can  be  both  inscribed  in 
a  circle  and  circumscribed  about  another  circle  is  ^Jahed. 

EXAMPLES.    XXXVm. 

1,  Find  the  area  of  a  quadrilateral,  which  can  be  inscribed  in  a  circle, 

whose  sides  are 

(1)    8,  5,  7,  and  9  feet ; 

and  (2)    7, 10,  5,  and  2  feet. 

2.  The  sides  of  a  quadrilateral  are  respectively  8,  4, 5,  and  6  feet,  and 
the  sum  of  a  pair  of.  opposite  angles  is  120° ;  prove  that  the  area  of  the 
quadrilateral  is  3^30  square  feet. 
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3.  The  sides  of  a  quadrilateral  which  can  be  inscribed  in  a  cirde  are 
3,  8,  4,  and  4  feet ;  find  the  radii  of  the  inoirole  and  ciroumcircle. 

4.  Prove  that  the  area  of  any  quadrilateral  is  one-half  the  product  of 
the  two  diagonals  and  the  sine  of  the  angle  between  them. 

5.  If  a  quadrilateral  can  be  inscribed  in  one  circle  and  circumscribed 
about  another  circle,  prove  that  its  area  is  Jabcd^  and  that  the  radius  of 
the  latter  circle  is  

2tjahcd 

6.  A  quadrilateral  ABCD  is  described  about  a  circle ;  prove  that 

AB  sm  ^  sm  ^=  CD  sm  ^  sm  -^ . 

7.  a,  6,  c,  and  d  are  the  sides  of  a  quadrilateral  taken  in  order,  and  a 
is  the  angle  between  the  diagonals  opposite  to  6  or  d ;  prove  that  the  area 
of  the  quadrilateral  is 

^(a»-6«+c«-d2)tana. 

8.  If  a,  5,  c,  and  d  be  the  sides  and  x  and  y  the  diagonals  of  a 
quadrilateral,  prove  that  its  area  is 

9.  If  a  quadrilateral  can  be  inscribed  in  a  circle,  prove  that  the  angle 
between  its  diagonals  is 

sin-i  [2  /^(«-a)(«-6)(«-c)(«-d)  -r-  (oc  +  6d)]. 
If  the  same  quadrilateral  can  also  be  circumscribed  about  a  cirde,  prove 
that  this  angle  is  then 


cos~i 


ac-bd 


(ic  +  bd' 

lb.  The  sides  of  a  quadrilateral  are  divided  in  order  in  the  ratio 
m :  91,  and  a  new  quadrilateral  is  formed  by  joining  the  points  of  division; 
prove  that  its  area  is  to  the  area  of  the  original  figure  as  rn^+n^  to 

11,    If  ABCD  be  a  quadrilateral  inscribed  in  a  circle,  prove  that 


^^2"^  (8-c){8-d)' 


and  that  the  product  of  the  segments  into  which  one  diagonal  is  divided 

by  the  other  diagonal  is 

ahcd  (ac  +  bd) 

(db+cd){(id+bc)' 
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12.    If  a,  b,  e,  and  d  be  the  sides  of  a  quadrilateral,  taken  in  order, 
prove  that 

(23 = a^  +  &3  4.  e*  -  3a&  008  a  -  2&C  cos /3  -  2ea  008  7, 

where  a,  /9,  and  7  denote  the  an^es  between  the  sides  a  and  5,  b  and  e, 
and  c  and  a  respectively. 


223.  Regular  Polygons.  A  regular  polygon  is  a 
polygon  which  has  all  its  sides  equal  and  all  its  angles 
equal 

If  the  polygon  have  n  angles  we  have,  by  Euc.  i.  32, 
Cor.,  n  times  its  angle  +  4  right  angles  ~  twice  as  many 
right  angles  as  the  figure  has  sides  =  2n  right  angles. 

Hence  each  angle  = right  angles  = x  -= 

radians. 

224.  Radii  of  the  inscribed  and  circumactnbing  circles 
of  a  regular  polygon. 

Let  AB,  BC,  and  CD  be  three  successive  sides  of  the 
polygon,  and  let  n  be  the 
number  of  its  sides. 

Bisect  the  angles  ABC 
and  BCD  by  the  lines  BO 
and  GO  which  meet  in  0, 
and  draw  OL  perpendicular 
to  BG. 

It  is  easily  seen  that  0  is  the  centre  of  both  the 
incircle  and  the  circumcircle  of  the  polygon,  and  that 
BL  equals  LC 

Hence  we  have  OB  =  OC  =  R,  the  radius  of  the  circum- 
circle, and  OL  =  r,  the  radius  of  the  incircle. 

L.  T.  17 
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The  angle  BOG  is  -th  of  the  sum  of  all  the  angles 

subtended  at  0  by  the  sides, 

T*A^^     4  riffht  angles     27r      ,. 

t.e.  Z.  BOG  =  — ^ ^ —  =  —  radians. 

n  n 

Hence  Z  BOL  =  i  Z  BOG=~  . 

n 

If  a  be  a  side  of  the  polygon,  we  have 

a  =  fia  =  25i  =  2JKsinJ50i  =  2iJsin-. 

n 

.*.    it  =  =  K  cosec  — (1). 

rt  .    TT     2  n 

2sm- 
n 

Again, 

a  =  25i=  20itanJ50Z  =  2rtan-. 

n 

.    r  =  =  ^  cot  -   (2). 

2  tan  - 

71 

226.    Area  of  a  Regular  Polygon. 

The  area  of  the  polygon  is  n  times  the  area  of  the 
triangle  BOG. 

Hence  the  area  of  the  polygon 

^nx^OL.BG^n.OL.BL=:^n.BLcotLOB.BL 

=  ^•4'^*^  (^>> 

giving  the  area  in  terms  of  the  side. 
Also  the  area 

=  n.0L.BL  =  n.0L.0Lt8in  BOL  =  nr^  tan  -  ...(2). 
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Agaia,  the  area 

=  71, OL.BL=:^n.OBcoBLOB.OBsmLOB 

—  nB^coQ-  sm  -  =  s  iPsin —  (3). 

n        n      2  n  ^  ^ 

The  formulae  (2)  and  (3)  give  the  area  in  terms  of  the 
radius  of  the  inscribed  and  circumscribed  circles. 


aaa.  Bz«  The  length  of  each  tide  of  a  regular  dodecagon  it  20  feet ; 
find  (1)  the  radiut  of  itt  ifucribed  circle,  (2)  the  radiut  ofitt  eircumtcribing 
circle,  and  (8)  itt  area. 

The  angle  subtended  by  a  side  at  the  centre  of  the  polygon 

_  12  ■"^• 
Hence  we  have  10 = r  tan  15° = iS  sin  15°. 

/.  r= 10  cot  15° 

=2^8    (^•^»^) 

=  10(2+V3)  =  87-32...  feet. 

Also  22=^^  =  10x4^    (Art.  106) 

sin  15°  <^8-l   /  ' 

=  10.V2(V3  +  1)  =  10(V6+V2) 
=  10  (2-4495. . .  + 1  -4142. . .) = 38'637. . .  feet. 
Again,  the  area  =  12  x  r  x  10  square  feet 

=  1200(2  +  ^3) =4478 -46...  square  feet. 

EXAMPLES.    XXXTX. 

1.  Find,  correct  to  *01  of  an  inch,  the  length  of  the  perimeter  of  a 
regular  decagon  which  surrounds  a  circle  of  radius  one  foot. 

2.  Find  to  3  places  of  decimals  the  length  of  the  side  of  a  regular 
polygon  of  12  sides  which  is  circumscribed  to  a  circle  of  unit  radius. 

3.  Find  the  area  of  (1)  a  pentagon,  (2)  a  hexagon,  (3)  an  octagon, 
(4)  a  decagon  and  (5)  a  dodecagon,  each  being  a  regular  figure  of  side 
1  foot. 

4.  Find  the  difference  between  the  areas  of  a  regular  octagon  and  a 
regular  hexagon  if  the  perimeter  of  each  be  24  feet. 

17—2 
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5.  A  square,  whose  side  is  2  feet,  has  its  comers  cut  away  so  as  to 
form  a  regular  octagon ;  find  its  area. 

6.  Compare  the  areas  and  perimeters  of  octagons  which  are  respec- 
tively inscribed  in  and  circumscribed  to  a  given  circle,  and  shew  that  the 
areas  of  the  inscribed  hexagon  and  octagon  are  as  ^27  to  ,^32. 

7.  Prove  that  the  radius  of  the  circle  described  about  a  regular 
pentagon  is  nearly  ^(ths  of  the  side  of  the  pentagon. 

8.  If  an  equilateral  triangle  and  a  regular  hexagon  have  the  same 
perimeter,  prove  that  their  areas  are  as  2 :  8. 

9.  If  a  regular  pentagon  and  a  regular  decagon  have  the  same 
perimeter,  prove  that  their  areas  are  as  2 :  ,^5. 

10.  Prove  that  the  sum  of  the  radii  of  the  circles,  which  are  respec- 
tively inscribed  in  and  circumscribed  about  a  regular  polygon  of  n  sides,  is 

a     ^  IT 

where  a  is  a  side  of  the  polygon. 

11.  Of  two  regular  polygons  of  n  sides,  one  circumscribes  and  the 
other  is  inscribed  in  a  given  circle.  Prove  that  the  three  perimeters  are  in 
the  ratio 

V      IT  IT     - 

sec  - :  -  cosec  - :  1, 
n   n  n 

and  that  the  areas  of  the  polygons  are  in  the  ratio  cos^  -  :  1. 

12.  Given  that  the  area  of  a  polygon  of  n  sides  circumscribed  about 
a  circle  is  to  the  area  of  the  circumscribed  polygon  of  2n  sides  as  3  :  2, 
find  ro. 

13.  Prove  that  the  area  of  a  regular  polygon  of  2n  sides  inscribed  in  a 
circle  is  a  mean  proportional  between  the  areas  of  the  regular  inscribed 
and  circumscribed  polygons  of  n  sides. 

a 

14.  The  area  of  a  regular  polygon  of  n  sides  inscribed  in  a  circle  is  to 
that  of  the  same  number  of  sides  circumscribing  the  same  circle  as  3  is  to 
4.    Find  the  value  of  n. 

15.  The  interior  angles  of  a  polygon  are  in  a. p.;  the  least  angle 
is  120°  and  the  common  difference  is  6° ;  find  the  number  of  sides. 
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16,  There  are  two  regular  polygons  the  nnmber  of  sides  in  one  being 
double  the  number  in  the  other,  and  an  angle  of  one  polygon  is  to  an  angle 
of  the  other  as  9  to  8 ;  find  the  number  of  sides  of  each  polygon. 

17,  Show  that  there  are  eleven  pairs  of  regular  polygons  suoh  that 
the  number  of  degrees  in  the  angle  of  one  is  to  the  number  in  the  angle  of 
the  other  as  10 : 9.    Find  the  number  of  sides  in  each. 

18,  The  side  of  a  base  of  a  square  pyramid  is  a  feet  and  its  vertex  is 
at  a  height  of  h  feet  above  the  centre  of  the  base ;  if  0  and  ^  be  respec- 
tively the  inclinations  of  any  face  to  the  base,  and  of  any  two  laces  to  one 
another,  prove  that 

tand=-andtan|=^/l  +  _,. 

19,  A  pyramid  stands  on  a  regular  hexagon  as  base.  The  perpendi- 
cular from  the  vertex  of  the  pyramid  on  the  base  passes  through  the 
centre  of  the  hexagon,  and  its  length  is  equal  to  that  of  a  side  of  the  base. 
Find  the  tangent  of  the  angle  between  the  base  and  any  face  of  the 
pyramid,  and  also  of  half  the  angle  between  any  two  side  faces. 

20,  A  regular  pyramid  has  for  its  base  a  polygon  of  n  sides,  each  of 
length  a,  and  the  length  of  each  slant  side  is  I ;  prove  that  the  cosine  of 
the  angle  between  two  adjacent  lateral  faces  is 

2ir 
42'oos  — +a' 
n 

4P-a«       ' 


CHAPTER  XVII. 

TRIGONOMETRICAL  RATIOS  OF  SMALL  ANGLES.        AREA  OF 
A  CIRCLE.      DIP  OF  THE  HORIZON. 


227.  If  0  he  the  number  of  radia/ns  in  any  angle, 
which  is  less  than  a  right  angle,  then  sin  0,  0,  and  tan  0  are 
in  ascending  order  of  magnitude, 

,     Let  TOP  be  any  angle  which  is  less  than  a  right 
angle. 

With  centre  0  and  any  radius  OP 
describe  an  arc  PAP'  meeting  OT 
in  A. 

Draw  PN  perpendicular  to  OA,      ^ 
and  produce  it  to  meet  the  arc  of  the    ^  \ 
circle  in  P'. 

Draw  the  tangent  PT  at  P  to 
meet  OA  in  T,  and  join  ZP. 

The  triangles  PON  and  PVN  are 
equal  in  all  respects,  so  that  Pi\r=  NP'  and 

arc  PA  =  arc  AP', 

Also  the  triangles  TOP  and  TOP'  are  equal  in  all 

respects,  so  that 

TP^Tr, 
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The  straight  line  PP'  is  less  than  the  arc  PAP',  so 
that  NP  is  <  arc  PA. 

We  shall  assume  that  the  arc  PAP'  is  less  than  the 
sum  of  PT  and  TP',  so  that  arc  Pil  <  PT. 

Hence  NP,  the  arc  AP,  and  PT  are  in  ascending 
order  of  magnitude. 

nn         ^         NP      BTCAP  .    PT  .  ,. 

Inerefore  jrp,  ~~np~*  ^^^  nP  *^  ^^  ascending 
order  of  magnitude. 

NP 
But  jrp  =  sin  -4  OP  =  sin  0, 

^p     =  number  of  radians  in  zAOP  =  0  (Art.  21), 

PT 
and  op'^^^  ^^^  =  tan  ^OP  =  tan  ft 

Hence  sin  0,  0,  and  tan  0  are  in  ascending  order  of 
magnitude,  provided  that 

228.  Since  sin  ^  <  tf  <  tan  0,  we  have,  by  dividing 
each  by  the  positive  quantity  sin  0, 


sin  0     cos  tf " 

Hence    . — ^  always  lies  between  1  and >, . 

sm  0         '^  cos  0 

This  holds  however  small  0  may  be. 

Now,  when  0  is  very  small,  cos  0  is  very  nearly  unity, 

and  the  smaller  0  becomes,  the  more  nearly  does  costf 

become  unity,  and  hence   the  more  nearly   does ^ 

^  ^  cosd 

become  unity. 
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0 

Hence,  when  6  is  very  small,  the  quantity    . — ^  lies 

between  1  and  a  quantity  which  differs  from  unity  by  an 
indefinitely  small  quantity. 

In  other  words,  when  6  is  made  indefinitely  small  the 

quantity  - — ^,  and  therefore    -k-  » is  ultimately  equal  to 

unity,  i,e,  the  smaller  an  angle  becomes  the  more  nearly 
is  its  sine  equal  to  the  number  of  radians  in  it. 

This  is  often  shortly  expressed  thus ; 

sin  d=^dy  when  0  is  very  small. 

So  also  tan  0=0,  when  0  is  very  small. 

Cor.  Putting  ^  =  - ,  it  follows  that,  when  0  is  indefi- 
nitely small,  n  is  indefinitely  great. 

.    a 

sin- 

Hence  — ^  is  unity,  when  n  is  indefinitely  great. 

n 
So  w  sin  -  =  a,  when  n  is  indefinitely  great. 

Similarly,  n  tan  -  =  a,  when  n  is  indefinitely  great. 

229.  In  the  preceding  article  it  must  be  particularly 
noticed  that  0  is  the  number  of  radians  in  the  angle 
considered. 

The  value  of  sin  a°,  when  a  is  small,  may  be  found. 
For,  since  ir^  =  180'',  we  have 

a  Y 
180/  ' 

by  the  result  of  the  last  article. 


••=( 


=     TT 
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230.  From  the  tables  it  will  be  seen  that  the  sine  of 
an  angle  and  its  circular  measure  agree  to  7  places  of 
decimals  so  long  as  the  angle  is  not  greater  than  18^ 
They  agree  to  the  5th  place  of  decimals  so  long  as  the 
angle  is  less  than  about  T, 

231,  If  She  the  nuwJber  of  radiam  in  an  angle,  which  it  lees  than  a 

right  angle,  then  «n  ^  is  > ^  -  ^  and  cm  tf  i«>  1  -  5- . 

By  Art.  227,  we  have 

.     e     $ 

,  e    e      6 

.-.  8m2>2COB2. 

6        6 
Hence,  since  sin  0=2  sm  ^  cos  ^ , 

wehaye  sin 0>tf  cos's,  If.  >0fl-8in*s)  • 

Bat  since,  by  Art.  227, 

.   e     6 

«^2^2' 
therefore  1 -sin* s>l- (5  )»*•*•  >*^~T  • 

.*.  sin  ^> tf  (  1  -  J-  ],  i.«.  >B-  Y* 

a 

Again,  C08'^=:l-2  8in'5; 

therefore,  since  sin'  s  ""^  (  o  )  » 

we  have  l-.2Bin2|>  1-2  (|Y,  i.e.   >l-f- 

It  will  be  proved  in  Part  II.  that 

ffS  0^0* 

sm6>$~^,  and  cos^<l  -  g-  +  57. 

232.  Bz.  1.    Find  the  valuee  of  sin  ICf  and  co»  10". 
Since  10'= V  = 


6  ""180x6* 
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we  have  gin  10'=  sin  {j^-^J  =  jg^ 

=  3J4^?6i:.=  . 0029089  nearly. 
180x6  "^ 

Also  cos  10'  =  Jl  -  8m«  10' 

=[1- -000008468...]* 

=1-^  [-000008468...], 

approximately  by  the  Binomial  Theorem, 

=  1- -000004234... 
^ -yyyyyoo, . .  • 

Bz.  2.    Solve  approximately  the  equation 

9in0='52. 

•1  T 

Since  sin  ^  is  very  nearly  equal  to  - ,  ^  mast  be  nearly  equal  to  ^ 

Let  then  $=  -+x,  where  x  is  smalL 

D 

.-.  -52=sinf  g  +  o;  j=sin^cosx+ 
l  V3  . 
=^ COB  x  +  ^smx, 

.    Since  x  is  veiy  small,  we  have 

cos  a;=  1  and  sin  a;=a;  nearly. 

.-.  a; = -02  X  -^  radians  =  ^  =  1*32°  nearly. 
Hence  0 = 31°  19*  nearly. 


cos ;;  sm  x 
o 


EXAMPLES.    XL. 

Taking  r  equal  to  3-14159265,  find  to  5  places  of  decimals  the 
value  of 

L    Bin?'.  2.    sin  15".  3.    Binl'. 

4.    cos  15'.  5.    cosec8".  6.    sec  5'. 
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Solve  approximately  the  equations 

7.    sin  ^» -01.  8.    sin  ^=-48. 

9.    eos(~+e\  =  '49.  10.    cos  ^='999. 


(?  +  «)  =  -49. 


11.  Find  approximately  the  distance  at  which  a  halfpenny,  which  is 
an  inch  in  diameter,  must  be  placed  so  as  to  jast  hide  the  moon,  the 
angular  diameter  of  the  moon,  that  is  the  angle  its  diameter  subtends  at 
the  obseryer's  eye,  being  taken  to  be  80'. 

12.  A  person  walks  in  a  straight  line  toward  a  very  distant  object,  and 
observes  that  at  three  points  A,  B,  and  C  the  angles  o£  elevation  of  the 
top  of  the  object  are  a,  2a,  and  3a  respectively ;  prove  that 

AB = SBC  netkrly, 

13.  If  ^  be  the  uamber  of  radians  in  an  angle  which  is  less  than 
a  right  angle,  prove  that 

cos^is  <1"2'  +  T5* 

14.  Prove  the  theorem  of  Eoler,  viz,  that 


[ 


0          0           0 
sin ^=^. cos ^  *^^ai  '^^^os ^'  ^* 

Wehave            sin  ^=2  sin  ^  cos  ^ = 2^810-52  cos  ^  cos  5 
=  2»sm23  cos  2,0082,0082  = 

^  ,    e         00        0  0 

=  2*sm^xcos2.co8^j,.co8^ ^^^* 

Make  n  indefinitely  great  so  that,  by  Art.  228  Cor., 

2"8in^=d. 
2* 

0           0         0  ~1 

Hence  sin^=^  .cos^.  cos^^cos^ ad  inf. 

15.    Prove  that 

(1  -  t«n«0  (1  -  tan«y  (l  -  t«n»  J) ad  inf. 

=tf.cot#. 
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233.    Area  of  a  circle. 

By  Art.  225,  the  area  of  a  regular  polygon  of  n  sides, 

which  is  inscribed  in  a  circle  of  radius  12,  is 

n  T^  .    27r 
s  i?  sin  —  . 
2  n 

Let  now  the  number  of  sides  of  this  polygon  be  inde- 
finitely increased,  the  polygon  always  remaining  regular. 

It  is  clear  that  the  perimeter  of  the  polygon  must  more 
and  more  approximate  to  the  circumference  of  the  circle. 

Hence,  when  the  number  of  sides  of  the  polygon  is 

infinitely  great,  the  area  of  the  circle  must  be  the  same  as 

that  of  the  polygon. 

.    27r  .    27r 

^  rt       sm  —  sm  — 

n  +^   .    27r      n  -r^    ZTT  n  «»  n 


NowSi?sin— ='^i?.  — .— — :i  =  7ri2 


2  »       2  n  '      2w  iir 

n  n 

=  7ri?.— ^— ,  where  tf= — . 
u  n 

When  n  is  made  infinitely  great,  the  value  of  0  becomes 

•    /\ 

infinitely  small,  and  then,  by  Art.  228,  —^  is  unity. 

The  area  of  the  circle  therefore  =  wR*  =  w  times  the 
square  of  its  radius. 

234.     Area  of  the  sector  of  a  circle. 
Let  0  be  the  centre  of  a  circle,  AB  the  bounding  arc 
of  the  sector,  and  let  Z  AOB  =  a  radians. 

By  Euc.  VI.  33,  since  sectors  are  to  one  another  as  the 
arcs  on  which  they  stand,  we  have 

area  of  sector  AOB  __       arc  AB 
area  of  whole  circle     circumference 
__  RoL  _  a 
-2^"*  2^* 
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'.  area  of  sector  AOB  ^jr-  x  area  of  whole  circle 


27r  2 


EXAMPLES.    XU. 

1.  Find  the  area  of  a  circle  whose  circumference  is  74  feci 

2.  The  diameter  of  a  circle  is  10  feet ;  find  the  area  of  a  sector  whose 
arc  is  22)°. 

3.  The  area  of  a  certain  sector  of  a  circle  is  10  square  feet ;  if  the 
radius  of  the  circle  be  8  feet,  find  the  angle  of  the  sector. 

4.  The  perimeter  of  a  certain  sector  of  a  circle  is  10  feet ;  if  the 
radius  of  the  circle  be  3  feet,  find  the  area  of  the  sector. 

5.  A  strip  of  paper,  two  miles  long  and  *003  of  an  inch  thick,  is  rolled 
up  into  a  solid  cylinder ;  find  approximately  the  radius  of  the  circular  ends 
of  the  cylinder. 

6.  A  strip  of  paper,  one  mile  long,  is  rolled  tightly  up  into  a  solid 
cylinder,  the  diameter  of  whose  circular  ends  is  6  inches ;  find  the  thick- 
ness of  the  paper. 

7.  Given  two  concentric  circles  of  radii  r  and  2r;  two  parallel 
tangents  to  the  inner  circle  cut  off  an  arc  from  the  outer  circle ;  find  its 
length. 

8.  The  circumference  of  a  semicircle  is  divided  into  two  arcs  such 
that  the  chord  of  one  is  double  that  of  the  other.  Prove  that  the  sum  of 
the  areas  of  the  two  segments  cut  off  by  these  chords  is  to  the  area  of  the 
semicircle  as  27  is  to  55. 


['-?■] 


9.    If  each  of  three  circles,  of  radius  a,  touch  the  other  two,  prove  that 

4 
the  area  included  between  them  is  nearly  equal  to  ^  a'. 
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[Exs.  XLI.] 


10.  Six  equal  ciides,  eiich  of  radius  a,  are  placed  so  that  each 
touches  two  others,  their  centres  being  all  on  the  circamference  of 
another  circle ;  prove  that  the  area  which  they  enclose  is 

2a«(3V3-ir). 

11.  From  the  vertex  A  ot  a  triangle  a  straight  line  AD  is  drawn 
making  an  angle  $  with  the  base  and  meeting  it  at  D.  Prove  that  the 
area  common  to  the  circumscribing  circles  of  the  triangles  ABD  and 
^CD  is 

J  (6*y + c'/S  -  6c  sin  it)  cosec' ^, 

where  /3  and  y  are  the  number  of  radians  in  the  angles  B  and  C  respec- 
tively. 

235.    Dip  of  the  Horizon. 

Let  0  be  a  point  at  a  distance  h  above  the  earth's 
surface.  Draw  tangents,  such  as  OT 
and  0T\  to  the  surface  of  the  earth. 
The  ends  of  all  these  tangents  all 
clearly  lie  on  a  circle.  This  circle  is 
called  the  OflOng  or  Visible  Horizon. 
The  angle  that  each  of  these  tangents 
OT  makes  with  a  horizontal  plane  POQ 
is  called  the  Dip  of  the  Horizon. 

Let  r  be  the  radius  of  the  earth, 
and  let  B  be  the  other  end  of  the  diameter  through  A, 

We  then  have,  by  Euc.  ill.  36, 

0T^  =  0A.0B=h(2r  +  h), 

so  that  OT  =  VA  (2r  +  h). 

This  gives  an  accurate  value  for  OT. 

In  all  practical  cases,  however,  h  is  very  small  com- 
pared with  r, 

[r  =  4000  miles  nearly,  and  h  is  never  greater,  and 
generally  is  very  considerably  less,  than  5  miles.] 
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Hence  h*  is  very  small  compared  with  hr. 
As  a  close  approximation,  we  have  then 

02'=V2AF. 
The  dip  =^TOQ 

=  90°  -  Z  COT =^  OCT. 


Ai  *     nnrp     OT     V2Ar 

Also,         tan0i/r  =  7i=j= 


Ilk 


GT        r 
80  that,  very  approximately,  we  have 

Z  oar  =W^  radians 
/    /2A180\°     ri80x  60x60     /Ml" 

=lv^vj  =L — ^ — vtJ  • 

236.  Bz.  Taking  the  radius  of  the  earth  as  4000  miles,  find  the  dip 
at  the  top  of  a  lighthouse  which  is  2Mfeet  above  the  sea,  and  the  distance 
of  the  ofjmg. 

Here  r=4000  miles,  and  A=264  feet  =^  mile. 
Hence  h  is  yery  small  compared  with  r,  so  that 

Or=  ^^x4000=  V^=20  mUes. 
/  1       180  X  60V     /54  V    ,«,,,„         , 


Also  the  dip=  ^  /  —  radians  =  ^=-z  radian 


EXAMPLES.    XLn. 

[VnLess  otherwise  stated,  the  earth's  radius  may  he  taken  to  he  4000 

1.  Find  in  degrees,  minutes,  and  seconds,  the  dip  of  the  horizon  from 
the  top  of  a  mountain  4400  feet  high,  the  earth's  radius  heing  21  x  10*^ 
feet. 

2.  The  lamp  of  a  lighthouse  is  196  feet  high ;  how  far  off  can  it  he 
seen? 
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3.  If  the  radius  of  the  earth  be  4000  miles,  find  the  hdght  of  a 
balloon  when  the  dip  is  1°. 

Find  also  the  dip  when  the  balloon  is  2  miles  high. 

4.  From  the  top  of  the  mast  'of  a  ship,  which  is  66  feet  above  the 
sea,  the  light  of  a  lighthouse  which  is  known  to  be  132  feet  high  can 
just  be  seen;  prove  that  its  distance  is  24  miles  nearly. 

5.  From  the  top  of  a  mast,  66  feet  above  the  sea,  the  top  of  the 
mast  of  another  ship  can  just  be  seen  at  a  distance  of  20  miles;  prove 
that  the  heights  of  the  masts  are  the  same. 

6.  From  the  top  of  the  mast  of  a  ship  which  is  44  feet  above  the 
sea-level,  the  light  of  a  lighthouse  can  just  be  seen;  after  sailing  for 
15  minutes  the  light  can  just  be  seen  from  the  deck  which  is  11  feet 
above  the  sea-level ;  prove  that  the  rate  of  sailing  of  the  ship  is  nearly 
16*33  miles  per  hour. 

7.  Prove  that,  if  the  height  of  the  place  of  observation  be  n  feet,  the 
distance  that  the  observer  can  see  is  k/  -^  miles  nearly. 

8.  There  are  10  million  metres  in  a  quadrant  of  the  earth's  circum- 
ference. Find  approximately  the  distance  at  which  the  top  of  the  Eiffel 
tower  should  be  visible,  its  height  being  300  metres. 

9.  Three  vertical  posts  are  placed  at  intervals  of  a  mile  along  a  straight 
canal,  each  rising  to  the  same  height  above  the  surface  of  the  water.  The 
visual  line  joining  the  tops  of  the  two  extreme  posts  cuts  the  middle  post 
at  a  point  8  inches  below  its  top.  Find  the  radius  of  the  earth  to  the 
nearest  mile. 


CHAPTER  XVIIL 

INVERSE  CmCULAR  FUNCTIONa 

237,  If  sin  0  =  a,  where  a  is  a  known  quantity,  we 
know,  from  Art.  82,  that  0  is  not  definitely  known.  We 
only  know  that  0  is  some  one  of  a  definite  series  of 
angles. 

The  symbol  "sin'^^a"  is  used  to  denote  the  smaileat 
angle,  whether  positive  or  negative,  that  has  a  for  its  sine. 

The  symbol  "  sin"^  o  "  is  read  in  words  as  "  sine  minus 

one  a,"  and  must  be  carefully  distinguished  firom  -; 

which  would  be  written,  if  so  desired,  in  the  form  (sin  a)~\ 

It  will  therefore  be  carefully  noted  that  "sin~^  a  "  is  an 
angle,  and  denotes  the  BinalleBt  numerical  angle  whose 
sine  is  a. 

So  "  cos"^  a  *'  means  the  smallest  numerical  angle 
whose  cosine  is  o.  Similarly  "tan""^a,"  "cot"~^o,"  "co- 
sec"^  a,"  "sec"*^  a,"  "  vers""^  a,"  and  "covers""^  a,"  are  defined. 

Hence  sin""^  a  and  tan~^  a  (and  therefore  cosec"^  a  and 
cot-^  a)  always  lie  between  -  90°  and  +  90"". 

But  cos"^  a  (and  therefore  sec~^  a)  always  lies  between 
0°  and  180". 

L.  T.  18 
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238.  The  quantities  sin"^  a,  cos~^  a,  tan""^  a, . . .  are 
called  Inverse  Circular  Functions. 

The  symbol  sin""^a  is  often,  especially  in  foreign 
mathematical  books,  written  as  "  arc  sin  a " ;  similarly 
cos~^ a  is  written  " arc  cos  a"  and  so  for  the  other  inverse 
ratios. 

239.  When  a  is  positive,  sin"*^  a  clearly  lies  between 
0°  and  90° ;  when  a  is  negative,  it  lies  between  —  90°  tind 
0°. 

When  a  is  positive,  there  are  two  angles,  one  lying 
between  0°  and  90°  and  the  other  lying  between  —90° 
and  0°,  each  of  which  has  its  cosine  equal  to  a.  [For 
example  both  30°  and  —30°  have  their  cosine  equal  to 

^ .]    In  this  case  we  take   the  smallest  positive  angle. 

Hence  cos"^  a,  when  a  is  positive,  lies  between  0°  and  90°. 
So  cos~^  a,  when  a  is  negative,  lies  between  90°  and 
180°. 


Bz.    008"^ -Tg  =  46° ;  008-1 


i-D- 


120°. 


When  a  is  positive,  the  angle  tan""^  a  lies  between  0° 
and  90° ;  when  a  is  negative,  it  lies  between  —  90°  and  0°. 

tan-i  V3= 60° ;  tan-i  ( - 1)  =  -  46°. 


240. 

Let 


^,    ,    .     .  S  ,12       .    ,  16 

1.    Prove  that  stn  *  ^  -  cos"^  :r^ = sinr^  ^= 

O  13  00 

8mig= 


and  therefore 


66 

-=:a,  80  that  sin  0=7, 
o  5 

cosa=  W  1 


^"^""6 
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Let 


and  therefore 


C08^r^=/3,  80  that  008^  = 


18 


18' 


/,      144      6 


Let 

We  have  then  to  prove  that 


8m-»gg=7,  80  that  8my=:gg. 


i,e.  to  shew  that  sin  (a  -  /3)  =  sin  7. 

Now  sin  (a  - /3)  =r  sin  a  cos /3- 006  a  sin /3 

8    12     4     5      86-20     16      , 

=  Si=«in7. 


5 '  18     5  *  18 

Hence  the  relation  is  proved. 


65 


66 


2.    Prove  that 


Let 


2  tan"^  5  +  tan~^  7  —  I  • 
tan'^^=a,  so  that  tana  =  ^. 


and  let 

We  have  then  to  shew  that 


tan~^  n~^>  80  that  tan ^  =  =  • 


Now 


2a+^=j. 

2tana 


tan2as 

2 
8 


^-9 


1  -  tan'  a 
_6_8 


Also, 


A      /ft      «x     tan2tt+tanfl 
tan  (2a+fl)=- — r — ,   ^   ^^ 
^        '^'    l-tan2a  tan/3 


8     1 

4  +  7 


__21  +  4_26_  w 

nL"28-3"26~       ^^4' 


l-i-7 


•'•  2a  H"  j8  ^  -J  • 


18—2 
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Bz.  8.    Frwt  that 

Let  tan*"^p=a,  80  that  tana=7. 


Then 


and 


A<k«%  o^  _ 

« 2tana 

2 

6 

"26 

120 
'119* 

5 

1-tan'a     - 
10 

12* 

'"     .       2^ 

^"144 


80  that  tan  4a  i8  nearly  nnil^y,  and  4a  therefore  nearly  7  . 

Let  4o= T  +  tan~^  x, 

4 


120 
119 


=  tan(j+tan-ia;)  =  j4i    (Art.  100). 


1 
Hence  4tan-ii-tan-i2^g  =  |. 


4.    Prove  that 

tavr^  a + tan~'^  h = ton~^  - —  1^ . 

1-db 

Let  tan~^a=:a,  so  that  tana=a. 

Let  tan^^&s/S,  80  that  tan/3=:&. 

Also,  let  tan~^  {= — ^l^'^'  ^  *^**  tan7=r — 

We  have  then  to  prove  that 

a+/3=7. 

--  X     #       «x      tana  +  tanfl       a+6      . 

Now  tan(a+/3)=;i — i r— ^o=T-^=*a°7. 

^      "^^     1 -tan  a  tan /3     1-db 

so  that  the  relation  is  proved. 


a  +  6 
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The  above  relation  is  merely  the  foxmnla 

....      tanx+tant^ 

tan(j?+y)=:= — r r-^» 

"      l-tanxtany 

expressed  in  inverse  notation. 


For  put 


and 


Then 


t,e. 


tan  a;=a,  so  that  d;=tan~^a, 
tan  2^  =  6,  so  that  y=tan~^&. 

tan"i  a  +  tan~i  6=tan-i , — . . 

In  the  above  we  have  taoitly  assumed  that  a2i<  1,  so  that  ^^ — =-  is  posi- 

1  —  ao 

tive,  and  therefore  tan'^ , =-  lies  between  (f*  and  90^. 

1  — ao 

If,  however,  a&  be  >  1,  then  :|-— -  ^  and  therefore  aooording  to  onr  defini- 
tion tan"^  is  a  negative  angle.  Here  y  is  therefore  a  negative  angle 
and,  since  tan  (t +7)=tan  7,  the  formula  shonld  be 

tan-ia+tan"*6=T+tan-i-= -, 

1-ah 


Bz.  6*    Prove  that 


eo9~^  5F+2  tanr^  v=«n~*  •= . 

DO  0  0 


Since  65'  -  63'= IG^,  we  have 

oos-itt=tan-iH. 
Also,  as  in  Ex.  1,  sin^^^stan'^f. 
We  have  therefore  to  shew  that 

tan-i  H + 2  tan-i  i = tan-i  f. 


Now 
80  that 


tanratan-Ul— ^*5?J*!?:iiil--      *     -JL 
tan  [2  tan    «-i  _  tan«[tan-i«  - 1^-*' 

2tan-4=tan-Vi. 


I 
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Thus      tan  [tan-i  H+2  tan-i  H^tanCtan-^H+tan"^  M 

_   H+A    _192  +  315_ 
"l-H- A"  766-80  ■"*'^    ** 

i.«.  tan-m+2  tan-i  t=tan-i  f. 

Bz.  6.    iSfofoe  the  equation 

tarr^  ^—\  +  ton-i  —  =  tan-i  ( -  7). 

Taking  the  tangents  of  both  sides  of  the  equation,  we  have 
tan  [tan-i  |±^]  +  tan  [tan-i  ^^] 
1  -  tanftan-il^-Jjtan  [tan-i^] 

=tan{tan-i(-7)} 
«-7. 

a?+l 


a?+l  ,  «-l 
a?-l  '     X 

J     .r  +  l^-l 

1-x 
80  that  07=2. 


This  value  makes  the  left-hand  side  of  the  given  equation  positive,  so 
that  there  is  no  value  of  x  strictly  satisfying  the  given  equation. 
The  value  ^=2  is  a  solution  of  the  equation 

tan-i^  + tan-i^^=ir+tan-M  -  7). 
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EXAMPLES.    XLm. 

Prove  that 

1.  Bm-ig  +  8in-ij^=8in-igg. 

2.  «m-ii3+«^-^25=~'     V826J- 

,4    ,      ,S    ^       ,27  -  ,4  ,12  ,33 

3.  co8-i^  +  tan-ig=tan-^jj.        4.    co8-^g+ooB-^jj=oo8r*gg. 

5.    cos-i«=28m-i>y/?^^=2oot-^>y^^. 

7.  tan-ii+taii-i|=Bm-i--^  +  oot-^8=46^ 

8.  tan-i^  +  tan-ij^=tan-ig.        9.    tan-i  ^  =  ^  tan-i -g- . 

10.  taA-^^+taii-ig  =  ^  008-1  g. 

11.  2tan-i|+tan-ii+2tim-ii  =  ^. 

12.  tan-i?+tan-i?.tan-iA  =  J. 

13.  tan-ig+taii-ig+tan-i=+tan-ig  =  j. 

14.  3tan-ii+tan-il  =  ^-tan-i3l^. 

1  1  1  IT 

_  -      .       ,  120     _,     ,6  -_      .       ytn     .       .m  —  w     ir 

16,    tan-i;pr5  =  2  8111-1^.        17^    <»>=i~^--<»°"^.rT;:  =  Z' 
119  IB  n  m+n     4 

18.    tan-i  t + tan-i  j— ^,= tan-i  j-  ^-^ , 
if  t<-T5  0r  >,J'3,  and=ir+tan~i- — ^  if  t>-^ftnd  <V3« 


I 
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19.    tan->y*5g±I+taa-.^»5n±I) 


'-'7^ 


+tM,-u/  iir^*±£l=,. 


20.  oot-i?*4  +  oot->^  +  oot->?i±l=0. 
a-0  o-c  c-a 

2L  tan-ifi+oot-i(ii+l)=tan-i  (ns+n+l). 

22.  ooB(2tan-ii^=sm(4tan-iiy 

23.  «tan-.[un(«o-.,tang=oos-.[^£^]. 

24.  tan-^x=2tan-i[co8ectan-ia?-tancot^^jj]. 

25  2tan-irtan*tanf^-^M=tan-i-^^^^2^ 

iSO.  ^mn     ^wn^wn^^     2;J-^     sin/S+coso' 

26.  Shew  that 


-05 

-1  in-i?>/(«EilEIl) 
2  a-6 


27.  K  cos~i  -  +  008-1  ^=a,  proTe  that 

a  o 

a^     2xy  y^      .  . 

Solve  the  eqaations 

28.  tan-i^._L_    ^^    •     =/3. 


29 


.    tan-i2j;+tan-i3a;  =  j.        30.    tan-i^  +  tan-i ?±^  =  ^ 

4  **  a;-2  ar  +  2      4 


31.  tan-i  (a?  + 1) + cot"!  (a?  - 1) = sin-i  |  +  cos-i  | . 

o  5 

32.  tan-i(a;+l)+tan-i(a?-l)=tan-i^. 

33.  2  tan-i  (oos  x) = tan-^  (2  cosec  x) , 
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34.    tan-ia;  +  2cot-ia?  =  |T.  35.    tanoo8-ia?=tinoot-is. 

o  2 

36.  oot-i  X  -  cot-i  (a? + 2)  =  16*». 

37.  oo8-i^l+tan-i^=??. 

x«+l  it«-l      3 

38.  oot-ia;+oot-i(n«-a:+l)=oot-i(ii-l). 

39.  8in-i«+Bm-i2ar=5.  40.    sin-i  5+8iii-i  — =  - 

o  a:  a?      2 

»  X  X  X     2 

42.  sec-i  -  -  seo-i  f = aeo-^  b  -  seo-i  a. 

a  o 

43.  cx>8eo""^a:=3  008eo~ia+coBeo""^6. 

44.  2tan-ia?=co8-i|— ^-co8-i?^!. 

1  +  a"  l  +  6» 


CHAPTER  XEL 


T-:  mi  m  *vm  ofAe  tines  of  a  series  of  angles. 


Ae 


Let  i&e  angles  be 

^•4^A«+?A {a+(n-l))8}. 


S=sm«  +  an(«+;3>+sin(a  +  ?/8)...+8in{a  +  (n-l)/8} 
By  AtL  97  we  haTe 

2  8iii«8in^=oo6fa  — gj-oosfa +^j, 
2sni  (a +;3)ain^  =  006  f  a  +  gj  -  008  f  a  +  Y  j , 
2sm(a  +  ?/8)8m^  =  oofi^a +  -^j -COS  fa  + -g-j , 

2  an  {a+ (n- 2))8}  Bin|=cos  {a+ (n-|))8} -cos  {a+(w-f))8}, 

and 
28in{a+(n-l))8}sin|=co8{a+(n-f))81-cos{a+(n-i))8}. 

By  adding  together  these  n  lines,  we  have 

28in|.S  =  cos(a-|)-cos{a  +  (n-i)/3}, 
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the  other  terms  on  the  right-hand  sides  cancelling  one 
aaother. 

Hence,  by  Art.  94,  we  have 


■in  {0  + 
ie.  8  =  ^ 


HC-i^)^}-^ 


-I 

fl 

Bx.    By  patting  ^s2a,  we  have 

sin  a+sin  Sa+sin  5a+ ...  +  sin  (2n  - 1)  a 

_8in{a+(n-l)tt}  sin  na  _  sin^na 
^  sin  a  ""   sine  * 

242.     To  find  the  mm  of  the  cosines  of  a  series  of 
angles,  the  angles  being  in  arithmetical  progression. 

Let  the  angles  be 

a,a  +  )8,a  +  2/8,  ...a  +  (n-l))8. 
Let 

S=cosa  +  cos(a+)8)  +  co8(a+2)8)+...+cos{a  +  (n-l))8}. 

By  Art.  97,  we  have 

2cosa8in^  =  sinfa  +^j  — sinfa  —%), 

2  cos  (a  +  )8)  sin  ^  =  sin  f  a  +  -^j  -  sin  f  a  +  -^  J , 
2cos(a  +  2)8)sin|  =  sin(a+^)-sin(a+^), 

2coa{a+(n-2)/8}sin|=8in{a+(n-f)/8}-8in{a+(n-|)/3}, 


I 
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and 

2cos{a+(n-l))8}sin|=sm{a+(n-i)i9}-8m{a+(n-f)/3}. 

By  adding  together  these  n  lines,  we  have 

2£f  X  sin  I  =  sin  {a  +  (n^  J)  ^8}  -  sin  la  -  |l , 

the  other  terms  on  the  right-hand  sides  cancelling  one 
another. 

Hence,  by  Art.  94,  we  have 

28  X  sin^  =  2  cos  ja  H — 5—  /SYsm-^  , 


I.e.  8  = 


2 


243.     Both  the  expressions  for  S  in  Arts.  241  and  242 

vanish  when  sin  -^  is  zero,  i.e»  when  -^  is  equal  to  any 

multiple  of  tt, 

i.e.  when  -^=p7r, 

where  |)  is  any  integer, 

1. 6.  when  8=  p,  —  . 

^    n 

Hence  the  sum  of  the  sines  (or  cosines)  of  n  angles, 
which  are  in  arithmetical  progression,  vanishes  when 
the   common  diflference  of  the  angles  is  any  multiple 

^  27r 

of  — . .  

n 


cosa+cosf  a+ — j+oosf o  +  — j  +  ...  ton terms=0, 
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and 


sina 


+  8inf  a+— j  +  sinf  a+ — j  +  ...  ton  tenxui=0. 


drXXm 


1.    Find  the  nan  of 
nna-nn(a+^)+«m(a  +  2^)-...  tonternu. 
We  have,  by  Art.  73, 

sm(a+^  +  T)=-8in(o+^), 
sin  (a+2/9+2T)=8in  (a+2/9), 
Bin(a+3/3+8T)=  -Bin(a+S/9), 

Hence  the  series 

=8ina+sin(a+/9+T)  +  8in{a+2(/9+r)} 
4-8in{o  +  8(/9+T)}  +  ... 


sin  it 


rin''<^+'> 


Sin 


/9+' 


,  by  Art.  241, 


Bin  .a  +  -^08  +  T)V 
cos^ 


ain'^^^t^ 


2.    ^9u2  the  sum  of  the  teriee 

e<w' a + cos*  2a +cof' 3a  + tonternu. 

By  Art.  107,  we  have 

cos  3a=:4  cos'  a  -  3  cos  a, 
so  that  4ooB'a=8oo8a+oos3a. 

So  4  cos' 2a  =  3  cos  2a -h  cos  6a, 

4  cos*  3a  s  3  cos  3a  +  cos  9a, 


Hence,  if  5  be  the  given  series,  we  have 
4S=  (3cos  a  +  cos  3a) +  (3  cos  2a  +  cos  6a)  +  (3  cos  3a+cos  9a)  + ... 

=3  (coBa  +  oo8  2a  +  cos  3a  + ...)  +  (cos  3a  +  cos  6a  +  cos  9a+ ..•) 

3a 


cos 


=3 


a  + 


n-1     I     .    na  L    ,  n-1    ^  \    .    n  ,\ 

-  .  aj-  sm  -^     cos  <Ba  +  — ^ .  3aV  sin  — ^ 


a 

sin  ■:; 


3a 

sin  — 


n+1      .    na  3(n+l)      .    3na 

cos  — ^-  a  sm  -27-      cos  -^ —  a  sm  -^ 


.    a 


sm 


3a 
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In  a  similar  manner  we  can  obtain  the  smn  of  the  cubes  of  the  sines 
of  a  series  of  angles  in  a.  p. 


Since 

2  sin' a=l- cos  2a,  and  2oos'a:=l  +  co8  2a, 

we  can  obtain  the  sum  of  the  squares. 

Since  again  8  sin^  a = 2  [1  -  cos  2ap 

=2-4  cos  2a  +  2cos'2a=8-4oos  2a  +  oos  4a, 

we  can  obtain  the  sum  of  the  4th  powers  of  the  sines.    Similarly  for  the 
cosines. 


8.    Sum  to  n  terms  the  series 
cosasinp+co89asin2fi+ea8  5a8inBp+..,  to  n  terms. 
Let  S  denote  the  series. 
Then 

2iSf=r  {sin  (a+jS)  -  sin  (a -/3)}  +  {sin  (da  +  2/3)  -  sin  (3a  -  2/3)} 

+  {sin  (6a+3j8)  -  sin  (6a  -  3/9)}  + .. 
=  {sin(o+^)  +  sin(3a  +  2/3)  +  8in(6a  +  3/9)  +  ...} 
-  {sin  (a-/9)  +  sin(3a-2/9)  +  8in  (6a-8/9)+ ...} 

2o  +  j8 


{  n-1  1 

sin  i(a+/J)  +  -y-  (2a  +  /8)^  sinn 


.    2a+/9 
sm — z~ 


sin  |(o-i9)  +  -^-(2a-i9)l  sinn 


2tt-/3 
2 


.      (      .  w+1  J     .    »(2o  + 
sm  <na+~^pV  sm    ^ 


-^^ by  Art.  241, 

sm— ^ 

/3) 


sm  — rr^ 


.J         n+1  J     .    n(2o-i8) 
sm  |na-    ^- p\  am    '  ^  ^^ 


.    2a-i3 
sm — ~- 
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4.  A1A2. .  .^M  ^  <^  reguiar  polygon  of  n  tidet  interibed  in  a  circle , 
whose  centre  is  0,  and  P  is  any  point  on  the  are  Af^Al  tueh  that  the  angle 
POA^  is  $;  find  the  sum  of  the  lengths  of  the  lines  joining  P  to  the  angular 

points  of  the  polygon. 

2t 

Eaoh  of  the  angles  A^OA^y  AfiA^^.^A^OA^  is  —  ,  bo  that  the  angles 

II 

POA^j  POA2,...  are  respeotivelj 

^     J.    2t      ^    4t 
n  n 

Hence,  if  r  be  the  radius  of  the  cirole,  we  hare 

PAi=2rBm — 2" —^""^o* 

Hence  the  required  sum 

=2r[8in|+sin(|  +  ^)  +  sin^?  +  ^)  + ton  terms] 


•    P 
sm    ; 


0     n-1  ir"I   .    n    r     ' 

2  +  -2-nJ"''2-i      . 


(Art.  241) 


sm^- 
2n 


=2reoseci^.sing  +  ?-^] 

(2  "  ^)  • 


=2rco8ec;r-oos 
2n 


EXAMPLES.    XUV. 

Bum  the  series : 

1.  cos  <^+ 008  8^+ cos  59+...  ton  terms. 

2.  cos^+cos2i4 +COS -5-+...  ton  terms. 

Proyethat 

3sina+sin2o  +  sin8a+...  +  8inna     .  ^n+1 
■ — ~^tan — jr—  a. 
cos  a+cos2a+... +008  na  2 
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4     8ina+8in8tt  +  Bin6a  +  ...+sin(2n-l)a     . 
coBa  +  oos  3a  +  oos  5a+ .,. +008  (2n- 1)  o 
sin  tt  -  8in  (a +/8)  +  8m(tt+2j8)  +  ...  tow  terms 
COS  a  -  008  (a + j8) + C08  (o + 2/9)  + , . ,  to  n  terms 

=tan  |o+^^(t+/9)|  . 


5. 


Smn  the  following  series : 

7,  oosa-cos(a+)3)+oos(a+2)3)-...  to  2nterms. 

ft  —  ^  «t  _  A 

8,  sin^+sin i^^+sin — ir^+-' *on terms. 

w  -  2  n  -  2 

9,  oosa?+sin8a;+cx>s5«+sin7a?+...  +  Bin(4fi-l)a5. 

10.  sin  a  sin  2a + sin  2a  sin  8a + sin  3a  sin  4a +  ...  ton  terms. 

11.  oosasin2a+sin2acos8a+oos8asin4a 

+  sin4aoos5a  +  ...  to  2n  terms. 

12.  sin  a  sin 8a + sin 2a sin 4a + sin 3a sin 5a +...  to  n  terms. 

13.  oosacos/9+oos3acos2j3+cos5aoos3j3+...  to  n  terms. 

14.  sin^  a+8in'2a+sin3  3a+ ...  to  n  terms. 

15.  sina^+sin»(^  +  a)+sin2{^+2a)  +  ...  to  n  terms. 

16.  sin'a+sin*2a  +  sin»3a  +  ...  tonterms. 

17.  sin*a+sin*2a+sin*8a+...  to  n  terms. 

18.  oos*a+oos*2a+cos*3a+ ...  to  n  terms. 

19.  cos^cos2^oos3^+oos2^oos8^oos4d+...  ton  terms. 

20.  sin  a  sin  (a + /3)  -  sin  (a +/9)  sin  (a +  2/3)+...  to  2n  terms. 

21.  From  the  snm  of  the  series 

sin  a + sin  2a + sin  3a +...  to  n  terms, 
deduce  (by  making  a  very  small)  the  sum  of  the  series 

1  +  2  +  3+.. .+n. 

22.  From  the  result  of  the  example  of  Art.  241  deduce  the  sum  of 

1  +  3+5...  ton  terms. 

23.  If  a=|^» 

prove  that  2  (cos  a + cos  2a + cos  4a + cos  8a) 

and  2  (cos  3a + cos  5a + cos  6a + cos  7a) 

are  the  roots  of  the  equation 

a;2+x-4=0. 
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24.  ABCD.,.  is  a  regular  polygon  of  n  ndee  which  is  insoribed  in  a 
circle,  whose  centre  is  0  and  whose  radios  is  r,  and  P  is  any  point  on  the 
arc  AB  such  that  POA  is  $,     Proye  that 

PA  .PB  +  PA  .PC+PA  .PD+PB.PC+... 
=r«[2cos»(?-^)cosec«^-»]. 

25.  Two  regular  polygons,  each  of  n  sides,  are  dronmsoribed  to  and 
inscribed  in  a  given  circle.  If  an  angular  point  of  one  of  them  be  joined 
to  each  of  the  angolar  points  of  the  other,  then  the  som  of  the  sqoares  of 
the  straight  lines  so  drawn  is  to  the  snm  of  the  areas  of  the  polygons  as 

2  :  sm  — . 
n 

26.  Ai,  A2,...A^^i  are  the  angolar  points  of  a  regular  polygon  in- 
scribed in  a  cirde,  and  0  is  any  point  on  the  circnmferenoe  between  Ai 
and  ^3n+]  i  prove  that 

OA^  +  OA^-i- ...  +  0A2f^i=0A^  +  0A^+ ...  +  OA^, 

27.  If  perpendicolars  be  drawn  on  the  sides  of  a  regolar  polygon  of  n 
sides  from  any  point  on  the  inscribed  circle  whose  radios  is  a,  prove  that 
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CHAPTER  XX. 


ELIMINATION. 


245.  It  sometimes  happens  that  we  have  two  equa- 
tions each  containing  one  unknown  quantity.  In  this 
case  there  must  clearly  be  a  relation  between  the 
constants  of  the  equations  in  order  that  the  same 
value  of  the  unknown  quantity  may  satisfy  both.  For 
example,  suppose  we  knew  that  an  unknown  quantity 
X  satisfied  both  of  the  equations 

GWP  +  6  =  0  and  ca?"  +  da?  +  6  =»  0. 
From  the  first  equation,  we  have 

6 


a 


and  this  satisfies  the  second,  if 

i.e.  if  6'c  -  ahd  +  a^e  =  0. 

This  latter  equation  is  the  result  of  eliminating  x 
between  the  above  two  equations,  and  is  often  called  their 
eliminant. 
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246.  Again,  suppose  we  knew  that  an  angle  0 
satisfied  both  of  the  equations 

sin'^sfr,  and  coeFO^c, 

80  that  sin  ^  =  6%  and  cos  ^  «  c  . 

Now  we  always  have,  for  all  values  of  0, 

sin«d  +  cos*d=sl, 
so  that  in  this  case  (^  +  c^  =  1. 

This  is  the  result  of  eliminating  0. 

247.  Between  any  two  equations  involving  one 
unknown  quantity  we  can,  in  theory,  always  eliminate 
that  quantity.  In  practice,  a  considerable  amount  of 
artifice  and  ingenuity  is  often  required  in  seemingly 
simple  cases. 

So,  between  any  three  equations  involving  two  un- 
known quantities,  we  can  theoretically  eliminate  both 
of  the  unknown  quantities. 

248.  Some  examples  of  elimination  are  appended. 

Bz.  1.    Eliminate  9  from  the  equations 

acoi$-{-biin0=:Ct 
and  d  coad+enn  9=sf, 

Solving  for  oos^  and  sin^  by  cross  mnltiplioation,  or  otherwise, 

we  have 

COB  0  __  nn$  __      1 

iyf-  ce"  cd-af^  bd-ae' 

(bd  -  ae)^ 
80  that  (6/-  c«)3  +  (cd  -  af)^  =  (M  -  ae)«. 
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2.    Eliminate  $  between 


ax 


__^-a,.6. 


COS  0     sin  $ 


(1). 


,  ax  sin  9     by  cos  $    ^ 

From  (2)  we  have  ax  sin'  d^^-by  oos*  6, 

sin  ^   _  COB  $  _  Aysin^^  +  coB*  ^ 


(2). 


Hence 


-(6y)i     (aa;)i      \/(6y)l  +  (ax)* 

(Hall  and  Knight's  Higher  Algebra,  Art.  12) 
1 

1    _      v(6y)*+(aa?)t 


^^  (6y)i 

1    ^  ^^(6y)*  +  (gj;)* 
^^«^  (ax)i 


and 

so  that  (1)  becomes 

a^'l^:=^(by)^+{ax)^ax,-^-'by\-  ^11 

L       (ox)*         I     (&ypJ-^ 

=  '^(by)^  +  {ax)*{  (ox)*  +  (6y)* } 

t.«.  (ao;)*  +  (6y  )*  =  (a»  -  6*)*. 

The  student  who  shall  afterwards  become  acquainted  with  Analytical 
Geometry  will  find  that  the  above  is  the  solution  of  an  important  problem 
concerning  normals  to  an  ellipse. 

Bz.  8.    Eliminate  6  from  the  equations 

-  cos  $  -\sind=co82e  (1), 

a  b  ' 

and  -  sine-\-\cose=2sin2e (2). 

a  b 
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Multiplying  (1)  by  cos  0^  (2)  by  nn  ^,  and  adding,  we  haTe 

X 

- = eo8  9  cos  29 + 2  sin  ^  sin  2^ 
a 

= COS  9+ sin  9  sin  29 =008  9 -I- 2  sin' 9  008  9 (8). 

Multiplying  (2)  by  oos  9,  (1)  by  sin  e,  and  subtracting,  we  have 

r=2  sin  29  cos  9  -  COS  29  sin  9 
o 

=sin29oo8  9+sin9=:sin9+2sin9oofl*9 (4). 

Adding  (3)  and  (4),  we  have 

-  +  r=(Bin9-hC08  9)  [1  +  2  sin  9  COS  9] 

=  (sin  9  +  COS  9)  [sin' 9 + cos' 9 + 2  sin  9  COS  9] 
= (sin  9 +008  9)', 

that  sin9+oos9=r-  +  |j    (6). 

Subtracting  (4)  from  (3),  we  have 

- -|=(cos9-sin9)(l-2sin9ooB9) 

= (cos  9- sin  9)*, 

eothat  cos9-sin9=(--|^ (6). 

Squaring  and  adding  (5)  and  (6),  we  have 


»=(M)*-(M)*- 


EXAMPLES.    XLV. 

Eliminate  9  from  the  equations 

1.  acos 9  +  5  sin  9=c,  and  &cos9-asin9=:<i. 

2.  a;=racos(9-a),  and  2/  =  boos (9-/3). 

3.  a  cos  29 =&  sin  9,  and  e  sin  29= d  cos  9. 

4.  asina~&oo8a=2&sin9,  and  asiD2a-6cos29=a. 

e  •    /»  />       l-^L ?       J  sin' 9     cos' 9         1 

5.  a:sm9-y  cos9=Va^  +  y',  and -—3-+     ,»-  = -5-^-2. 


19—3 
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^  .r  cos  ^     y  sin  tf 

a  0 

and  a;  sin  ^ -  y  cos  ^=  ^a^  sin'  ^ + 6*  cos* $, 

7.  sia0-coB0=:p,  and  cosec^-sinds:^. 

8.  a;=aoosd  +  &co8  2^,  and  2^=asin  ^+&sin2^. 

9.  If  m=:coseod-sin^,  and  n=sec^-cos<^, 

prove  that  m^-\-'nJ= (mn)  ~  ». 

10.  Prove  that  the  result  of  eliminating  $  from  the  equations 

a;  cos  (^ + a)  +  y  sin  (<? + o) = a  sin  2d, 
and  ycos(d  +  a)-xsiu(d  +  a)=-2acos2d, 

is  (x  cos  a +y  sin  a)'^  +  (a:  sin  a  -  y  cos  a) »  =  (2a)». 

Eliminate  0  and  0  from  the  equations 

11.  sind+sin0=a,  cosd+cos0=6,  and  d~0=a. 

12.  tand  +  tan0=j;,  cot0  +  cot0=y,  and  d  +  0=a. 

13.  aooB^0  +  hBm^0=Cy  b  gos^  ift + a  Bin^<p=d, 
and  a  tan  0=h  tan  <p, 

14.  cos(?+cos0=a,  cot  d  + cot  0=6,  and  cosecd  +  cosec0=c. 

15.  asin0  =  &sin0,  acos  d  +  &cos0=:c,  and  x=y  tan  (d  +  0). 

16.  -cosd  +  |sind=l,  -cos0+r8in0=l, 
a  0  a  0 

and  a^sin^sin^+ft^^Qg    t5Qg?_^ 


CHAPTER  XXI. 


PBOJECTIONS. 


249.    Let  PQ  be  any  straight  line,  and  from  its  ends, 


0   U 


/Un  M 


tf*'*-*V--..tf 


N 


P  aad  Q,  let  perpendiculars  be  drawn  to  a  fixed  straight 
line  OA.  Then  MN  is  called  the  projection  of  PQ 
on  OA, 
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If  MN  be  in  the  same  direction  as  OXy  it  is  positive ; 
if  in  the  opposite  direction,  it  is  negative. 

260.  If  0  he  the  angle  between  any  straight  line  PQ 
and  a  fioced  line  OA,  the  projection  of  PQ  on  OA  is 
PQ  cos  0. 

Whatever  be  the  direction  of  PQ  draw,  through  P, 
a  straight  line  PL  parallel  to  OA  and  let  it  and  QN,  both 
produced  if  necessary,  meet  in  R. 

Then,  in  each  figure,  the  angle  LPQ  or  the  angle  A  UQ 
is  equal  to  0, 

Also       MN=PR  =  PQco8LPQ  =  PQcos0, 

by  the  definitions  of  Art.  50. 

Similarly,,  the  projection  of  PQ  on  a  line  perpendicu- 
lar to  OA  =  RQ 

=  PQ  sin  ZPQ  =  PQ  sin  d. 

The  projections  of  any  line  PQ  on  a  line  to 
which  PQ  is  inclined  at  any  angle  0,  and  on  a 
perpendicular  line,  are  therefore  PQ  cos  0  and 
PQsin^. 

251.  We  might  therefore,  in  Art.  50,  have  defined 
the  cosine  as  the  ratio  to  OP  of  the  projection  of  OP  on 
the  initial  line,  and,  similarly,  the  sine  as  the  ratio  to 
OP  of  the  projection  of  OP  on  a  line  perpendicular  to 
the  initial  line. 

This  method  of  looking  upon  the  definition  of  the 
cosine  and  sine  is  often  useful. 

262.  The  projection  of  PQ  upon  the  fixed  line  OA 
is  equal  to  the  sumi  of  the  projections  on  OA  of  any 
broken  line  beginning  at  P  and  ending  at  Q, 
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Let  PEFOQ  be  any  broken  line  joining  P  and  Q. 
Draw  PM,  QN,  ER,  FS,  and  OT  perpendicular  to  OA. 


The  projection  of  PE  is  MR  and  is  positive. 
The  projection  of  EF  is  RS  and  is  negative. 
The  projection  of  FO  is  ST  and  is  positive. 
The  projection  of  6Q  is  TN  and  is  negative. 
The  sum  of  the  projections  of  the  broken  line  PEFGQ 
"therefore 

^MR-SR-^'ST'-NT 

^M8  +  SN 

A  similar  proof  will  hold  whatever  be  the  positions  of 
P  and  Q,  and  however  broken  the  lines  joining  them 
may  be. 

Cor.  The  sum  of  the  projections  of  any  broken 
line,  joining  P  to  Q,  is  equal  to  the  simi  of  the  projections 
of  any  other  broken  line  joining  the  same  two  points; 
for  each  sum  is  equal  to  the  projection  of  the  straight 
line  PQ. 

253.  Oenerai  Proofs,  by  Projections,  of  the  Addition 
and  Subtraction  Theorems. 

Taking  the  construction  of  Art.  88,  the  projection  of  OP 
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on  OA  is  equal  to  the  sum  of  the  projections  on  OA  of 
ON  and  NP;  but  ON  and  NP  are  the  projections  of 
OP  on  OB  and  a  perpendicular  line. 


1 


M     Q 


Hence  the  projection  of  OP  on  OA 

=  cos  AOB  X  projection  of  OP  on  OB 

+  cos  (90°  + -405)  X  projection  of  OP  on  a  perpen- 
dicular to  0-B,  [since  the  direction  NP  is  inclined  to  OA 
at  an  angle  90°  +  AOB]. 

.-.  OP  cos  ^  OP 

=cos^05x  0Pcos50a-sin^05x OPsin^OO.  (Art. 250.) 

i.e,  cos  (il  +  5)  =  cos  -4.  cos  5  —  sin  -4.  sin  B. 

So,  projection  of  OP  on  a  line  perpendicular  to 
OA 

=  sum  of  projections  of  ON  and  NP  on  a  line  perpen- 
dicular to  OA 

=  sin  AOB  X  projection  of  OP  on  05 

-h  sin  (90° +  -4  0-B)  X  projection  of  OP  on  a  perpendicular 
to  05, 
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ie.  OP  am  A  OP 

=^8m  AOB  X  OP  cos  50C+  cos^0J5  x  OP  sin  50(7, 

i.e.  sin  (-4  +  J5)  =  sin  -4  cos  -B  +  cos  A  sin  B. 


The  above  proof  holds,  as  in  the  subjoined  figures,  for 
all  positions  of  the  bounding  lines  OB  and  OC. 

264.  In  the  case  of  the  subtraction  theorem,  taking 
the  construction  of  Art.  90,  the  line  OC  is  inclined  to  OB 
at  an  angle  which,  with  the  proper  sign  prefixed,  is  —  J5. 

The  projections  of  OP  on  OB  and  a  perpendicular 
to  OB  are  therefore  OP  cos  (-  B)  and  OP  sin  (-  B), 

ie.  OP  cos  B  and  -  OP  sin  B. 


Since  OB  and  its  perpendicular  make  angles  A  OB  and 
(90°  +  ^OJ5)  with  OA,  we  thus  have 
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^  progectiaQ  of  OP  <m  OA 

s  sum  of  the  projectioDs  on  OA  of  the  projections  of  OP 
on  OB  and  a  perpendicnlar 

=  OP  OQS  J?  X  cos  ilOB  +  (- OP  sin  B)  x  cos  (90^  +  AOB) 

=  OP  COS  J?  cos  il  + OP  sin  £  sin  il, 

tic  008  {A  —  £)= COS  A  008  B-k-mnAsmB, 

Similarly,  projecting  the  same  lines  on  a  perpendicular 
to  OAy  we  have 

OP  sin(il-JJ)  =  OPoo8fix  sin  il05 

+  (-OPsin  B)sin  {9(f  •{■  AOB) 

^0PccsBwkA-0PsmBco8A, 
£.&  wi(A^B)^wkAoosB^cosAwiB. 

These  proo6  hold  whateTer  be  the  positions  of  the 


bounding  line 
joined  figure. 
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I.    (Page  5.) 
3"  360'  64800' 

4        1    •  S         Q  8661  A         4  8  8  8 

7.  33»33^33-S^.  8.     90*.  9.     153«88'88d'\ 

10.  39»76'38-8^  11.     261«34^444'\ 

12.  5288  3^33-3".  13.     1^  rt. -t ;  108\ 

14.  -453524  rt.  z  ;  40'  49'  1-776". 

15.  -394536  rt.  z  ;  35'  30'  29-664". 

16.  2-550809  rt.  z  ;  229'  34'  22116". 

17.  7-590005  rt.  z  ;  683'  6'  1-62". 

28.    5' 33' 20";  66' 40'.  29.     47^';  42||.'. 

31,    33' 20';  10' 48'. 

n.    (Page  10.) 

1.  25132-74  miles  nearly. 

2.  19*28  miles  per  hour  nearly. 

3.  12-85  miles  nearly. 

4.  3-14159...  inches.  5.     581,194,640  miles  nearly. 
6.  14*994  miles  nearly. 

m.    (Pages  13,  14.) 

1.    60'.  2.     240'.  3.     1800'. 

4.    57' 17' 44-8".  5.     458' 21' 58-4".  6.     160«. 

L.  T.  20 


I 
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7.     233«  33^  33-S".       8.    2000«.        9.    ^.         10.     I^tt. 

o  360 

^^-     720"-  ^^-     13500  "•  ^*-    36"- 

17.     81°;  9°.  18.     24°,  60°,  and  96°. 

19.     132°  15' 12-6".  20.     30°,  60°,  and  90°. 

21.  ^*  3* '^'^  "T'o ''^*^""^' 

22.  (1)    ^;  108°.  (2)    y;  128|°. 

(3)    ^j  136°.         (4)     ^;  160°.         (5)    ^;  158i^°. 

23.  8  and  4.  24.     10  and  8.  25.     6  and  8. 
28.     |.                     27.     (1)    ^=75°  =  83J'; 

(2)     ^=70°  =  77|«;  (3)     ^  =112r=125«^. 

28.     (1)  At  7^  and  36  minutes  past  4;  (2)  at  28^^  and 
48  minutes  past  7. 

IV.    (Pages  17,  18.) 
[lake  ir=314159...  and  ;^=-31831.] 

1.     20-454'  nearly.         2.     |  radian ;  34**  22'  38-9". 

3.  68*75  inches  nearly.  4.     '05236  inch  nearly. 

5.  24-565  inches  nearly.         6.     V  25'  57"  nearly. 

7.  3959-8  miles  nearly.  8.     -tt  ft.  =  3-14159  ft. 

9.  5:4.  10.     31416. 
„  4ir    97r    Utt    197r         ,  24ir      ,. 
^^'  35'35'T5'   35'^''^■35■^'^*'^• 
12.  65'  24'  30-4".                 13.     2062-65  ft.  nearly. 
14.  1-5359  ft.  nearly.          15.     2626  ft.  nearly. 
16.  32142-9  ft.  nearly.        17.     38197-2  ft.  nearly. 


ANSWERS.  lU 

18.     19099'.  19.     1106-8  miles. 

20.     238,833  mUes  21.     21600;  6875*5  nearly. 

22.     478  X  10"  miles. 


VI.    (Page  31.) 

^'       4   V15  ^'13'      '•  60'6r60'     ^'  5^3" 

9  '  40*  5'  5'  5'  3*  "•     4* 

12.     J|;  ^.  13.  ^V5;|a  14.     lor|. 

^e      3        5  ,«  5          ,„      12  ,«       1         , 

15.     gor^.  16.  jj.       17.     ^.  18.     -^orl. 

19.     ^.  20.  j^.                 21.  1  +  V2. 


22. 


2a;(a;+l)  2a;+l 


25c*  +  2a;+l'   2a^-\-2x+l' 

* 

Vm.    (Pages  44-46.) 


1.  34-64...  ft.;  20ft.  2.     160ft.  3.     225ft. 

4.  136-6  ft.  5.     146-4...  ft. 

6.  367-9...  yards;  454-3...  yards.  7.     86-6...  ft. 

8.  115-359...  ft.  9.     87-846...  ft. 

10.  43-3...  ft.;  75  ft.  from  one  of  the  pillars. 

11.  94-641...  ft.;  54-641...  ft.  12.     1-366...  miles. 
13.  30^                    15.     13-8564  miles  per  hour. 

16.  25-98...  ft;  70-98...  ft.;  85-98...  ft. 

17.  32^5  =  71-55...  ft.  19.     10  miles  per  hour. 
20.  86-6...  yards.                     21.     692-8...  yards. 

IX.    (Page  63.) 


.      2250       2500  ,81 

^-    6289'''  6289''*''^  33T'''*^*'^- 
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2. 

eS'*  45'  17-8". 

8. 

taoM-^"^'^- 

9.     tf  = 

60°. 

10. 

Tn  1|^  minutes. 

X. 

(Pages  74,  75.) 

4. 

-•366...;  2-3094 

. . . .              5. 

-1-366...;  -2-3094. 

6. 

0;  2. 

7. 

1-4142...;  -2. 

8. 

1-366...;  -2-3094 

a 

•  •  •  •                                               V* 

45°  and  135°. 

10. 

120**  and  240°. 

11. 

135°  and  315°. 

12. 

150°  and  330°. 

13. 

150°  and  210°. 

14. 

210°  and  330°. 

15. 

-  cos  25°. 

16. 

Rin  6°.              17. 

-  trfin  43°. 

18.     sin  12°. 

19. 

sin  17°.             20. 

-  cot  24°. 

21.     cos  33°. 

22. 

-  cos  28°.         23. 

cot  25°. 

24.     cos  30°. 

25. 

cot  26°.            26. 

—  cosec  23°. 

27.     -  cosec  36° 

28. 

negative.          29. 

negative. 

30.     positive. 

31. 

zero.                 32. 

positive. 

33.     positive. 

34. 

positive. 

35.     negative. 

ZI.    (Pages  83,  84.) 
1.     na-  +  (-l)»^.  2.    na--(-l)«^. 


3. 

^T  +  (-l)«^. 

4.     2wir' 

2w 
'3 

• 

5. 

2wir*^. 

0 

6. 

2mr^-r . 
4 

7. 

8. 

3ir 
4 

9. 

TT 

4 

10. 

2«x*|. 

1. 

nir  +  (-l)~ 

IT 

3* 

12.        WITS* 

'2- 

la     nw*~ 
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14.     7Mr*7r.  15.     rwr*«.  16.     wir*7. 

6.3  4 

17.    W'tg-  18,     (2»+l)»  +  2.  19.     2n«r-g. 

20.     105°  and  45°;  (»  +  ^)ir*g  +  (-l)«^,  and 


(f-«) 


'■'i*<-i>"B' 


^here  m  and  n  are  any  integers. 

21.  187J'*andl42J'*j 

(m\  IT         TT  -     /  W\  TT         IT 

'*-'^j'^-'8*12  ""^  V'*-2J'-8*r2' 

22.  (1)     60°  and  120°;     (2)    120°  and  240°;     (3)    30° 
and  210°. 

23.  (1)2;     (2)1;    (3)1;     (4)1;    (5)1. 

Zn.    (Pa«e  86.) 
1.     «ir  +  (-l)«|.  2.     2nir*^. 

3.     «w+(-l)«J.  4.     oostf  =  ^-^^ 

5.  sin  tf  =  *  ^^=-^  =  sin  18°  or  sin  (-  54°)  (Art.  120). 

6.  tf  =  2w7r  »fc  ;r .  7.     tf  =  nir  +  -T  or  WTT  +  ^ . 

«/»  2ir  5ir  a^/iI  ^ 

8.     ^  =  W7r  +  -=-  or  n7r  +  -^.  9.     tan^  =  -  or  -t. 

3  6  a  0 

10.     6  =  nv^Z'  11«     tf  =  2wir  or  2n7r  +  -7» 

4  4 

12.     nir=fc7r.  13.     wiror27Mr*^. 

6  •  o 

14.     2wir*^  or  2nir*^.  15.     sinfl^l  or  -j. 
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10      o             (2M  +  l)ir                         __  2r7r           2nr 

18.     2wir  or  ^ =— ^  .  19.     — —  or 

'"'               fti  «             2ni 

rt^ .              21.  2n7r  or  — ^ 


20.     r2n  +  2)  f  o^*  2twr  - 1 .  21.     2n7r  or     ^'^ 

22.     (2r  +  l)-^or(2r-l)-^. 

29.     -«  *o-  30.     WTT*^.  31.     (r  +  s)-. — . 

2w  +  1  +  V4»»  +  4w-15 


23. 
25. 
27. 


37. 


3. 


32.     tan  6  = 

4: 

34.  -[^(6wi~4w)ir*|=FyJ;      g |^(6w - 4w)  tt * ^ »f=  ^J  . 

35.  45°  and  60^  36.     g  or  | . 


3^5;  *2^^- 


Xm.    (Pages  91,  92.) 


^  133      _  84  2      1596       3444 

205^    "205'  3445^     3445' 

220       171       220 


221 '     221 '      21  • 


XIV.    (Pages  96,  97.) 
30.     2  sin  (^  +  n<l>)  sin  -^ .  31.     2  sin  (0  +  n«^)  cos  | 
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XV.    (PacM  96»  99.) 

1.    cos  26 -cos  12^.  2.    sin  120 -sin 20. 

3.    cos  140  + cos  80.  4.    C08l2*~co8l20^ 

ZVI.    (Face  102.) 
1.     3;^.  '        3.     1. 

XVn.    (Paces  109,  110.) 

1.     (4)   *25^     ^^^      169'    ^"^^2^5- 
289'    ^^       25'     ^  M69 


2.     (l)iS;    (2)  -i;    (3)!-Jo.  3.    a. 


1. 


6. 


XVm    (Pages  128-126.) 

2V2d.^3     *7V3*4V2 
6  '  18  • 


12'  2     ^  3    '    120* 

16  49  7_  1         3 

•     305'  305'  5V2*  3'       4' 

3 

*r 

7      74--V2^V6;  74  +  ^2  +  ^6. 

^*  2^2         '  2^2         '    V^"^> 

-(V2  +  l)  +  74  +  2V2. 

/4  _  (i>  _  5« 
8.     ^/   -o— fi— .         23.     +  and  -.         24.     -  and  -. 

25.     —    and    — . 

29.     (1)  2wir+ J  and  2wir+  -^ ;    (2)  2nir+  -j-  and  2n7r+  -^ ; 

(3)  2wir--r  and  2nv  +  Tf     (4)  2iMr+ ^  «"id  2w7r+  — . 
\  /  4  4^.4  4 
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30.     (1)     2»7r-T  and  2wir+T; 

4  4 

(2)  2nir'\-—  and  2nv  +  -T-; 

(3)  2nir  +  -j-  and  27Mr  +  — . 

ft 

XIX.    (Page  130.) 
12.     The  sine  of  the  angle  is  equal  to  2  sin  IS*". 

XXI.    (Pages  143,  144.) 
1.     V^orl(2n.^l).       2.    (^  +  5)^  or  (2n^l)  J. 

3.  (^  +  2) 5  ^^  ^^'^^    ^*  (** "*"  2) i  ^^  ^^ "^ ^~  "^^"i* 

5.  — s-  or  (w  +  jjir  or  f  2w-^J7r. 

6.  ?f  or  (2^*1)^.  7.     (n  +  i)^or2n. 
(n*i),r.              9.     2.^  or  (1^+1)^. 

10.  n7r+(-l)»^  or  nir  +  (-l)~^  or  mtt- (- 1)'»?J. 

11.  (n  +  l)^or  (n  +  l)|. 

12.  WIT  or  -— "Y    rw7r-(-l)**^   .         13.     2mir  or 
14.      ^!!!^  or  (2r  +  l)— ^.         15.     (2r+l)     '^ 


2w 
3  • 


8.     w^  or 


4mir 
n«fc  1  * 


16.  wir  or  r  or  (  w  +  ^r )  - . 

n  - 1         \        2/  n 

17.  2«.-|;  ^(2n,r-f). 
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18.     nir  +  (-l)*~-^.  19.     2nir  +  ^. 

20.     wir  +  ^+(-l)*^.  21.     2n7r+%i4. 

6     ^       ^   4  4 

22.  -  2r48'  +  n .  180'  +  (-!)»  [68''12']. 

23.  2w .  180^*  +  78'58'  ]  2n .  180^*  +  27'18'. 
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24.     w.  180^45';  n.  180"+ 26'*34'.      25.    2nir  or  2nir+ ^. 

o 

26.     2n7r  or  2nir  +  ^.  27.     2wir  +  ^  or  2*iir-^. 

28.     2nv  +  ^  or   2nv--^.  29.     wtt. 

OA       .    /I    *n/T7-1  ^,  .     VT7-3 

30.     8mtf  =  -=^-5 .  31.     008^  =  ^^-    » 

o  4 

32.     nir  *  ^  or  wir  +  7; .  33.     2nir  *  77  :  2»Mr  *  -7 . 

o    .  ^  o  4 

34.     (^  +  T)f'  35.     nTT*?.  36.     n7r+^. 


4  4 

37.  fl  =  -^  or  WIT  «fc  ^ ;  also  tf  =  nir  *  ^ ,  where  cob  a  --  «  . 

38.  (n+|)f  39.     nir-.^. 

XXm.    (Pages  157,  158.) 
1.    T-90309;    3-4771213;    2-0334239;    T-4650389. 


2.  -1653361 ;_  2-1.241781 ;     -5388340;    1-0759623. 

3.  2;  2;  0;  4;  2;  0;  3.  4.     -312936. 

5.  1-32057;    5-88453;     -461791. 

6.  (1)  21 ;    (2)  13 ;    (3)  30 ;    (4)  the  7th ;    (5)  the  21st ; 
(6)  the  32iid. 

.   ^-     Wc-5-a^     ^^>4c-36-a^     <'^^a+36.2c^ 

26(2a-fe)  2a6 

^^  5a6  +  3ac  -  25«  -  26c  5a6  +  3ac  -  26«  -  26c ' 

where  a  =  log  2,  6  =  log  3,  and  c  =  log7. 


TRIGONOMETRY. 

8.     -22221.  9.    8-6415.  10.    9-6192. 

11.     1-6389.  12.     4-7162.  13.     -41431. 

XXIV.  (PaCM  168-170.) 

1,  4-5527375;  1-5527394. 

2,  4-7689529;  3-7689502. 

3,  478-475;  -004784777.     4.  2-583674;  -0258362. 

5.  (1)    4-7204815;     (2)    2-7220462;     (3)    4-7240079; 
(4)    5273-63;         (5)     -05296726;     (6)    5-26064. 

6.  -6870417.  7.     43°  23' 45". 

8.  -8455104;  -8454509.  9.     32n6'35";  32°16'21". 

10.  4*1203060;  4-1218748. 

11,  4-3993263;  4-3976823.  12.  13^*8' 47". 
13.  9-9147334.       14.  34'*44'27". 

15.  9-5254497;  7r27'43".     16.  10-0229414. 
17.  18' 27' 17".       18.  36'*  52' 12". 

XXV.  (Pages  172,  173.) 

1.  13°27'31".       2.  22U'28". 

3.  1-0997340;  65'*  24' 12-5". 

4.  9-6198509;  22°36'28". 

5.  10°  15' 34".       6.  44°  55' 55". 

7.  (1)  9-7279043;  (2)  9-9270857;  (3)  10-1958917; 
(4)  10-0757907;  (5)  10-2001337; 

(6)  10-0725027;  (7)  9-7245162. 

8.  (1)  57°30'24";  (2)  57°31'58";  (3)  32°3ri5"; 
(4)  57°  6' 39". 

9.  -5373602. 

10.     (1)  cob(x  — y)  sec X  secy ;     (2)     cos  (a;  +  y)  sec  a; sec  y  ; 

(3)  cos  (x  —  y)  cosec  x  sec  y ; 

(4)  cos  (x  +  y)  cosec  x  sec  y ; 

(5)  tan'oj;  (6)     tan  a;  tan  ^. 


ANSWERS.  XI 

ZZVL    (Paces  180,  181.) 

ill  A^ 

1.     g,  2,  and  y. 

Q      _1     ?        A      ^        40     24  496 

^-     V^l'  5'  '^'^  5741^  JT'  25'  "^"^  1025* 
o      3     4 

.       5      12         ,  .      4     56       J  12 

4.     jg,  -^,  and  CO.  5.     j,  g^  and  J3. 

7  287 

^*     41  *^^  8T^*  ^-     ^^''  ^^*'  ?^*^  '^^"• 

ZZVn.    (Paces  18e-188.) 
23.     16^  ft.  25.    1 .  2a     |1|. 

XZVm.    (Page  191.) 

1.  186'60...  and  193-18. 

2.  26'*33'54";  63'*26'6";  10^5 ft. 

3.  48°  35' 25",  36°  52' 12"  and  94°  32' 23". 

4.  75°  and  15°. 

XXIX.  (Pages  194,  195.) 

1.     90°.  2.     30°.  4.     120°. 

5.  45°,  120'  and  15°.  6.     45°,  60°,  and  75°. 
7.     58°  59' 33".            8.     77°  19' 11".  9.     76°  39' 5". 

10.  104°  28' 39". 

11.  56°  15' 4",  59°  51' 10"  and  63°  53' 46". 

12.  38°56'33",  47°  41' 7"  and  93°  22' 20". 

13.  130° 42' 20-5'',  23°27'8-5",  and  25°50'31". 

XXX.  (Pages  199—201.) 

1.     63°13'2";  43°58'28".         2.     117*38' 45";  27°38'45". 

3.  -8^7  foet ;  79°  6'  24" ;  40°  53'  36". 

4.  87°  27' 25-5";  32°  32' 34-5". 
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5.  40°  53' 36";  19°  6' 24";  ^7  :  2. 

6.  71°44'30":  48°  15' 30".         7.     78°  17' 40";  48°36'20". 

8.  108°12'26";  49°27'34". 

9.  ^  =  45° ;  ^  =  75° ;  c  =  ^6.         10.     ^/6 ;  15° ;  105^ 
11.  -8965.  11     40  yds.;  120°;  30°. 

15.  7-589467;  108°26'6";  18°26'6";  53°7'48". 

16.  2-529823.  17.     22687;  73°34'50";  39°45'10". 

18.  ^  =  83°7'39";  ^  =  42°16'21";  c=  199-099. 

19.  ^=110°48'15";  C  =  26°56'15";  a  =  93-5192. 

20.  73°l'5r'  and  48° 41' 9". 

21.  88°30a"  and  33°30'59". 

XXXI.    (Pages  207—209.) 

1.  There  is  no  triangle. 

2.  Bj=SO\    (7i  =  105°,  and  h  =  J2;  ^2  =  60°,  ^2  =  75% 
and  ftj  =  ^6. 

3.  J?i=30°,   Cj  =  120°,  and  6^  =  100;  j52=.-90°,  C2  =  60% 
and  b^  =  200. 

5.  4^3*2^5. 

6.  100^3;  the  triangle  is  right-angled. 

8.  33° 29' 30"  and  101° 30' 30".  9.     17-1  or  3-68. 

10.  (1)     The  triangle  is  right-angled  and  B  =  60°. 

(2)  J?i  =  8°41'andCi=14ri9';  J?2=  111°  19' and  38° 41'. 

11.  65°  59'  and  41°  56' 12". 

12.  5'988...  and  2-6718...  miles  per  hour. 

13.  63°2'12"  or  116°57'48". 

14.  62°31'23"  and  102°17'37",  or  117°28'37"  and  47°20'23". 

15.  5926-61. 

XXXTT.    (Page  210.) 

1.  7:9:11.  4.     79-063. 

5.  1  mile;  1-219714...  miles.  7.     20-97616...  ft. 

8.  6-85673...  and  5-4378468...  feet  9.     404*4352  ft. 

10.  233-2883  yards.  11.     2229  yards. 
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:#:♦  « 1 1 


(Paces  21&~218.) 

1.  100  ft.  high  and  50  ft.  broad ;  25  feet. 

2.  25-7834  yds.  3.     3307...  ft.;  17^ ft 

1     18*3...  ft.  5.     120  ft  6.     A  tan  a  cot  jS. 

7.     1939-2...  ft.        8.     100ft.  9.     61-224...  ft. 

10.     100^2  ft 

15.  PQ  =  BP  =  BQ=^  1000  ft. ;  ilP=  500  (^6  -  ^2)  ^ ; 

iie  =  1000^2  ft. 

16.  -32119  miles.        17.    -1736482  miles ;  -9848078  miles. 
18.     119-2862  ft  19.     132-266  ft. 

20.     235-8034  yds.  21.     1-42771  miles. 

22,     125-3167  ft. 

.  ZXXrV.    (Pages  222-227.) 

3.  20  ft;  40  ft 

2 

4.  I  cosec  y,  where  y  is  the  sun's  altitude ;  sin  7  =  7* 

5.  3-732...  miles;  12*342...  miles  per  hour  at  an  angle, 
whose  tangent  is  ^3  +  1,  S.  of  E. 

6.  10-2426...  miles  per  hour. 

7.  16-3923...  miles;  14-697...  miles. 

8.  2-39  miles;  1-366  miles. 

2      9 

9.  It  makes  an  angle  whose  tangent  is  ^  ;   ^  hour. 

13.  c  sin  P  cosec  (a  +  )3)  ;  c  sin  a  sin  fi  cosec  (a  +  P). 

14.  9  yds.;  2  yds.  16.     |;    ~, 

20.  At  a  distance  -p=-  ft.  from  the  cliff. 

21.  c(l-sina)seca.     22.  114-4123ft     24.  1069-745645  ft. 

26.     The  angle  whose  tangent  is  ^  .  29.     45*". 

32.     18"  26' 6".  34.     tanasecjSil. 

37.     91-896  ft  38.     1960-95  yds. 

39.     2-45832  miles.        40.     333*4932  ft. 
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XXXV.  (Pages  229,  230.) 

1.  84.  2.     216.  3.     630.  4.     3720. 

5.  270.  6.     117096.  7.     1470. 

8.  1-183....  12.     35  yds.  and  26  yds. 

13.  14-941...  inch.        14.     5,  7,  and  8  ft.  15.     120". 

17.  45"^  and  105° ;  135^*  and  15^ 

18.  17-1064...  sq.  ins. 

XXXVI.  (Pages  237,  238.) 

3.     8|^,  IJ,  8,  2,  and  24  respectively. 

XXXVn.    (Pages  247—250.) 

35.     2*1547...  or  -1547  times  the  radius  of  each  circle. 


39.    ^„=5  +  (-l)«.2«.(^-|), 


XXXVni.    (Pages  256—257.) 

1.     (1)  3  V105  sq.  ft. ;  (2)  10  J7  sq.  ft.         3.    1-f  and  2|  ft. 

XXXIX.    (Pages  259—261.) 
.1.     77-98  ins.  2.     -5359. 

3.  (1)  1-720..,  sq.  ft. ;  (2)  2-598...  sq.  ft. ; 
'(3)  4-8284...  sq.  ft. ;  (4)  7-694...  sq.  ft. ; 
(5)     11-196...  sq.  ft. 

4.  1-8866...  sq.  ft^ 5.     3-3136...  sq.  ft. 

6.  2  +  V2  :  4 ;  72  +  72  :  2.  12.     3. 

14.     6.  15.     9.  16.     20  and  10. 

17.  6  and  5,  12  and  8,  18  and  10;  22  and  11,  27  and  12, 

42  and  14,  54  and  15,  72  and  16,  102  and  17,  162  and  18, 

2 

342  and  19  sides  respectively.  19.     ^^3  ;  ^6. 

XL.  (Pages  266,  267.) 

1.     -00204.  2.  -00007.  3.     -00029. 

4.     -99999.  5.  25783-10077.        6.     1-0000011. 

7.  34' 23".            8.  28°  41' 7".  9.     39' 42". 
10.     2°33'44".       11.  114-59...  inches. 


ANSWERS.  XV 

(Pages  309,  270.) 
1.     435-77  sq.  ft.  2.     4-9087...  sq.  ft. 

3.     127^9' 26".  4.     6  sq.  ft. 

5.     11-0004  inches.        6.     -00044625  inch. 

XLTT.    (Pages  271,  272.) 
L     1"10'22".  2.     17-14  miles. 

3.     -61  miles;  T 48' nearly. 

8.  About  61800  metres  =  about  38^  miles. 

9.  3960  miles. 

XT.m    (Pages  279-281.) 
28.     ^J^^.        29.    |.        30.    *-y~.        31.    *4    /?. 

32.     -8  or  -.  33.    rwr,  or  nir  +  j.  34.    ^3. 

35.     A  ^- .         36.    -  V3  or  -  (2  +  ^3).         37.     ^3. 

1      /3 
38.     w,  or«»-w  +  l.  39.     o/v/t"  ^'     '^^' 

41.  X  is  given  by  the  equation 

oj*  —  aj*(a5  +  a<;  +  afi  +  6c  +  6i  +  cd)  +  ahcd  =  0. 

42.  There  is  no  admissible  value  for  x. 

43.  ai.-[^a2- 1+76^-1}  44.     ^-^, 

ZUV.    (Pages  287—289.) 

1.  jr  sin  2n0  cosec  B, 

„  3»-l  .   .    3n  .  3  .  «      1 

2.  cos  — -. —  A^va-r  A  cosec  -r  -4.  "•     h  • 

4  4  4  J 

7.     sin    a+(n-^j)8    sinnjSsec-.  8.     —sin ^. 

9.     sin  2nx  (cos  2na;  +  sin  2nx)  (cos  a;  +  sin  x)  coseo  2a;. 
10.     J  [(n  +  1)  sin  2o  -  sin  (2n  +  2)  a]  cosec  a. 
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11.  ^  sin  {2n  +  2)  a .  sin  2na  cosec  a. 

12.  ^  cos  2a  —  jr  cos  (w  +  3)  a  sin  wa  cosec  a. 

-  ^     COS  (2na  -  a)  cos  (n  + 1)  jS  -  cos  (27ia  +  a)  cos  n)3  +  cos  a  (1  -  cos  j3) 

13.  2  (cos  )3- cos  2a)  ' 

14.  J  [{2n  +  1)  sin  a  —  sin  (2n  +  1)  a]  cosec  a. 

15.  o  -  K  cos  [2$  +  (w  -  1)  a]  sin  wa  cosec  o. , 

3   .    w  +  1      .no  o     1   .    oTi  +  l        .    8na  3a 

1^,-    J  sin     —  a  sin -5- cosec  5- jSin  3-^  a.  sin -^  cosec  "2-. 

17. '  Q  [^  -  4  cos  (n + 1)  a  sinna  cosec  a + cos  {2n  +  2)  a  sin  2na  cosec  2a]. 

18.  Q  [3nH-  4  cos  (n + 1)  a  sin na  coseca + cos  (2n  +  2)  a  sin  2na  cosec  2a]. 

19.  J  sm  -^-    cos  — ^ —  &  +  cos  — ^  0  +  cos  — ^—  ^    cosec  — 

I    .    3ne       3w  +  9.  3tf 

+  7  sin  -s   cos  — ^r —  0  cosec  -zr- . 
4  2  2  2 

20.  -  s  sin  (2a  +  2nfi)  sin  2w)8  sec  j8. 

XLV.    (Pages  293,  294.) 

1.     a2  +  6*  =  c2  +  cP. 

3.     a  (2c^  —  cP)  =  ftofc.  4.     a  sin  a  +  6  cos  a  =  J2b  (a  +  6). 

m     ^     y^     t  ^     ^     y^  1 

7.  (p^+iy+  2^(/+  1)  (j»  +  g)=  4  (;?  +  g)«. 

8.  (a2  +  2/«-62)(a^  +  y«-a«-5«)  =  2a«6(aj  +  6). 

11,     a^+5*  =  2 +  2  cosa.  12.     ajy  =  (y  -  05)  tan  a. 

13.  a2(a-c)(a«(i)  =  62(5-c)(6-(i). 

14.  86c  =  a{46«  +  (6»-c7}. 

15.  aj(c*-a^-6*)=y^(a+6+c)(-a+6  +  c)(a— 6+c)(a+6-c). 

16.  62  [-3.  (52  ^  ^2)  +  a  (a«  +  62)]2  =  4c*  [6«a^  +  a»y«]. 


PART  n. 

ANALYTICAL  TRIGONOMETRY. 
CHAPTER  1 

EXPONENTIAL  AND  LOQARITHMIC  SERIES. 

1.  In  the  following  chapter  we  are  about  to  obtain 
an  expansion  in  powers  of  x  for  the  expression  a*,  where 
both  a  and  x  are  real,  and  also  to  obtain  an  expansion  for 
loge  (1  +  x)y  where  x  is  real  and  less  than  unity,  and  e 
stands  for  a  quantity  to  be  defined. 

2.  To  find  the  value  of  the  quantity  f  1  +  -  J  ,  when 
n  becomes  infinitely  great  and  is  real. 

Since  -  <  1,  we  have,  by  the  Binomial  Theorem, 
n 

1  o-^V-l^n   1  ,n(n-l)  1      n(n-l)(n-2)l 

_  ""n  .  V      nJ\      n/  .  V      nj\      n)\  '^ n) 

""^^^^T72"^  [3  "^  ^ 

+ (1). 

This  series  is  true  for  all  values  of  n,  however  great 
Make  then  n  infinite  and  the  right>hand  side 

=«l  +  l+r^  +  -i^  4-T7  +  ...adin£ (2). 

If      E      12 

L.  T.   II.  1 


( 


/ 
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Hence  the  limiting  value,  when  n  is  infinite,  of  (1  +  - ) 
is  the  sum  of  the  series 

1  +  1  +  ^+  |-Q+"iA  +  **'^  ^^f* 

i±    l£    Iz 

The   sum  of  this  series  is  always  denoted   by  the 
quantity  e. 

Hence  we  have 

Lt(l  +  i)-  =  e, 
where  Lt  stands  for  "  the  limit  when  71=00." 

Cor.     By  putting  n  =  — ,  it  follows  (since  m  is  zero 
when  n  is  infinity)  that 

Lt  (1  +  m)^ =Lt  (1  +  iy  =  e, 
3.     This  quantity  e  is  finite. 

T?  •  111 

Forsmce  |3<2r2"^2i' 

1  1  1 

we  have 

111 

ad  in£ 


e<l+l+i 

1      1 

<i+iii 

<  1  +  2,  i.e. 

<3. 

Also 

clearly  e  >  2. 

4 
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Hence  it  lies  between  2  and  3. 

By  taking  a  sufficient  number  of  terms  in  the  series,  it 
can  be  shewn  that 

0»  2-7182818286.... 

4.    The  quantity  e  u  ineommeruurabU, 

For,  if  possible,  suppose  it  to  be  equal  to  a  fraction  ~ ,  where  p  and  q 

are  whole  numbers. 
We  have  then 

q'^'^^'^'^'^'^'^'''''^f^'^]qTl'^]qT^'^ ^^^• 

Multiply  this  equation  by  \q,  so  that  all  the  terms  of  the  series  (1) 


19 
become  integers  exeept  those  commeneing  with  -  ~.-  .    Henoe  we  hare 


J,  |«-1  -  whole  nnmber  +  j^  +  jA  +  ^ + .... 

But  the  right-hand  side  of  this  equation  is  >  — ^ ,  and 

q  +  1 

11.1 
"=g+l  +  te+I?"^GTl?  ■*■•••• 


t.«.  IS  <  — -i  -h  1 1 -=  I 


.    .  1 

t.e.  IS  <-. 

Henoe  the  right-hand  side  of  (2)  lies  between  — r  and  - ,  and  is  there- 

q  +  1  q 

fore  a  fraction  and  so  cannot  be  equal  to  the  left-hand  side. 

Hence  our  supposition  that  e  was  commensurable  is  incorrect  and  it 

therefore  must  be  inconmiensurable. 

5.    Exponential  Series.     When  x  is  real,  to  prove 
thciit 

e*  =  l  +  «  +  7o+T5  +  ...ad  in/, 

If     l£ 

'     1—2 
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and  that 

a^  =  1  +  xlogea -{•  j^(logeay  + , ..  ad  inf. 

When  n  is  greater  than  unity,  we  have 

{(•4)T-('-r 

_-  1     7wc(rwj  — 1)  1      rw;(7w?— l)(na?  — 2)  I 

n  1.2       n"  1.2.3  n' 

a?  (a?  — )     xlx  — \[x  — ) 
_i   .^.     V nl  ,     \       n)\       n/  . 

In  this  expression  make  n  infinitely  great.     The  left- 
hand  becomes,  as  in  Art.  2,  6*. 
The  right-hand  becomes 

-  a?*     ^ 

"*"^'*"j2"^(3"^'" 

Hence  we  have 

e*=H-x+j^  +  |^+...adinf.    (1). 

Let  a=se^,  so  that  c=:log«<z. 

••.  a»  =  e«'  =  l  +  ca?  +  -|o-  +  -|Q  +...admf., 


by  substituting  (w  for  a;  in  the  series  (1). 

.-.  a*  =  l  +  xlog«a+|^(log.a)*+|^(log«a)*+..,adinC 


.(2X 


6.  It  can  be  shewn  (as  in  C.  Smith's  Algebmt  Art.  278)  that  the 
series  (1),  and  therefore  (2),  of  the  last  article  is  convergent  for  all  real 
yalues  of  x. 


7.    Hat  X. 


EXPONENTIAL  THEOREM.       * 
Prove  «^«  5(«-^)  =  l+p  + 1+...  odtn/. 


By  eqaation  (1)  of  Art.  5  we  haye,  by  putting  x  in  snooeMion  equal 
to  1  and  - 1, 

,1111 


and 


1.111 


Hence,  by  subtraction, 

...-1.2(14.^+^+...). 


Bz.  2.    Find  the  tum  of  the  $erUi 

1+J+g  ,  1  +  2  +  8.  1  +  2  +  8^-4.  ... 

A+-|2-  +  — j3 — + Tg +  ...  odtn/. 

Thenthterm        ^l  +  2  +  8  +  ...+n     2^<^^^) 

=i  ^±1-^  r(^zi)±n  1  r  1       2  -] 

2|n-l     SiL    ln-1    J''2L|n^       n-lj' 


proTided  that  n  >  2. 
Similarly 


the(„-l,thterm=^[    1     +-i^]. 


Also 


the  4th  term: 


'-2[|2+|8j' 
the8rdtenn=i[^+|]. 

the2ndtenn-i[l+i]. 

•  - 

andthelstterm=ir      ?1. 
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Hence,  by  addition,  the  whole  series 

+i-2[l+l+i+i+...adinf.] 
1  Se 

8.  Iiogarithmic  Series.  To  prove  that,  when  y  is 
real  and  numerically  <  1,  then 

111 

loge(l  +  y)=-y-'^f+-^y*--^y'  +  ...adinf. 

In  the  equation  (2)  of  Art.  5,  put 

a  =  l+y, 
and  we  have 

(l  +  y)«  =  l+«log.(l  +  y)+^{log.(l+y)}»+ (1). 

Bat,  since  y  is  real  and  numerically  <  unity,  we  have 

(l+yy=l+x.y+    \   2     y^"*"         1.2.3 ^2'^+  — 

(2). 

The  series  on  the  right-hand  side  of  (1)  and  (2)  are 
equal  to  one  another  and  both  convergent,  when  y  is 
numerically  <  1.  Also  it  could  be  shewn  that  the  series 
on  the  right  hand  side  of  (2)  is  convergent  when  it  is 
arranged  in  powers  of  x.  Hence  we  may  equate  like 
powers  of  x. 

Thus  we  have 

+  ...  ad  inf., 
i.e.  log,(l +y)-y- ^  y«+ i  y«- iy*+...ad  inf....(3)L 
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9.    If  y = 1,  the  series  (8)  of  the  prerioas  article  is  equal  to 

,111.         J  •  # 


irhich  is  known  to  be  convergent. 

1 
2"8     4 


If  ys  - 1,  it  eqoals  -l-^-^-^...  ad  inf.  which  is  known  to  be 


divergent. 

In  addition  therefore  to  being  tme  for  all  values  of  y  between  - 1  and 
+  1,  it  is  tme  for  the  valne  y=sl ;  it  is  not  however  tme  for  the  value 
y=-l. 

10.    Calculation  of  logarithms  to  base  e. 

In  the  logarithmic  series,  if  we  put  y  »  1,  we  have 

log«2  =  l-^  +  ^--r+  ...  ad  in£  ...(1). 

If  we  put  y=  2' 

we  have 

8  /        1\ 

log,  3  -  log,  2  =  log,  2  =  log,  \1  +  2  j 

=  1_1  1  +  1  1_11+  (2^ 

2     2*2»     3*2*     4'2*     ^'' 

If  we  put  y^s' 

we  have 
log,4-log,3  =  log,^l+^j=^-5.3i  +  ^.3,-;j.3i+... 

•• (8). 

From  these  equations  we  could,  by  taking  a  sufficient 
number  of  terms,  calculate  log«  2,  log«3,  and  log^l. 

It  would  be  found  that  a  large  number  of  terms  would 
have  to  be  taken  to  give  the  values  of  these  logarithms  to 
the  required  degree  of  accuracy.  We  shall  therefore 
obtain  more  convenient  series. 
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11.  By  Art.  8  we  have 

111 

loge(l+y)  =  y-2y'  +  3y»-^y*  + :.{il 

and,  by  changing  the  sign  of  y, 

log.(i-y)=-y-2y»-gy»-4y*+ (2). 

In  order  that  both  these  series  may  be  true  y  must 
be  numerically  less  than  unity. 
By  subtraction,  we  have 

log.(l+y)-log,(l-y)=log,^==2|^y  +  |y»+iy»+...J 

- (3). 

tn  +  n 

where  m  and  n  are  positive  integers  and  m  >  n,  so  that 

1+y  _m 
l-y""w  * 

The  equation  (3)  becomes 

*'  n        [\m+nJ     3  \m+n/      5  \m+nj  J 

Put  m  =  2,  n  =  1  in  (4)  and  we  get  log«  2. 

Put  m  =  3,  n  =  2  and  we  get  log^  3  —  log^  2,  and  there- 
fore log«  3. 

By  proceeding  in  this  way  we  get  the  value  of  the 
logarithm  of  any  number  to  base  e. 

12.  IiOgarithms  to  base  lO.  The  logarithms  of 
the  previous  article,  to  base  e,  are  called  Napierian  or 
natural  logarithms. 
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We  can  convert  these  logarithms  into  logarithms  to 
base  10. 

For,  by  Art.  147  (Part  I.),  we  have,  if  iV  be  any  number, 

log,  N  =  logw  N  X  loga  10. 

••.  logioiV'-ioga-arx^— ^-^. 

Now  log«10  can  be  found  as  in  the  last  article  and 

then  ^ 37;  is  found  to  be  *4342944819... . 

log,  10 

Hence       log^  N  =  log,  N  x  -48429448. . . , 

so  that  the  logarithm  of  any  number  to  base  10  is  found 
by  multiplying  its  logarithm  to  base  e  by  the  quantity 
*43429448....    This  quantity  is  called  the  Modulus. 

EXAMPLES.    L 

ProYeihat 

(1       1      1         \a  /       1       1         \« 

^-234         _e  246         _j 

1     i     i 

i2+£|V2_,.i 

2>     8<     4' 

7.    l  +  J2  +  |8+g+-  =  ^- 
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Find  the  sum  of  the  series 
8.    l-H  +  a -T+ —adui'* 

oil    ia.^    Ill  ^-  f 

^'    2  ""  2  *  2«     3  •  2«  ""  4  *  2***"  '" 

Prove  that 

11.  log,  1^=2^0;+ ja:»+ga»+ ...ad inf. j. 

12.  log.f^;=2(l  +  ^  +  ^^+...adinf.),ifa.>l. 

13.  log.(l+3x+2a?)=3«-.^+^-l^+... 

+(-l)»-i?Il+la.i%+..., 


provided  that  2x  be  not  >  1. 

x^^2x*^Safi 


14.    aiog,aj-log,(a:+l)-log.(«-l)=--,  +  5-j  +  5-g+...,  if  «>!. 


15.    log.2=^  +  J-^  +  J^+...adinf. 

1  1  1      °^^(^"l) 

17.  tang+^tan8g+^tangg+...=^log       \      J,ifg<|. 

oos^^+^j 

18.  If  ^  be  >^  and  <t,  prove  that 

(1)  8in^+7Bin*9+7sin<^^+...  adinf. 
=2[oot|  +  ioot»|  +  ioof|+...admf.]. 

and,  if  ^  be  >0  and  <  ^ ,  prove  that 

(2)  l8in»d+l8in*^+lsin«d+...  adinf. 
«2rtana|  +  ltan«|  +  itanW2+...  ad  inf. J 
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19.  If  tan'  9  <  1,  prove  that 

tan'9-;;tan«^+^taa*tf~...  ad  inf. 

sBin'^+igin^tf +i8in«tf+...  adinf. 

20.  Prove  that,  if  29  be  not  a  moltiple  of  «■, 

log  cot  9=008  29+5  008^  29 +-008^29+...  ad  inf. 

o  o 

21.  Prove  that  the  coefficient  of  x*  in  the  expansion  of 

{log,(l+«)J« 
2(-l)»r,    1    1  1  H 

IS  -^ ^     1  +  0  +  0  +  —  + — ?    • 

n       L      2     3  n-lj 

22.  Use  the  methods  of  Arts.  11  and  12  to  prove  that 
'  log„2= -30103... 

and  logio3=*47712.... 

23.  Draw  the  carve  yslo&x. 

[If  a;  be  negative,  y  is  imaginary ;  when  x  is  zero,  y  eqnals  -  ao ;  when 
X  is  unity,  y  is  nothing ;  when  x  is  positive  and  >  1,  y  is  always  positive ; 
when  X  is  infinity,  y  is  infinity  also.] 

24.  Draw  the  carve  yslog^^a!  and  state  the  geometrical  relation 
between  it  and  the  carve  of  the  last  example. 

[Use  Art.  147,  Part  L] 

25.  Draw  the  carve  yao^. 

13.  The  two  following  limits  will  be  required  in  the 
next  chapter  but  one. 

14.  To  prove  that  the  value  of  (cos  -  j   ,  when  n  is 

infinite,  is  unity. 

We  have  cos  -  »=  ( 1— sin'- )  . 

n     \  nj 

•••HS"-('-^'3"-[('-'^"3'^]"'''"- 
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Now,  by  putting 


we  have 


—  sin'—  8=fw, 
n 


Lt  {l -  sin«-l  "^'^  =Lt  {1  +  mf  =  e.     (Art.  2,  Cor.) 
Also,  by  Art.  228  (Part  I.), 

2^^"n 


sin-  .         _ 

^    \  ®  1  A  A 


when  n  is  infinite. 

Hence,  when  n  is  infinite^ 


cos-     =e*  =  l. 


Aliter.       This  limit  may  also  be  found  by  using  the 
logarithmic  series. 

For,  putting  (cos  -  j  =  t^,  we  have 


a     n 


l0g«W  =  wl0geC0S-  =  2l^g«^^s';^ 

w/  .  ,  a     1   .  .a     1   .  .a  .       \ 

--jr   sm"-+ oSin*-  +  ^sm«-+ ...). 
2\       n     2       n     S       n         / 

(Art.  8.) 
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The  series  inside  the  bracket  lies  between  sin'-  and 

n 


the  series 


sin'  -  +  sin*  -  +  sin*  -  + ...  ad  inf.^ 
n  n  fi 


i,e.  lies  between 


• 

.  a 

sm'- 

sin^ 

n 

and 

1- 

n 

sin'- 
n 

sm'- 

and 

tan'-. 

n 

11 

1.6.  lies  between 


Hence  —  logw  lies  between 


TT  sin'-  and  stai^'- (^)« 

2        n  2        w  ^ 


But 


Lt^sin'-  =  Lt|  2  I  X  ^  =  1x0  =  0, 

»»oo2       w   ^«oel     a     y      2n 

and 

Lt^tan'-=Lt  J|  2  )  x-^  x  ^  1^=  1  x  1x0=0. 

«=oo2         n     »=«  I     a      I      ^^g,a     2n 

V  \  n   /  n 

(Art.  228,  Part  I.) 

Hence  in  the  limit  both  quantities  (1)  become  0,  so 
that  log  2^  becomes  zero  also,  and  therefore,  in  the  limit> 

u-»l. 
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(.    a> 
sm  — 
- 
n 
when  n  is  infinite ,  is  unity. 

We  have  shewn,  in  Art.  227  (Part  L),  that  sin  0,  0  and 
tan  0  are  in  ascending  order  of  magnitude. 

Hence  sin-,-,  and  tan- 

n  n  n 

are  in  ascending  order. 

a 

Hence  1,  — ,  and  — — 

sin-  cos- 

.  n  n 


are  in  ascending  order. 


a    ^» 


Therefore  |  — ^  j    lies  between  1  and  /  -^^  \  ,  so 

sin  -  /  I  cos 

n/  \       n, 


(: 


n 


axn 


that  I  -^—   I    lies  between  1  and  fcos-J  , 

But,  by  the  last  article,  the  value  of  f  cos-j   is  unity, 

when  n  is  infinite. 

sin  - 

— 

is  unity. 
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16.    There  is  one  point  in  Art.  2  that  requires  some  examination. 

We  ought  to  shew  rigidly  that  the  yalne  of  the  series  on  the  right 
hand  of  (1)  is  eqnal,  when  n  beoomes  indefinitely  great,  to  the  series  (2). 

Take  the|>th  tenn  of  the  series  (1),  viz. 

V   "njy    ~n) V    "IT J 

l£  ^^' 

When  a,  6,  e are  all  positiye  qoantities  and  less  than  unity,  we 

have 

(l-a)(l-6)  =  l-a-&+a6>l-a-6, 
and  (l-a)(l-6)(l-c)>(l-a-6)(l-c)>l-a-6-«, 

and  so  on,  so  that 

(l-a)(l-6)(l-c) >l-(^+6+c  + ). 

Hence  the  numerator  of  (1)  lies  between  unity  and 

,     /I     2      8  p-l\ 

1-1 -  +  -  +  -+ +- — ), 

\n     n     n  n  J' 

.  1  -    P  f  P  —  1) 

t. e,  between  unity  and  1  -^  ^'i        • 

Therefore  the  quantity  (1)  lies  between 

1.111 

T—  and  i —  Tr- 


ip |£     2n  1^-2* 


Hence  the  whole  series  (1)  of  Art.  2  lies  between 

1  +  1+1^  +  1^+ ad  inf., 


and  1  +  1  + 


(^-  li)  +  (4"  i  ^)  +  (jT  -  li  4)  + "*  ^-^ 


Le,  l+l+To+Tu+ adinf. 


-s;(^'^^+li+-^^0' 
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Now  the  series  1+  j-r  +  —  +  ...ad  inf.  is,  as  in  Art.  6,  convergent,  so 


II     \1 
that  the  quantity  77-  (  1  +  ts  +  To  +  »««  )  ">  ^^^n  n  is  made  indefinitely 

great,  ultimately  equal  to  zero. 

Therefore,  finally,  the  series  (1)  of  Art.  2  is  equal,  in  the  limit,  to 

1  +  1  + 75  +  75  +  77+:..  ad  mf. 

li     lA     11 

A  similar  argument  will  apply  to  the  series  in  Art.  5. 


CHAPTER  It 


COMPLEX  QUANTITIES.      DE  MOIVRE'S  THEOREM. 


17.  Complex  quantities.  The  quantity  ^  +  y  V  —  1, 
where  x  and  y  are  both  real,  is  called  a  complex  quantity. 
A  complex  quantity  consists  therefore  of  the  sum  of  two 
quantities,  one  of  which  is  wholly  real  and  the  other  of 
which  is  wholly  ixnaginary. 

18.  A  complex  quantity  can  always  be  put  into  the 

form  r  (cos  tf  +  V  —  1  sin  tf),  where  r  and  0  are  both  real. 
For  assume  that 

a?  +  y  V^  =  r  (cos  tf  +  V^  sin  0) 

=  r  cos  d-*- V  — l.rsinft 

Equating  the  real  and  imaginary  parts  on  the  two 
sides  of  this  equation,  we  have 

rco8  0=ix (1), 

and  rsintf  =  y (2). 

Hence,  by  squaring  and  adding,  we  have  r"  =  a?*  +  y*, 


80  that  r  =  v^  +  y». 

L.T.   II.  2 
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It  is  customary  to  take  the  positive  square  root  of 
si^-\-y^  and  hence  r  is  known. 

From  (1)  and  (2)  we  then  have 

cos  d  =   ,  and  sin  d  =  ,   '        . 

Whatever  be  the  values  of  a?  and  y,  there  is  one  value 
of  0,  and  only  one  value,  lying  between  —  tt  radians  and 
+  TT  radians  which  satisfies  these  two  equations. 

The  quantity  a?  +  y  V—  1  can  therefore  always  be 
expressed  in  the  form  r (cos  0  +  J  —  1  sm0). 

Def.  The  quantity  +  Joc^+y^  is  called  the  Modulus 
of  the  complex  quantity,  and  that  value  of  0  (lying 
between  —  tt  and  +  tt)  which  satisfies  the  relations 

cos  0  =  — ,  and  sin  0  =  — :=^ 


is  called  the  principal  value  of  the  Amplitude  of 

x  +  ysZ  —  l. 

19,    Bz.  1.    Express  in  the  above  form  the  quantity  1  +  ,J~^. 

Here  1+  V-^=*'  (cos  e+J~^  sin  6), 

so  that  rcos^=l, 

and  rsin^=l. 

We  therefore  have        r  =  +  ijl  + 1  =  +  ij2, 
and  then  cos  ^  =  -^  and  sin 0=-j^t 

so  that  ^=7« 

4 

Hence  1  +  ,^"^=^2 1  cos  ^  -i-  J'^  sin  ^    , 

so  that  /J2  is  the  modulus  and  j  is  the  principal  value  of  the  amplitude 
of  the  given  expression. 
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a.    Quantity- 1 +»J^. 
Here  - 1+  ^31  ^3=r  (cos  $+  »/^l  sin  0), 

so  that  r  008  d=  - 1,  and  r  sin  0s=»JS. 

and  then  coa^s-^  and  sind=^, 

80  that  ^=~. 

8 

...    -l+^/33«2[^oofly  +  ^/^l8in^^. 

Sz.  a.    QtMinttty  - 1  -  ,y^. 

Here  r  cos <?=  - 1,  and  r  sin  9s  -/s/3, 

sothat  r=s  +  VrT3=+2,  ooB«=-iand  ain^s:-^. 

Hence  (since  we  choose  for  $  that  value  which  lies  between  ~  r  and 

+t)  we  have  tf=--^. 

o 

•  ■ 

.%    -l-7T8  =  2rco8(-y^+tsin(-y)1. 

20.     In  Art.  18  the  equations 

cos  6  =  — .  and  sin  0  =  — 7^ 


are  satisfied  by  more  than  one  value  of  0.  Yot  the  cosine 
and  sine  of  an  angle  repeat  the  same  values  when  the 
angle  is  increased  by  any  multiple  of  27r  radians,  so  that, 
if  0  denote  the  value  between  —  tt  and  +  ir  satisfying  the 
above  relations,  the  general  solution  is 

2w7r  +  d,  ■ 
where  n  is  any  integer. 

This  is  expressed  by  saying  that  the  amplitude  of  a 

2—2 
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complex  quantity  is  many-valued.  The  principal  value 
is  that  particular  value  of  the  amplitude  that  lies  between 
—  IT  and  +  w. 

If  to  the  principal  value  of  d  we  add  any  multiple  of 
iir  we  obtain  one  of  its  many  values. 

To  sum  up;  li  0  be  that  value,  lying  between  —  tt 
and  4-  tt,  which  satisfies  the  equations 

COS  ^=-7==  and  sin  ^  =  ,    ^     - (1), 

*Ja^  +  y«  Va;»  +  y* 

then 


a?  +  yV-l  =  Va;«  +  y2[cos(2w7r  +  ^)  +  V-lsin(2n7r+^)]. 

The  quantity  2n7r  +  ^  is  called  the  amplitude  and  6  is 
called  its  principal  value. 

For  brevity  we  often  write  equations  (1)  in  the  form 

tan^  =  ^,  i,e.  tf^tan-^^, 

X  X 

but  it  must  be  understood  that  here  the  angle  denoted  is 
the  one  that  satisfies  the  conditions  (1). 

21.  De  Moivre'8  Theorem.  Whatever  may  he  the 
value  of  w,  positive  (yr  negative,  integral  or  fractional,  the 
value,  or  one  of  the  values ,  of 

(cos  0  +  J  —1  sinO)^  is  cosn6  +  J  —  l  sinnd. 

Case  I.    Let  n  be  a  positive  integer. 
By  simple  multiplication  we  have 

[cos  a  +  V  —  1  sin  a]  [cos  /8  +  V  —  1  sin  0] 

=  cos  a  cos  /8  —  sin  a  sin  /8  +  V  —  1  [sin  a  cos  /8  +  cos  a  sin  ff] 

=  cos  (a  +  /8)  +  V^  sin  (a  +  ^). 
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So 

[cos  a  + V^  sin  a]  [cos)8  +  V^  8in)8][co87+  V  -  1  sin 7] 

=  [cQS  (o  +  )8)  4-  V"^  sin  (a  +  /8)]  [cos  7  +  V"^  sin  7] 
=  [cos(a  +  )8)cos7  — sin(o  +  /8)8in7] 

+  V  — 1  [sin  (o  +  )8)  cos  7  +  008  (o  +  /3)  sin  7] 

=  cos(a4-  /8  4-  7)  +  V^  sin  (a  +  /3  +  7). 

This  process  may  evidently  be  continued  indefinitely, 
so  that 

[cosa  + V  —  1  sino][cos/3  +  V  —  1  sin)8][cos7  + V  —  1  sin7] 

to  n  factors 

=  cos(o  +  )8  +  7+  ...  tow  terms) +  V—1  sin  [a  4- )8 +  7+... 

to  n  terms]. 
In  this  expression  put 

a  =  )8  =  7» »tf, 

so  that  we  have 

[cos  0  +  V^^  sin  ff]^  =  cos  ntf  +  J^^  sin  nft 

Case  II.    Let  n  be  a  negative  integer  and  equal  to 
—  m. 

We  have,  by  the  ordinary  law  of  indices, 

(cos  tf  +  V^sin  tfy»«(cos  0  +  V^  sin  0y^ 

^ 1 ^ 1 

(costf  +  V  — 1  sin^)"*     cosm^  + V  — 1  sinmd' 

by  Case  I. 
^S7ng^V^l8inmg_ 

(cos  mtf  +  V  —  1  sin  md)  (cos  mtf  -  V  —  1  sin  m0) 
cosmtf— V  — Isinm^  ^       / — =-   .       ^ 

= --T -r. ;-r ^— =  008  W^  —  V  —  1  Sm  Wl^ 

cos*  mu  +  sm*  md 
=  cos  (—  m)  tf  +  V  —  1  sin  (—  m)  tf 
=  cos  n^  4-  V  —  1  sin  wft 
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Case  III.    Let  n  be  fractional  and  equal  to  ^ ,  where 

g  is  a  positive  integer  and  ji  is  an  integer,  positive  or 
negative. 

By  the  previous  cases,  we  have 

cos-  +  \'— 1  sin-     =cos(  J, -j  +  V  — Isinlg. -J 

=B  COS  5  +  V^  sin  6. 

Therefore  cos  -  +  V  — 1  mn  -  is  such  that  when  multi- 

9  ?  

plied  by  itself  q  times  it  gives  coaff  +  i/  —  laa$. 

Hence  cos-+V— 1  sin -is  one  of  the  oth  roots  of 
q  q  ^ 

cos  ^  +  V^  sin  $, 

0  .    0 

Ml  COS  -  +  V  - 1  Sin  - 

is  one  of  the  values  of 

(cos  0  +  J'^  sin  6f . 
Raise  each  of  these  quantities  to  the  pth  power. 
We  then  have  that  one  of  the  values  of 

MS 5  +  V-1  sin  ^'  is  (cos-  +  V - 1  sin -1  , 

cos^  +  ^/  — 1  Mn*— . 

.  The  quantity  t  is  always  used  to  denote  v'  —  1 
rill  be  often  so  used  hereafter.  The  expression 
-isinO  therefore  means  cos^+V  —  Isinft 
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L.    Simplify 

(co9S$+inn  3$)'  {eo$  $  - 1  tin  0)* 
{cos  bO+i  tin  bey  (eo$  2$  -  i  gin  2«)*  ' 

We  have  oos89+t8in8^s(co8  9+inn0)*, 

cos  ^- i sin ^ssoos  (-  9)+t sin  ( - 9)s(oo8 0+i  sin  0)-\ 
008  6tf +i  sin  50= (oos  0  + 1  Bin  ^)^ 
and      eoB  2$-i  sin  20=oo8  (-20)  +  t  sin  ( -2tf)  =  (co8  0  +  t  sin  0)-\ 

The  given  expression  therefore 

(cos0+i  sing)"  (cos  g+»  sin  g)-» 
~  (cos  ^ + 1  sin  0)^  (COS  « + i  sin  ^)-" 

=  (cos  tf + <  sin  0)~^*= cos  139  - 1  sin  139. 

1  1 

8Z.2.    If  2cat9=x+- arui2c(M^->y  +  -, 

prove  that  one  of  the  values  of   j^*+       ^ 

is  2eof(m9+n^). 

We  have  «*-  2x  cos  9=  - 1. 

/.    (a:-co8d)*= -l+cos'9= -siu^^. 
.'.    xsscos^+tsintf, 
80  that  a;*"soos  mtf +t  sin  mtf, 

and  — -=008  m^-i  sin  m^. 

Similarly  i/ = cos  ^  + 1  sin  ^, 

80  that  y* = 008  n^+i  sin  n^, 

and  --=cosn^-t  sinn^. 

y»  -^  ^ 

B  (cos  m$+i  sin  m0)  (cos  n^ + 1  sin  mp) 
•¥  (cos  mtf  - 1  sin  mO)  (cos  n^  -  i  sin  n^) 
s  cos  (m^ + n0)  +  i  sin  (m^ + n^) 
+C08  (mtf+n^)  ~<  sin  (m^+n^) 
=  2  cos  (m^+n^). 
Similarly  it  could  be  shewn  that  one  of  the  valnes  of 

^  +  ^i8  2cos(m«-ii0). 
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Bz.  8.    If     tina-^sinfi+tiny^eosa+cotp+eosy^O, 

prove  that  cos  3a + cot  8/3 + coc  87= 8  coc  (a + /3 + 7)* 

and  «in  8a + «tn  8/3 + «tn  87 = 8  nn  (a +/3+ 7). 

This  is  an  example  of  the  many  trigonometrical  identities  which  are 
derived  from  algebraical  identities. 

For  we  know  that  if  a+&+cs=0, 

then  a*  +  6* + c* = 8a6c. 

Let        a=cosa+»Bina,  &=:C08/3+i8in/3,  and  e3=cos7  +  i  Bin7, 

so  that  we  have  a+&+e=0. 

/.    (cos  o + 1  sin  a)*  +  (cos  /3 + 1  sin  /3)* + (cos  7 + 1  sin  7)* 

=  8  (oosa+i sin  a)  (co8/3+i  sin /3)  (co87+{  sin 7), 

so  that,  by  De  Moivre*s  Theorem, 

(cos  8a + cos  8/3 + cos  87)  + 1  (sin  3a + sin  8/3 + sin  87) 

=  8  cos  (a+/3+7)  +  8i  sin  (a+/5+7). 

Hence,  by  equating  real  and  imaginary  parts,  we  have  the  required 

results. 


EXAMPLES,    n. 

Put  into  the  form  r  (cos  0+iBia$)  the  quantities 

1.    1+t.  2.     -l-<.  3.     -V3+t'. 

4.    8+4i.  6.    l+V2+i.  6.    2-V3+<. 

Simplify 

(oos^-tsingp  p     (cos  a+ ( sin  a)  (cos /3+ 1  sin  /3) 

(cosa+isina)"*  (coS7-»-t8in7)(cosd+isind)  ' 

(cos  2^  - 1  sin  2$y  (eos  8^ + 1  sin  S0)'^ 
^'    (cos  40  +  i  8m4d)W(co8  6^  -  i  sin  5d)-«  * 


( cos  s  - 1  sm  27  )  ,^        .  .  ^.      . , 

\      6  6/  --      (cosa+lsina)* 

7 T^.  .    tU  '  •^^'    (sin^+tco8/3)»- 

12.    {(cosd-co30)  +  i(sind-8in0)}"+{co8^-co80-i(sintf-8in0)}**. 
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13.  Proye  that 

If  X,  y,  s  and  u  stand  respeetlyely  for 

oosa+isina,    ooB^+isin/S,    oosy-k-itiny,  and  oosd+isind, 
prove  that 

14.  {x+y)(«+u)=4ooBi^ooB^^rooB' 

-^- 

16.      7 TT cSB-TOOBeC-^OOSeO^-S-      COS — ^—s-^ — 

(x-y)(«-u)         4  2  2     L  2 


*'^"  2 


+  t8m — ^  ' 
1  a-B  7-«r      «+/J+' 


16.  «y+«tt=2oos — ^g  ^      I  008 — ^-^ —  +t8in — s~-^ — J. 

17.  From  the  identity 

(a«-6>)(c«-<P)=(c«-6«)(a*-d«)  +  {a«-c«)(6>-d«) 

prove,  by  patting  ascoea+iaina  and  similar  expressions  for  the  other 
letters,  the  identity 

Bin(a-/3)Bin(7-d)=sin(a-d)sin(7-/3)-l-sin(a-7)sin(/3-d). 

18.  From  the  identity 

(a?-ft)(g-c)     (x-e){x-a)     (a;-a)(x-ft)_^ 
■(o-6)(a-c)"^(6-c)(6-a)'*'(c-o)(c-6)~ 

dedace,  by  assoming  x=cos2tf +<  sin  2tf  and  coxiesponding  qoantities  for 
a,  b,  and  e,  that 

sin(^-/J)Bin(tf-7)  ,   „,^      v  .  x_     •    m  a 

-T-7 — ^:   .    , 4  sin  2  (tf  -  a) + two  smiilar  expressions  sO. 

sm(a-/3)sm(a-7)  '  '^ 

Similarly,  dedaoe  identities  from  the  identity 

111 


{x  -  a)  (x  -  6)     (a  -  6)  (x  -  a)      (a  -  6)  (x  -  6)  * 
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19.    Prove  thai 

(a+W)" +(a  -  6i)"  =2(<^+6^C08  (~  tan-i-J . 

20.11  »co.»=x4 

prove  that  2co8r^=x»^+— . 

01      If  2co8tf=x+-,  2co8^  =  y+-, 

prove  that  2coB(tf+^+...)=«y«...4 


xyz... 

22.  If  *r=c<»|;.+  V^oJ=»^» 

prove  that  x^ .  x, .  x, . ...  ad  inf. =oos  r. 

23.  Using  De  Moivro's  Theorem  solve  the  equation 

x*-x»+x»-x+l=0. 

23.     In  Art.  21  we  have  only  shewn  that 

cos  -  +  a/  —  1  sin  - 

is  one  of  the  values  of 

1 

(co8^+^^^[sm^)^. 
The  other  values  may  be  easily  obtained.     For 

1  I 

(cos  ^+V- 1  sin  ^)^  =  [cos  (2n7r  +  ^)  +  J^^  sin  {2mr+  6)]^ , 

where  n  is  any  integer,  and  one  of  the  values  of  the  latter 

quantity  is 

2mr  +  0       I — =    .     2mr-^0 
cos \-  J  —  Ism  — - —  . 

q  ? 

By  giving  n  the  successive  values  0,  1,  2,  3, ...  (g  —  1) 
we  see  that  each  of  the  quantities 

COS-  +  V  — Isin-, 
?  9 
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008 H  J  —  1  811^ > 

47r  +  ^       / — r  •    ^^S 
cos h  ^  —  1  sin , 

9  9 


I  cos — -!—  +  V-lsin (1), 


is  equal  to  one  of  the  values  of 

1^ 

(cos^+Z^sintf/. 

The  highest  value  that  we  need  assign  to  n  is  9  —  1 ; 
for  the  values  g,  y  +  1,  g+  2,...  will  be  found  to  give  the 
same  result  as  the  values  0, 1,  2,.... 

Also  no  two  of  the  quantities  (1)  will  be  the  same. 
For  all  the  angles  involved  therein  differ  from  one  another 
by  less  than  2ir  and  no  two  angles,  differing  by  less  than 
27r,  have  their  cosines  the  same  and  also  their  sines  the 
same. 

To  film  up;  By  giving  to  n  the  successive  values 
0, 1,  2, ...  9  —  1  in  the  expression 

2mr  +  0  .    , — ^    .     2nir  +  0 
cos +  V  —  1  sin 

?  9 

we  obtain  q,  and  only  q,  different  values  for 

1 
(cos  0  +  J~l  sin  0)1 

24  By  the  use  of  the  last  article  we  can  now  obtain 
trigonometrical  expressions  for  any  root  of  a  quantity 
which  is  of  the  form  x-f-yi. 
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For  we  proved  in  Art  20  that 


«  +  yi=p  [co8(2iwr  +  ^  +  7-lsin(2nir  +  ^)]. 


where  p  =  +  V^  +  y", 

and  0  is  each  that 

co8^=-  and  sm^  =  -. 
P  P 

Hence 

(a;  +  yO   =P      008 — +V-lsin  — - —    . 

By  giving  n  in  succession  the  values  0, 1,  2, ...  ^  —  1, 
we  obtain  the  q  required  roots. 


25.    Bz.  1.    Find  the  values  of 

We  have 

^008 1+  V^sin I)*  =  [cos  (anir+l^  +  V^isin  (2nir-».|^]* . 

where  n  is  any  integer, 

/2nr  .    x\        ,— -   .    /2nr      t\ 

Giving  n  in  sncoession  the  valnes  0, 1,  2,  and  3  we  have  as  our  answers 
the  quantities 

oo8^  +  ^^=l8in^,  cos ^^  +  ^/^ sin  ~  , 

18x  .     /-^  .    13ir         -        19ir  .     #— =•  .    19t 
*^®"T2""**'^"  12"'  "*^^^"l2 +v -^®"*  12"- 

The  student  will  note  that  the  value  ns4  will  not  give  us  an  additional 
value.    For  it  gives 


COS 


(2,+JL)  +  V_isin(2,+^). 
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which  is  the  same  as        oos  y^+  >/~^ bu^  th • 

and  this  is  the  first  of  the  qnantitieB  ahready  found.  Similarly  the  valnes 
n=5,  n=s6,  and  ns?  would  only  give  respeotively  the  remaining  three 
quantities,  and  so  on. 

Bz.  a.    Find  all  the  values  of(  -  l)i 

Since  cos  irs  - 1,  and  sin tsO, 

we  have  (-l)*=(co8T  +  />/-l8inir)* 

= [cos  (2nir + t)  +  ,J~^  sin  (2i«r + «•)]' 

2nir  +  ir       /— ^  ,  2nir  +  ir 
=cos  — I — +V-lBin — ^ — . 

Giving  n  the  values  0, 1,  and  2,  the  required  values  are 

008 5  +  >/ -1  sio ;t  ,  cos T  +  tj'^an t,  and  oos~  +  i^-lein-Tr-, 

<.«.  — ^ ,  -Land — y . 

Bz.  8.     Solve  the  equation  s^-x^-^x^-lszO, 

The  equation  is  {afi + 1)  («*  - 1) = 0. 

Taking  the  first  factor,  we  have 

x»ss  - 1 = cos  (2r  + 1)  T  +  V^^sin  (2r  + 1) », 

^,    ^  2r+l    .     , 2r+l 

so  that  «= cos  — g— «■  +  i^/^HTsin  — g—  «^« 

Giving  r  the  values  0,  1,  2,  3,  4  successively  we  have  as  solutions 

cos  36®+  ^/-^8i»86^  cos  108°  +  V^Tsin  108°,  cos  180°  +  -/rrginlSO®. 

cos  262°  +  V'^Tsin  262°, 
and  cos  324°  +  JZJ  gin  324°. 

Taking  the  second  factor,  we  have 

a:«=l  =  cos2nir+  ^^  - 1  sin  2nr, 

sothat  j?=co8-y-»- V-lw'^Y* 

Giving  n  the  values  0, 1,  2,  and  3  we  have  as  solutions  1,  V-T  - 1> 
and  -  V  - 1. 

Hence  all  the  roots  are  known. 
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BXAMPT.KB.    m. 

Find  all  the  valnes  of 

1.    li  2.    (-1)^.  3.    (-i)*. 

4.    {-lA  6.    {1+V^)i  6.    (l+V^j"^^. 

7.  a-V^*-    8.  (^3+^:^1)^.      9.  (V3-v:n[)* 

10.    16*.  11.    32*.  12.    (l  +  V^/*+(l-V~3)w. 


13.    Simplify  (oos^+isin^^V 


3y 
and  express  the  results  in  a  form  free  from  trigonometrical  expressions. 

14.  Find  the  oontinned  product  of  the  four  values  of 

15.  Prove  that  the  roots  of  the  equation  x^^ + 11^  -1=0  are 

^^r —    COS  -=-  ±t  sm  -^-    . 

16.  Solve  the  equation  :r^'- 1=0  and  find  which  of  its  roots  satisfy 
the  equation  as* + ^' + 1 = 0. 

Solve  the  equations 

17.    x'  +  l=0.  18.    a?7+a^+a^+l=0. 

19.  Prove  that  J^a+bi-k-  ^a-bi 
has  n  real  values  and  find  those  of 

20.  Prove  that  the  n  nth  roots  of  unity  form  a  series  in  o.p. 

21.  Find  the  seven  7th  roots  of  unity  and  prove  that  the  sum  of  their 
nth  powers  always  vanishes  unless  n  be  a  multiple  of  ?« n  being  an  integer, 
and  that  then  the  sum  is  7. 

26.    Binomial  Theorem  for  Complex  Quantities. 

It  is  known  that  for  any  real  values  of  n  and  z,  provided 
that  z  be  less  than  unity,  we  have 

■   (1). 
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When  z  is  complex  (=fl?+yV  —  1)  and  n  is  a  positive 
integer,  the  ordinary  proof  applies  and  the  theorem  (1)  is 
still  true. 

When  z  is  complex,  and  n  is  a  fraction  or  negative,  it 
can  be  shewn  that 

l  +  yig+    ^    ^   ^ga-f (2) 

is  one  of  the  values  of  (1  +  z)^y  provided  that  the  modulus 
of  ^,  %,e.  J  a?  +  y',  is  less  than  unity.  When  this  modulus 
is  equal  to  unity,  the  theorem  is  only  true  (1)  when  n  is 
poi^itive,  and  (2)  when  n  is  a  negative  proper  fraction  and 
z  is  not  equal  to  —  1. 

The  proof  is  difficult  and  beyond  the  range  of  the 
present  book.  We  shall  therefore  assume  the  result. 
The  student  may  hereafter  refer  to  Hobson's  Trigo- 
nometry,  Arts.  211  and  212,  or  Chrystal's  Algebra,  Vol.  II., 
page  262. 


CHAPTER  m. 

EXPANSIONS  OF  sin  nd  AND  COS  uO.      SERIES   FOB  sin  0 

AND  COS^  IN   POWERS  OF   0. 

27.  By  the  use  of  De  Moivre's  Theorem  we  can 
obtain  the  expansion  of  cos  n0  and  sin  n0  in  terms  of  the 
trigonometrical  functions  of  0. 

For  we  have 

cos  710  +  i  sin  n0  =  (cos  0  +  %  sin  tf )". 

Since  n  is  a,  positive  integer,  the  Binomial  Theorem 
holds  for  (cos  tf  +  i  sin  0y. 

Hence,  by  expanding,  we  have 

cos  n0  +  isixin0  =  cos"  0  +  n  cos**"*  0.{sm0 

n(n— 1)      „_,^  ^  .  ,^    n(w— l)(n— 2)      ^,^  ^  .  ,^ 
4-    \    o    cos"^g.z^sm'g-i-    ^        j^Q — ^cos'*-»d.i*sm»5.... 

Hence,  since 

i^  =  — 1,     i»  =  — i,     i*  =  l,     i*  =  i, ... 
we  have 

cos  n0  4- 1  sin  w^  =  cos**^ i    a     cos"^  0  sin*  tf 

J. .  ^ 

?i(w-l)(n-2)(n-3)      .^„  .  ^^ 

+  -^^ .,    o   o   1^ ^ cos**-^ 08m^0+... 

1.2.3.4 

^t[^ncos'^^gsing--^^''^^^^^g~^^cos'*--»g8in»g  +  ...  L 


I 
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By  equating  real  and  imaginary  parts,  we  have 

cos  7x6  =  cos»  e  -^^"T^^  cos'*-'^  sin«^  + (1), 

and 
sin nd  =  n  cos'*-^  0 sin  g _^  (^ - '^H^"  ^) co8«-»  0  sin» 0 

X    >    art   •    O 

n(n  — l)(n  — 2)(w— 3)(n  — 4)      ,.  _^  .  _^  .^. 

+  — ^^ 1    o    Q    A    K      cos*»-*tf  sin* tf  - (2). 

The  terms  in  each  of  these  series  are  alternately 
positive  and  negative.  Also  each  series  continues  till  one 
of  the  £ekctors  in  the  numerator  is  zero  and  then  ceases. 

28.     From  equations  (1)  and  (2)  of  the  last  article 

we  have,  by  division, 

^     sin  n0 

tan  nu  = ^ 

cosn^ 

«  1  A  •    y»     w (n  —  1)  (n  —  2)       __,  A   .  -  A  . 

ncoa^-^esmS ^ — jr^ — ^cos*-*^8in'^+ 

1.2.3 

""      «/i     nln-1)       ,^„-   .  -^     n(n-l)(w-2)(n-3)      _   ..  .   .^ 
cos"  e 1       ^  cos*-*  ^  sin*  ^  +  -i — ^^\       '' '  cos*-*  $  sm*  ^ 

X.«  X.2.0.4 

Divide  the  numerator  and  denominator  of  the  right- 
hand  member  of  this  equation  by  cos**  0,  and  we  have 

tann^  = 

1.2.3  |o^ 

l->i(^)tao»g+"("-^HV^)<"-3)tan^g 

1.2  [4 

29.    The  values  for  cos  n$  and  sin  nd  in  Art.  27  may  also  be  obtained, 
by  Induction,  without  the  use  of  imaginary  quantities. 

For  assume  (1)  and  (2)  to  be  true  for  any  value  of  n.    Then,  since 

cos  (n  + 1)  d  =s  cos  nO  cos  0  -  sin  n$  sin  $, 
L.  T.   II.  3 
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we  obtain  the  value  of  cos  (n+ 1)  S^  which,  after  rearrangement,  is  found 
to  be  obtained  from  (1)  by  changing  n  into  (n+ 1). 

Similarly  for  sin  (n+ 1)  0. 

Hence,  if  the  formulsB  (1)  and  (2)  are  true  for  one  value  of  n,  they  are 
true  for  the  next  greater  value. 

But  it  is  easy  to  shew  that  they  are  true  for  the  values  n=2  and  n=3. 
Hence,  by  Induction,  they  can  be  proved  to  h^  true  for  all  values  of  n. 

30.  From  De  Moivre's  Theorem  may  be  deduced 
expressions  for  the  sine,  cosine  and  tangent  of  the  sum  of 
any  number  of  unequal  angles  in  terms  of  the  tangents  of 
these  angles. 

For  we  have 

cos(a  +  )8  +  7+  ...)  +  tsin(a  +  /3  +  7  + ...) 
=  (cos  a  +  i sin  a) (cos y8  + 1  sin /3)  (c&s y+i sin  7). . .(1). 
Now        cos  a  +  i  sin  a  =  cos  a  [1  +  i  tan  a], 
cos  ff+i  sin  /3  =  cos  y8  (1  +  i  tan  jS), 


Hence  (1)  may  be  written 

cos  (a  +  y8  +  7  +  . . . )  +  *'  sill  (a  +  yS  +  7  +  •  •  • ) 
=  cosacosy3cos7...  (1  +itana)(l  +i  tan/8)(l  +ttan7)... 

=  cosacos/8cos7 . . .  [I  + 1  (tan  a  +  tan  13  +  tan  7  +  . . .) 

+  i^  (tan  a  tan  /8  +  tan  13  tan  7  +  . . .) 

+i'(tanatan^tan7+tan)8tan7tanS...) 

+ ] (2). 

Using  the  notation  of  Art.  125  (Part  I.),  this  equation 
may  be  written 

cos  ( a  +  )8  +  7  +  . . . )  +  *' sin  ( a  +  y8  +  7  +  . . . ) 

=  cos  a  cos /8  cos  7  ...  [1  -f  Wi  — «j  — i^g  +  ^4  + Wj  — ^e..]. 
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Hence  equating  real  and  imaginary  parts,  we  have 

sin  (a  -f  )8+7 . .  .)=eos  a  cosyScos  7 . . .  [«i  —  «»-<-  ^s—  «y . . .]  •  •  -(3), 
and 

cos(a+y3+7...)=cosacos)8cos7...(l— «,  +  «4  — 5e'")'-(^)« 
Hence,  by  division, 

taii(a  +  /J  +  7  +  ...)  =  ^~'^"''";'-  ...(5). 

The  signs  in  the  expressions  on  the  right  hand  of  (3) 
and  (4)  are  alternately  positive  and  negative. 

The  relation  (5)  was  shewn,  by  Induction,  to  be  true 
in  Part  I.,  Art.  125. 


31,    Bz.    Prove  that  the  equation 

a*  cos*  $  +  6««n»  ^ + 2(/a  cm  ^  +  2fb  nn  tf  +  c =0 

?uu  4  rootSf  and  that  the  sum  of  the  values  of  $  which  satisfy  it  is  an  even 
multiple  of  t  radians. 

Let  t  =  tan  ^ . 

2  tan  I  l-tan«| 

Then  since  (Art.  109,  Part  I.),  8ing=  and  cos 9=  , 

l  +  tan«g  l  +  tan»^ 


the  equation  above  becomes 

I   J.  9/I/I  J.  9f7i  


•■(feS)'*'-(ro)'""l-iS-»«if-"-»- 


or,  on  redaction  and  simplification, 

«*(a«-2^a  +  c)  +  4/6t»+t»(46a-2a«+2c)  +  4/6e  +  a«  +  2flfa  +  c=0 (1). 

This  is  an  equation  having  4  roots. 

Also  «,s=snm  of  the  roots  s  -  -s — ^ , 

*  a'  -  2ga  +  e 

«9=sam  taken  two  at  a  tunes  — = — zz , 

'  a*-'2ga  +  c  * 

«.=snm  taken  three  at  a  times  — - — ^ . 

a*-2pa  +  c' 

and  Si  s  sum  taken  four  at  a  time  s  -- — ^^^       . 

a*-2ga+c 

3-2 
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Since  «i=^8,  it  follows,  by  the  last  article,  that 

tan  I  -^ — ^-^ — *  I  =  ,r-^ — ^ =0= tan  tit. 
V  2  /      l-«,+«4 

[The  denominator  l—8^-{-8^  does  not  vanish  anless  a^=h\] 

,\  $i  +  $^  +  $^+$^=2,nv  radians 

=an  even  multiple  of  w  radians. 

[The  student  who  is  acquainted  with  Analytical  Geometry  will  see  that 
this  is  a  solution  of  the  problem  **  If  a  circle  and  an  ellipse  intersect  in 
fonr  points,  prove  that  the  sum  of  the  eccentric  angles  of  the  four  points 
is  equal  to  an  even  multiple  of  two  right  angles."] 

EXAMPLES.    IV. 

Prove  that 

1.  cos  4^= cos*  tf  -  6  cos^  e  sin«  $  +  sin*  0. 

2.  sin 6d=6cos<^  $  sin  9 - 20 cos' ^ sin' d  +  6  cos  ^ 8m>  $, 

3.  sin  7^ = 7  COS*  ^  sin  tf  -  36  cos*  0  sin*  ^ + 21  cos^  0  sin»  0  -  sin^  0. 

4.  cos  9^= cos^  ^  -  86  cos^  0  sin>  0  +  126  cos'  0  sin*  0 

~84cos>tf8in<^  +  9oos^sin8^. 

5.  cos  8^ = cos^  ^  -  28  CQ8<  0  8in>  0+70  cos*  0  sin*  0 

-  28  C08«  ^  sin«  ^  +  sin8  d. 
Write  down,  in  terms  of  tan  0,  the  values  of 

6.  tan  5^.  7.    tan  79.  8.    tan  99. 

9.  Prove  that  the  last  terms  in  the  expressions  for  cosily  and 

sin  119  are 

- 11  cos 9 sin^^^ 9  and  -sin" 9. 

10.  Prove  that  the  last  terms  in  the  expressions  for  sin  89  and  sin  99 
are  -  8  cos  9  sin^  9  and  sin*  9  respectively. 

11.  When  n  is  odd,  prove  that  the  last  terms  in  the  expansions  of 
sin  n0  and  cos  n0  are  respectively 

n-l  n-l 

(-1)  '  sin*9  and  n(-l)  '  oos9sin*-i9. 

12.  When  n  is  even,  prove  that  the  last  terms  in  the  expansion  of 
sin  n0  and  cos  n0  are  respectively 

n-2  n 

n(-l)  *  oos98in»*-i9  and  (-l)*sin*9. 

13.  If  a,  p,  and  y  be  the  roots  of  the  equation 

iifi+pa^  +  qx+p=0, 
prove  that  tan~^  a + tan~^  p + tan"  ^  7 = nir  radians 

except  in  one  particular  case. 
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14.  Prove  that  the  equation 

sin  d^=a  Bin  tf + &  cos  tf +e 

has  six  roots  and  that  the  sum  of  the  six  valaes  of  0,  whioh  satisfy  it,  is 
eqnal  to  an  odd  multiple  of  t  radians. 

15.  Prove  that  the  equation 

ahseGB-  bk  eoseo  tf  sa*  -  C 

has  four  roots,  and  that  the  sum  of  the  four  values  of  0,  whioh  satisfy  it, 
is  equal  to  an  odd  multiple  of  r  radians. 

16.  If  a,  /?,  7,...  he  the  roots  of  the  equation 

Binmx-nxooBmxssO, 

XX  X 

prove  that  tan~^  - + tan~i  -^  + . . .  +  tan-^  - = 0. 


EXPANSIONS  OF  THE  SINE  AND  COSINE  OF  AN   ANGLE   IN 
SERIES  OF  ASCENDING  POWERS  OF  THE  ANGLE. 

32.     As  in  Art.  27  we  have 
COS  n6  =  cos"  6  -  ^y^'T   ^  cos**-^  0  sin*  0 

n(n-l)(n-2)(n-3)      .^^  .  ,„ 

Put  n0  =  a,  and  we  have 
COS  a  =  cos**  0  -  — T— s —  CDS'*"*  0  sin'  0 

.i(H|jLi).»«....... 

+  °'<»-y-|y-^^)c08'^g(gy)^ (1). 
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In  equation  (1)  make  0  indefinitely  small,  a  remaining 
constant  and  therefore  n  becoming  indefinitely  great. 

Then  —^  is,  in  the  limit,  equal  to  unity  and  so  is 

every  power  of  (— ^  ) .    (Art.  15.) 

Also  cos  0  is,  in  the  limit,  equal  to  unity  and  so  also  is 
every  power  of  cos  0.    (Art.  14.) 
Hence  (1)  becomes 

CI*      tf*     ct* 
COB  a=l—  .—  +  rs-  —  f^+..-ad  inf. 

12       14       lo 

33.     To  expand  sin  a  in  terms  o/cl 
As  in  Art.  27,  we  have 

Ann0  =  nc(^'^^0^n0-^^'^'7^^^^'^^cos'^^0sm*0  +  .... 

As  before  put  n0  =  a,  and  we  have 


l(|-')(s-^) 


sin  a  =  ^cos*"*  ^sin  ^  —  '^  ^"   -,    o  I        ^  cos*^  0  sin*  0 

+  — \    o  o  A   - — ^ cos«-*^sm»5+... 

1.2.3.4.0 

.,«»«..  (^)  -  «-<^=»^)^«.  (5E-7. .... 

As  in  the  last  article  make  0  indefinitely  small,  keeping 
a  finite,  and  we  have 

siiia  =  a--i^  +  r^-  -=  +  ... ad  in£ 

[3      [6       |7 
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34.  There  is  do  series,  proceeding  according  to  a 
simple  law,  for  the  expansion  of  tand  in  terms  of  d, 
similar  to  those  of  Arts.  32  and  33. 

We  shall  find  the  series  for  tan  0  as  far  as  the  term 
involving  ff^.  A 

For  tantf  = 2  = '-  ^,Vi   ^ 

cos  a  ^       b*      6* 


=  (^-6  +  120  ""Or  "(2  "24 +  •••)] 

=  (^ -6 +I20  "  •••)  [^  "^  (2  -  24  +  •••) 

^\2     24""V      J' 
by  the  Binomial  Theorem, 

"V        6  "^120     ••V[^'^2~24'""'' 4'"J' 
neglecting  6^  and  higher  powers  of  6, 

"r""6 +l20~-)('  +  8+24  *■•••) 

on  reduction  and  neglecting  powers  of  0  above  ^. 

A  similar  method  would  give  the  series  for  tan  6  to 
as  many  terms  as  we  please.  The  method  however  soon 
becomes  very  cumbrous  and  troublesome. 

36.  In  Arts.  32  and  33  we  tacitly  assumed  that  a 
was  equal  to  the  number  of  radians  in  the  angle  con- 
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sidered.     For,  unless  this  be  the  case,  the  limit  of  — 3—  is 

u 

not  unity  when  0  is  made  indefinitely  small 

When  the  angle  is  expressed  in  degrees  we  proceed  as 

follows.  ^ 

Let  a°  =  ^  radians,  so  that 

180""^* 
and  hence 
Then 

"        |2  180»  ■*■  |4  ISO*      [6  180«  +  ' ' '  *^  ^"*- 


x  = 

TT 

180^ 

cosa° 

=  cosa;^ 

So  also 


sin  a®  =  sin  a;^  =  ^  —  -H  +  7F 

]3      [5--.- 


"  180     |3  V180/  ■*■  ^[iHOj  "  -  *^  ^^*- 

36.     Sines  and  cosineB   of  small  angles.      The 

series  of  Arts.  32  and  33  may  be  used  to  find  the  sines 
and  cosines  of  small  anglea 

For  example,  let  us  find  the  values  of  sin  10''  and 
cos  10". 

^^^       ^°"  =  (elTeo  ^  m)  "^^^^^' 

"VoisooJ' 
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we  have 

®"^  ^^'^  64800  "]3V64800/  ■*'[6V6480oj  "  *•• 
and  cosW'^1^1^^-^^^  ^ 

Now  g^l^  =  -000048481368. . ., 


( 


g^l^y  « -0000000023504..., 


and  ^_^y«  •000000000000113928.... 

Hence,  to  twelve  places  of  decimals,  we  have 

sin  10"  =  000048481368, 

A                          lA//     1     -0000000023504 
and  cos  10  =  1 ^ 

=  1 --000000001175 
=  -999999998825. 

37.  Approximate  value  of  the  root  of  an 
equation.  The  series  of  Art.  33  may  also  be  used  to 
find  an  approximate  value  of  the  root  of  an  equation. 
The  method  will  be  best  shewn  by  examples. 

Bz.  1.    -Z/^T—  =To?A  t  prove  that  the  angle  d  is  very  nearly  equal  to 

^h  radian. 
lo  * 

We  know  that,  the  smaller  0  is,  the  more  nearly  is  — ^—  equal  to 

unity.    Gonyersely  in  oar  case  we  see  that  6  is  small. 
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In  the  series  for  sin  0  (Art  33)  let  as  omit  the  powers  of  0  above  the 
third,  and  we  have 

0^^ 

[g      1349  1 

0         1350"       1360' 
6  1 


tf«= 


1360  ■"  226  • 


Hence  ^=:  ^-r ,  so  that  the  angle  is  t-?  of  a  radian  nearly. 

15  10 

If  we  desire  a  nearer  approximation,  we  take  the  series  for  sin  0  and 
omit  powers  above  the  6th.    We  then  have 


0         "       1360* 

This  gives  ^-20^=  _  1?2.=  _^. 

**  1360        225 

Hence,  by  solving, 

^    ,^^J22480     160-149-933312...      -066688 
^=10=fc_jg_  =  . =-15"" 

_  1-00032 

"■16a* 

,    1-00016      ,. 
.'.    ^= — :r= —  radian. 

10 

This  differs  from  the  first  approximation  by  abont  -xtt^  th  part. 
Bz.  3.    Solve  approximately  the  equation 

cos  (Z  +  ^)  =  '^^' 

Since  *49  is  very  nearly  eqaal  to  ^ ,  which  is  the  value  of  cos  ^ ,  it 

follows  that  0  must  be  small. 
The  equation  may  be  written 

1  009  * -5^  sin *=  -49=^  -  ig (1). 

For  a  first  approximation  omit  squares  and  higher  pq^wers  of  0,    By 
Art.  83  this  equation  then  becomes 

2       a        a~ioo' 
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BO  that 

^       2         1       2V3     8-4641...      ^,,_._  .. 

^  =  V3     100=8^^ 3^^=-011647...  radian. 

For  a  still  nearer  approximation,  omit  oabes  and  higher  powers  of  $. 
The  equation  (1)  then  becomes 


2  V       2/       2  "^"2     100* 


/.    tf=  -^3  +  ^^=0116086...  radian. 

The  first  approximation  is  therefore  oorreot  to  4  places  of  decimals. 

The  angle  9  is  therefore  veiy  nearly  equal  to  *0115  radian,  t.e.  to 
about  40'. 

The  accurate  answer  is  found,  from  the  tables,  to  be  *011507o... 
radian. 

38.  Evaluatioii  of  quantitieB  apparently  inde- 
terminate. We  often  have  to  obtain  the  value  of  quan- 
tities which  are  apparently  indeterminate. 

Suppose  we  required  the  value  of  the  expression 

8  sin  g  -  sin  3g 

d(cosd-cos3^)' 
when  6  is  zero. 

If  we  substitute  the  value  0  for  0,  we  have 

0-0 
0x0' 

which  is  apparently  indeterminate. 

The  expression  however,  for  all  values  of  d, 

3sing-(3sing~4sin»g)  4  sin'g 

^  0  [008-0  -  (4  cos'd  -  3  cos  0)}     ^  {4  cos  ^  -  4  cos'^} 

sin»^  sin^  1        sin  ^ 

X 


^coa^sin*^^     ^cos^     cos  ^        0 
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Now,  the  smaller  0  is,  the  more  nearly  do  both 

1  J  sin^ 

and 


cos  (7         e 

approach  to  unity.     Hence,  when  0  is  actually  zero,  the 
given  expression  =  1x1  =  1. 

Such  an  expression  as  the  one  we  have  discussed  is 
said  to  be  indeterminate.  We  should  more  properly  say- 
that  the  expression  is  '^  at  first  sight "  indeterminate. 

39.  In  many  cases  the  real  value  is  very  easily 
found  by  using  the  series  for  sin  0  and  cos  0,  The  method 
is  shewn  in  the  following  examples,  of  the  first  of  which 
the  example  in  the  preceding  article  is  a  particular  case. 

Bz.  1.    Find  the  value  of 

n  sin  6 -sin  nd 

d  (cos  6 -cos  nd) ' 
The  expression 

V?  —  71  V^  —  71 

— gT"  ^' c~"  ^' + higher  powers  of  0 


6  j-i^^  -  ^TT—  ^ + higher  powers  of  ^  | 
^+ higher  powers 


3 [6 


0^ + higher  powers 


li      li 

When  0  is  zero,  this  expression 

7t*  -  n  ,  7t'-l  _  n 
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Bz.  3.     Find  the  valuct  when  x  U  zero,  of  the  exprestion 

eo8X'-logf{l  +  x)+8inx-l 
e*  -(l  +  x)  • 

Since  log,  {l+x)=x-^x^  +  -x^~-x^.,.^ 

x^      sc^      x^ 
and  <«=l+x+T^  +  U +  77- ...  (Arts.  6  andS), 

this  expression 

_  (^-§+1")  -  (^-j^+i^- )  +  {'- 1  +  g-)-^ 

X*       x^ 


7  ^      i*  \ 


•I»  .1/ 

-T^  +lngher  powers  of  x      -  -jj+powers  of  x 


x^ 


I2  +lngber  powers  of  x  T5-+powers  of  x 

When  x  is  zero,  this  latter  expression 


.9=0. 


Bz.  8.    Find  the  value,  when  x  it  zero,  of 

1 

(tan  x\a 

When  x  is  zero,  this  expression  is  of  the  form  [  ^  j   . 


1^ 


Bnt  it  also  =  V  /      (Art.  34). 

\         X 

Now,  by  Art.  2,  Cor.,  the  valae  of 


is  e,  when  j;  is  zero. 


CD 


Hence  the  expression  =  e  8  =  «<>  s  1. 

The  valne  of  the  expression  may  be  also  found  by  finding  the  valne  of 
its  logarithm. 
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I 


1.    If 


EXAMPLES.    V. 

sin  e     1013 


e        1014  * 
prove  that  0  is  the  namber  of  radians  in  4°  24'  nearly. 

sing  _  863 

2-   -^^  e   "mi' 

prove  that  ^  is  equal  to  4°  47'  nearly. 

^     -..  sing  __  6045 

^-    -^  "T'~6046* 

prove  that  the  angle  6  is  1°  58'  nearly. 

A     If  sin  e  _  2165 

*•  g    "2166* 

prove  that  6  is  equal  to  3**  1'  nearly. 

-     -  sin  e  _  19493 

^'    ■"  e    "~I9494* 

prove  that  6  is  equal  to  1°  nearly. 

6.    If  tang=^, 

find  an  approximate  value  for  0, 

Find  the  value,  when  x  is  zero,  of  the  expressions 
_     X  -  sin  a;  _ 

tan  X  -  sin  x 


sin*x 


10.    "„:    .       11. 

13. 


15. 


17. 


771  sm  X  -  sm  mx 
m  (cos  X  -  cos  mx) ' 

b^  sin'  ax  -  a'  sin*  6a; 
6^  tan*^  ax-a^  tan*  6a?  * 

e«-l  +  log«(l-ar) 


!  •  sin*  a; 

19. 


sin  X  +  sin  6a?  -  7x 
55 


a;2 

• 

^     sinflx 
sinfcaj' 

1  -  cos  TTia; 

tan  2a;  -  2 
a;8 

sin  a; 

versin  ox 
1 0      —  , 

versin  ftx 

14. 

a*  sin  ax  - 

6*  sin  &x 

b^t&nax- 

a^tan&x' 

16. 

a;log,(l+x) 
1  -  cos  X 

18. 

a;  +  2  sin  x 

-  sin  3x 

x  +  tana:- 

-  tan  2x  ' 

20. 

sin'nx-sin^iTia; 
1     • 
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^-       irsmx     «*-«-■     Jl  f.f.      Bin*  ijmnx  -  Binwu;  ginnj; 

21-     iiL"^  +  -S ^J'  22. 

23. 


(1  -  008  mx)  (1  -  008  nx) 
Ssinx-sinSoE 


z-Binz 


24. 


(8inz-28in^j  +(1-oobx)" 
8m«8in2x-8cos«Bin'^-2  sin^« 


9 


25.    -Z^.  26.    {^). 

m 

27.     (co8-+8m---)   . 

\  HI  f»/ 

Find  the  value,  when  x  eqnal8  ^ ,  of 

rtQ  .     (co8a;  +  8in2a:+co8  8j:)' 
(8inx+ 2co8  2a;  -  sin  8«)* ' 

29.    (sin*)*"*.  30.    sectf-ianflBi 

Find  the  Talae,  when  n  is  infinite,  of 

31.     y^^y*  32.    (co9j)    .  33.    (o<>»^)*  • 

34.  If  n  be  >1  and  0=^  nearly,  prove  that  (8in  $)    is  very  nearly 

equal  to 

(n-l)  +  (n+l)Bin  $ 

(n+i)  +  (ii-l)Bin^* 

35.  ^  the  limit,  when  ^sa,  prove  that 

5—5 = tan  (a  -  tan-^  o). 

acoB/3-/3coBa 

36.  Prove  that 

«»«»     6     4"^°     239' 

and  deduce  that  in  a  triangle  ABC^  in  which  C  is  a  right  angle  and  CA  is 
five  times  CB^  the  angle  A  exceeds  the  eighth  part  of  a  right  angle  by 
S'  36",  correct  to  the  nearest  second. 
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37.  ^iod  a  and  b  so  tiiat  the  expression  a  sin  z+  6  sin  2a;  may  be  as 
close  an  approximation  as  possible  to  the  number  of  radians  in  the  angle 
X,  when  x  is  small. 

38.  ^  y ='  -eanXf  where  e  is  very  smaU,  prove  that 

tan|=tan|(l-«  +  e>8in«|), 

tan|  =  tan|f  !  +  <  +  «« cos^lj, 

where  powers  of  e  above  the  second  are  neglected. 

39.  ^  in  the  eqnation  sin  (w  -  tf) =sin  w  cos  a,  ^  be  veiy  small,  prove 
that  its  approximate  value  is 


and  that 


2  tan  (o  sin^  o  (  ^  ~  ^^^^  ^  ^^^  h  )  • 


40.    If  0  be  known  by  means  of  sin  ^  to  be  an  angle  not  >  15®,  prove 
that  its  value  differs  from  the  fraction 

28  sin  20 -f  sin  40 
12  (3 +  2  cos  20) 

by  less  than  the  number  of  radians  in  1'. 


40.    Bx.    Prove  that  the  roots  of  the  equation 

&r»-4a:>-44:  +  l=0 (1) 

T  3t         _        5t 

are  eo8  =  t  cot-^  ,  and  cos  -=- , 

and  hence  that  cos^  +co8  "S"  +  ^^^^^ -7- =  o ^^^ 

coa^cos  -J  +  cosy  «>«  y  +  cosyCos  y=—  g ^^^ 

T        3t        6t        1  ... 

and  008-=  eo8-=- ^^o'-y^'s W- 

First  BK«thod.    Let  ^ = cos  ^ + i  sin  ^,  where  0  has  either  of  the  valnes 

T     3t     6t  9t     Hit       ,  ISx 

lit   IT*   "y >  *■»    y  >    ~«~  Mi^    M  • 

Then  y'^=cos7^+isin7^= -1, 

i,e.  (y +  1)  (!/»-!/'+!^-!/*+y'-y  +  l)=0. 

Now  the  root  y  =  - 1  corresponds  to  the  value  0=:r, 
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The  roots  of  the  eqaation 

y«-y*+y*-y»+y*-y+l=0 (6) 

are  therefore  coi  ^+<  sin  tf,  where  $  has  either  of  the  values 

«-     8«-     6t     9x     llr         18r 
7.  y.  y.  y.  -7-.  or    ^  . 

Put  2«sy+-=costf+iBintf+ .  .  .  i    ^ 

'    y  eostf+isin^ 

B  COS  tf + 1  sin  tf + eos  9  -  <  sin  ^  s  2  eos  tf , 

On  dividing  equation  (5)  by  y*  it  becomes 

t.«.  8a»-4a;*-4a;+l=0 (6). 

The  roots  of  this  equation  are 

r  St  5t  9*-  llx       ,         18t 

cos  = ,  cos  -=- ,  cos  -=- ,  cos  -s- ,  cos  -=-  and  00s  -=-  • 

a.  18x  »  llx  8t 

Since  cos-=-=cos  =  ,  cos-=-sscos-=-, 

7  7  7  7 

,  9ir  6t 

and  00s  -=-a  cos  -=- , 

7  7  * 

the  roots  of  (6)  are  therefore 


We  then  have 


••  St         .        5r 

coss,  00S-S-,  and  cos-=-. 


».        8t.        6t     4     1 

COS^+COSy+COSy.  =  g  =  5, 


rSx  8t5t  5rT~4        1 

COS=  COS-=-  +  COS  -=-008-=-+ COS -=-008=-=  -3-=  -jr, 

7         7  7  7  778  2* 

-  T        8ir        5t         1 

and  cos  =  cos  -=-  cos  -=-  =  -  s . 

7         7         7         8 


The  equation 

(cos^-l-tBintf)'=-l (7), 

f.«.  cos  7^ +i  sin  79s -1 

L.  T.  n.  4 


50  TBIGONOMETBY. 


ia  eleftdy  ntisfied  when  $  has  either  of  the  yalaes 

r     ^     5w  9r      Hit         .  13» 

7*  T'  T'  ''  T*  ~7~'        T" ^^' 

Wzitmg  c  for  cos  B  and  t  for  sin  tf,  the  equation  (7),  on  being  ex- 
panded by  the  Binomial  Theorem,  becomes 

e^+7tc«»-21cV-35ujV+85cM+21tc»»»-7c««-M7=:-l. 

Equating  the  real  parts  on  each  side,  we  have 

e^  -  21cV + 36eV«  -  7ci«=  - 1. 

Patting  i^sl-e*,  we  see  that  the  ooeine  of  each  of  the  angles  (8) 
<mtiiff^^  the  equation 

64c'-112c»+66c»-7c+l=0 (9), 

t.«.  (€+l){8c»-4c«-4c  +  l}*=0 (10). 

Bat 

-  13»-  T  llx  3t       ,         9x  Sir 

008T=-1,  cos    _  =cos=  ,  eo8-j--=co8-=-  and  cos -=,  =co8-=-, 

7  7*7  7  7  7 

r  3v  5x 

so  that  the  roots  of  (10)  are  - 1  and  cos  ^ ,  cos  — ,  and  cos  — ,  the 

latter  three  being  twice  repeated. 

IT  3r  5x 

Hence  cos  =- ,  cos  -=-  and  cos  -=-  are  the  roots  of  the  equation 

8c»-4c»-4c+l=0. 

Bnt  this  is  equation  (6). 

The  equation  (9)  may  also  be  obtained  by  putting  n=7  in  equation  (2) 
of  Art.  49,  which  is  in  the  next  chapter. 

Vhixd  ^''rll*^.  When  only  a  small  number  of  angles  are  introduced 
the  equation  (6)  may  be  easily  obtained  without  using  imaginary  quan- 
tities. 

Let  $  denote  any  of  the  angles  (8). 

Then  7tf=an  odd  multiple  of  x. 

.*.  cos  49  s -008  3^, 

i,e.  if  cos  tf =c,  we  have 

2{2c»-l}«-l=-{4c»-8c}, 
U.  8c*-8c»+l=3c-4c», 

i.e.  8c*+4c»-8c»-3c  +  l=0, 

ue.  (c+l)(8c»-4c«-4c+l)=0. 


i 
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Henoe  as  in  the  Seoond  Method  the  roots  of 

8c»-ic«-4c+l=0 

are  eos  -= ,  ooe  -=- ,  and  cos  -=- . 

7  7*  7 

41.    From  the  preceding  article  we  can  obtain  an  equation  giving 

■ec»^,  Beo«~  ,  and  seo*^  . 

In  equation  (6)  of  that  article  pnt  ^^fft  And  therefore  x^— 7=.    It 
then  follows  that  the  qoantitiee 

sec*  = ,  lec*  -=- .  and  sec*  -=- 

7  7  *  7 

are  the  roots  of  the  equation 

or,  on  rationalizing, 

y»-24y»+80y-64=s0 (1). 

Again,  putting  yssl+i,  then,  since  seo'tfssl  +  tan*^,  it  follows  that 

tan'  -= ,  tan*-=- ,  and  tan*  -=• 
7  7  7 

are  the  roots  of  the  equation 

(l+«)»-24(l  +  f)>+80(l+«)-W=0, 

U.  ««-2U»+36«-7=0 (2). 

The  equation  (2)  may  be  easily  obtained  directly. 

For,  if  0  stand  for  either  of  the  angles 

T     2r     8ir     4t     5t     6t       , 
7  *   "T*  *   "7"  *    "t"  *    ~7"  *   "T"  *^    *"' 


then 

tan  7^=0, 

i.e.  by  Art.  30, 

7«  - 'C, .  f+'Cj .  t»  - '(77«'=0. 

or 

t'-21t»+36t»-7t=0, 

i,e. 

«{t«-21t*+35«2-7}=0 

But 

(3). 


tanxsO,  tan  -=-  =  -  tan  -= ,  tan  -^=s  -  tan  -=-  and  tan  -=-  =  -  tan  -=- . 
'7  7  7  7  7  7 

4—2 
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The  roots  of  (3)  are  therefore 

0,   ±tan-,  sfctan—  and  =fctan  — • 
Henoe,  patting  t^=z,  the  qnantities 


tan*  -  ,  tan*  -^ ,  and  tan'  — 


are  the  roots  of  (2). 


EXAMPLES.    VL 

1.  Prove  that 

(  x-2cos-=-  j(a;-2oo8-— j(a:-2oo8-g-jf«-2co8~j 

=«*+2«»-a;*-2a?+l. 

2.  Prove  that  the  roots  of  the  equation 

8x'+ 4;e*-4j;- 1=0  are  cos -=-,  co8-=-»  and  COB'S-. 

3.  Prove  that  sin  -=- ,  sin  -=-  and  sin  ~  are  the  roots  of  the  equation 

2  8 

Prove  that 

1  1  1  - 

ir"^  ^y"*"  6    ~ 

4-seo*-7r     4-seo*-=-     4-8ec'-=- 

7  7  7 

6.      00S*^-»-CO8*-g-+CO8^y+CO8*y  =  ^. 

6.  sec^  Q  +  sec*  -^  +  sec*  -5-  +  sec*  -^ = 1120. 

y  y  y  y 

_  T  .         Sir  .  6t  .         7t  .  9t      1 

7.  COS  JJ+  COS  jj+  COS  y|+  COS  JJ+  COS  ^  =  ^. 

8.  Form  the  equation  whose  roots  are 

tan*^,  tan*7T»  **^*?T"»  tan* rj  and  tan* ^. 
{Commence  with  equation  (3)  of  Art,  30.] 


[Bn.  VL] 
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Prove  that 

9.    oot«~  +  oot«?j+oot«jj+oot«^  +  oot«jY=15. 


2r 


3t 


4r 


5t 


m^  m  r  «zir  ,OT  ,«flr  .«Mr     «^ 

10.   "^^51+      Ti ■*"      n  +  "^^  11  ■*■  "^^  ii" 

2t  6ir  18t     V^^-l 

IL     «>8i3  +  c«»i3  +  «>"-ir=       4— 

IOt  14t  22t      -V13-1 

ir  7t  Ht  ISt         1 

13.  0««i5'*'~'l6  +  ~'l5+*^T5''-2- 

14.  Prove  that  sin  ^^  is  ft  root  of  the  equation 


CHAPTER  IV. 

EXPANSIONS  OF  SINES  AND  COSINES  OF  HXTLTIPLE  AlTOLES, 
AND  OF  POWERS  OF  SINES  AND  COSINES. 

[On  a  first  reading  of  the  subject  the  stadent  is  recommended 
to  omit  from  the  beginning  of  Art.  48  to  the  end  of  the  chapter.] 

42.  In  this  chapter  we  shall  shew  how  to  expand 
powers  of  cosines  and  sines  of  an  angle  in  terms  of  cosines 
and  sines  of  multiples  of  that  angle,  and  also  how  to 
express  cosines  and  sines  of  multiple  angles  in  terms  of 
powers  of  cosines  and  sines. 

Throughout  the  chapter  n  denotes  a  positive  integer. 

43.  Let  ^  =  cos  ^  + 1  sin  0,  so  that 

1  1  cos^  — isin^  /i      •  •    /i 

~"  = 3 — ^~~' — A  = rs". — =~TB  =  cos  a  —  I  sm  u, 

w     cos  a  + 1  sm  0      cos^r  +  sm^r 

Hence  fl?  +  -==2cos^, 

X 

and  « =  2i  sin  0. 

X 

Also,  by  De  Moivre's  Theorem,  we  have 

af^  =  cos  710  +  i  sin  riB, 

and  -=  =  cos  n0  —  i  sin  n0, 

so  that  ^'^  +  ~  =  2  cos  n0, 

and  x^  — r  =  2i  sin  n0. 
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44.     To  expand  co^O  in  a  series  of  cosines  ofmvitiples 
of  0,  n  being  a  positive  integer. 

From  the  previous  article  we  have 

(2cos^)«=^«  +  -] 

^1.2  a^ 

.  n(n-l)^     1     .  11 

^      1.2         V»-«^      \B»-i^a^ 

«  a^  +  na:«^  +  ^-^^^  a^-*  +  ... 

.  w  (n  —  1)    1  1         1  ,,  V 

+-1:2  ^+"-^+^ (i>- 

Taking  together  the  first  and  last  of  these  terms,  the 
second  and  next  to  last,  and  so  on,  we  have 

(2 cos ^)»- (*»  +  !)  +  «(.>-+ ^) 

+     1.2      l*^+^  +  — 
But  by  the  last  article  we  have 

a^4--r  =  2cosn^,    a;"^+---i  =  2cos(n-2)^,.... 

Off*  -m— ■ 


Hence 
2'*  cos«  ^  «  2  cos  n^  +  w .  2  cos  (n  -  2)  ^ 

+  ^^-^-^\2cos(n-4)^+ ' 

i.e.    2**"*  cos**  ^  =  cos  nd  +  w  cos  (n  —  2)  ^ 

+  ^^-^^^cos(n-4)^+ ^2). 

If  n  be  odd,  there  are  an  even  number  of  terms  on  the 
right-hand  side  of  (1),  so  that  the  terms  take  together  in 
pairs  and  the  last  term  contains  cos  0. 
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If  n  be  even,  there  are  an  odd  namber  of  terms  on  the 
right-hand  side  of  (1),  so  that  after  all  the  possible  pairs 
have  been  taken  there  is  a  term  left  not  containing  x. 
This  term  will,  when  divided  by  2,  form  the  last  term  on 
the  right-hand  of  (2). 


It  oonld  easily  be  Bhewn  that  the  last  term  is 


odd,  and  ^  t^Vt  if  n  be  eTen. 


«-l 


Ji 


n+1 
2 


cos  ^  if  n  be 


IS 


45.    Bz.  1.    Expand  eot^  $ina  series  of  cosines  of  multiples  of  $. 
Wehaye  (2cos^)»=f «+- j 

=a:8+8a:«+28«*+6ex"+70+66.i  +  28.i+8.^  +  p 

=  (x»+^)+8(««+i)  +  28(*-+i)  +  66(a:«+i)+70 

=2.oos8tf+8.2cos6^+28.2oos4^  +  66.2oos2^  +  70, 
/.     27co88^=cob8^  +  8oob69+28cos4^  +  56cos2^  +  35. 

Bz.  2.    JBa^fid  eot'  $  in  a  series  of  cosines  of  multiples  of  $. 

We  have  (2oo8^)7=:/^x+- j 

=xf+7.  a:»+21a:»  +  86«+35 .  i  +  21 .  i +7 .  ^  +  i 

X  XT  3r       3r 

.(a^+i)+7(^+^)+2l(«»4)+86(,  +  l) 

s  2 .  COB  7^  +  7 .  2  COS  5^  +  21 . 2  COS  3^ + 86 . 2  COS  ^, 
/.     2<co87^=cos7^  +  7oo8  5^+21cos8^+35cos^. 

46.     To  eaffptesB  sinV'  0  in  a  series  of  cosines  or  sines  of 
multiples  of  0  a/scording  as  n  is  an  even  or  odd  integer. 
By  Art  43  we  have 

2isin  ^  =  a?  — -, 

X 


80  that  2^t«sin»^ 


-(--D" <^>- 
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Case  I.    Let  n  be  even,  so  that  the  last  term  in  the 
expansion  is 

+  1,    and    <»-(-l)l 

The  equation  (1)  is  therefore 
2»(- 1)?  sin"  ^  =  a!» -««»-». -  +  ^^%^«*-*.;J- 


•  •  •  • 


=  2 .  COS  n^  -  n .  2  COS  (w  -  2 )  ^  +  ^^^^^^  2  COS  (n  -  4 )  ^ 


as  in  Art.  44. 


n 


...  2»-^(-l)asin«^  =  cosw^-ncos(n-2)^ 

+  ^^^g^^co8(n-4)g- (3). 

Since  n  is  even,  there  are  an  odd  number  of  terms  in 
(2),  so  that  there  will  be  a  middle  term  which  does  not 
contain  x.  This  term,  on  being  divided  by  2,  will  be  the 
last  term  in  equation  (3). 

1        *    l» 

ThiB  last  term  oould  easily  be  shewn  to  be  « ( - 1)^  71)1  * 

Case  II«  Let  n  be  odd,  so  that  the  last  term  in  the 
expansion  (1)  will  be 

1  "^ 

— —-,  and  *•*  =  %. i'*-"^  =  t(-l)  *  • 
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The  equation  (1)  then  becomes 


n-l 


1     w(n-l) 


1.2  af^  '         a^i     af» 

(.-i)-,(^-i).«>^(^-A,)... 

(4). 


Now,  by  Art.  43,   af^  — ^  =  2t  sin  nd. 


a?' 


a^-«-  -^  =  2i sin  (n-  2)  ^, 


a;"^ 


Hence  (4)  becomes 
2^.t.(-l)  «  sin«^  =  2fsinn^-n.2isin(n-2)^ 

+  !Li^Jll).2isin(7i-4)^-..., 

n-l 

SO  that  2«-i  (- 1)  *  Bin«  6 

=  sinw^  — nsin(n—  2)^H —  ^sin  (w--4)  ^— 

^•^  (5). 

Since  n  is  in  this  case  odd,  there  are  an  even  number 

of  terms  in  (4),  so  that  (4)  can  be  divided  into  pairs  of 

terms,  and  there  is  no  middle  term.    The  last  term  in  (5) 

therefore  contains  sin  0. 

n-l  |f| 

This  last  term  oould  easily  be  shewn  to  be  (- 1)  s    j= — r  sin  $. 

II— 1  n+i 


n-l 
2 

n+1 
2 

4ti,    Bz.  1.    Expand  sin^  9  in  a  series  of  cosines  of  multiples  of  $. 
We  have  2«i«8in«^=/^x-iy 

=:a«-6«*+16aa-20+16.i-6.~  +  i, 


EXPANSION  OF  SIN**  ft  59 


80 


that       -2«ain«^=rj:«+^^-6(»*+i)+16(a^+^V20 

=2oos69-6.2oo8  4tf+15.2ooB2^-20. 
.*•     -2>  sin' ^=0086^-6008  4^  +  15  eos  29- 10. 


!•    Expand  «in'  Bin  a  series  of  sines  of  nwUiples  of  0. 
We  h*Te  V  i7  sin^  9s  ^c  -  iY 

«a;7.7aHJ+21«»-86a;+35.^-21.1+7.i-^ 

-(^'h)-'{-ihk''-i)-''{-i)- 

.     -27.{.8in7  9=2i8m79-7.2i8in59+21.2i8m39-35.2i8in9. 
/.     -2«8m79=:8in79-7  8in59+2l8in39-35  8in9. 


B.    Expand  cot^  $  sin^  Bin  a  series  of  sines  of  multiples  of  B. 
We  have 


2»  COS'  9=  («  +  ^y ,  and  27t7  Bin'  9  =  /^x  -  iY. 
Hence  2" .  i^ .  cos"  B  Bin'  9=  (ar« - -^Y  fx  -  ^Y 

Hence,  as  before,  we  have 

.aiioos<^98m7^-8uil29-28ml09-4sin89+108in69  +  58m49 

.20  sin  29. 

KXAMPT.ra.    VIL 

Prove  that 

1.  8in8  9=j^[8in59-68in39  +  108in9]. 

2.  C08»9=^[oo8  99+9co8  79+86co869+84co8  39+126cos9]. 
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^  [cos  10^+10  008  8^+45  008  6^+120  cob  4^+210  oo8  2^+126]. 

4.  sin^^s:— [008 8^ -8 cos 6^ +  28 cos 4^ -56 cos 2^ +  85]. 

5.  8in»^=^[Bm9^-98in7^  +  368in5tf'84  8ixid^+1268intf]. 

6.  2^  sin^^  cos^^scos  6^  -  2  oos  4^  -  cos  2$ + 2. 

7.  2^  sin'^^  co8>^=8in  7^  -  3  sin  5^+ sin  3^+ 5  sin  $, 

8.  -2^0  8iQ8^eo8»^=sin  ll^+58in  9tf+78in  79-5  sin  5^-22sin3^ 

-148in9. 

##48.     To  express      .   ^  in  a  series  of  descending 

powers  of  cos  0, 

If  a?  be  <  1,  we  have 
*    /% 

-= — pj 3— — ;  =  sintf +  a?8in25  +  aj^sin  35+... 

1  —  2iz?  cos  d  +0^ 

+  a^^8inn0  +  ...  ad  inf. (1). 

This  may  be  shewn  by  multiplying  each  side  by 

1  —  2^  cos  5  +  aj", 
when  it  will  be  found  that  the  right-hand  member  will 
reduce  to  sin  0. 

A  more  rigorous  proof  will  be  found  in  Chap.  VIIL 
Equating  coefficients  of  «**"^  in  (1),  we  have 

— ; — -.  =  coefficient  of  a;**"^  in  [1  —  2a?  cos  0  +  ai'l"* 
sin  5  ^  -■ 

=  coefficient  of  af*^^  in  [1  —  a?  (2  cos  0  —  x)]"^ 
«!  coefficient  of  af^"^  in 

l  +  a?(2cos5-a?)  +  a;»(2cos5-a?)»+ 

+  «;»-•  (2  cos  5  -  x)r-*  +  af*^  (2  cos  5  -  x)"^ 

+  fl^»(2co8  5-aj)»»-i  +  fl7«(2cos5-a?)«+ (2). 
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Now  coefficient  of 

coefficient  of  af^^  in      af^'^  (2  cos  5  —  a?)*^ 

«  coefficient  of  a  in  (2  cos  6  —  a?)"^ 
=  -  (n  -  2)  (2  cos  ^)»-«, 

coefficient  of  af*^^  in      a;"^  (2  cos  ^  —  a?)*^ 

=  coefficient  of  a^  in  (2  cos  0 — a?)"^ 

and  so  on. 

Hence,  from  (2),  picking  out  in  this  manner  all  the 
coefficients  of  a^\  we  have 

^^  =  (2  cos  ^)«-i  ~  (n  -  2)  (2  cos  ^)»-* 

(n  —  3)  (n  —  4)  ,^        ^.^^_^ 
+  ^^ Y2 — ^   ^^ ^ 

(n  —  4)  (n  —  5)  (n  —  6)  .^       /i\«-»  . 
-^^ ^^^   g  g  ^(2co8^y»-'+ 


n-l 


If  ft  be  odd,  the  last  term  could  be  proved  to  be  ( - 1)  *  ;  if  n  be  eyen, 
it  oonld  be  shewn  to  be  ( - 1)      (n  oos  0), 


**49.    To  express  cosn0  in  a  series  of  descending 
powers  of  cos  6, 

If  a?  be  <  1,  we  have 

1  — ar* 

:; — 25 3 — ^  =  1  +  2a?  COS  ^  +  2a^  COS  2^  +  2a;»cos  3^  + ... 

1  —  2a?  cos  0  +  a^ 

...  +  2a;"cosii^  +  ...  ad  inf. (1). 

This  may  be  shewn  by  multiplying  both  sides  by 

l-2a?cos^  +  a?', 
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when  it  will  be  found  that  all  the  terms  on  the  right-hand 
side  will  reduce  to  1  —  ar*. 

A  more  rigorous  proof  will  be  found  in  Chap.  yill. 

Equating  coefficients  of  af^  on  the  two  sides  of  (1),  we 
have 

2  cos  n^  =  coefficient  of  a^  in  (1  —  ic")  [1  —  2a?  cos  0  +  ic"]~^ 
=  coefficient  of  x^  —  coefficient  of  ic**~*  in 

[l-«(2cos^-«)]-i 
=s  coefficient  oia^^  coefficient  of  af*^  in 

H-a?(2cos^-a?)  +  a?(2cos^-a?y+  ... 
. . .  +  «**^  (2  cos  5  -  aj)»-«  +  a?**-!  (2  cos  5  -  a?)**-* 

+  a;"  (2  cos  ^  -  x^  +  a^+^  (2  cos  ^-a?)»»+i+ ... . 

Picking  out  the  required  coefficients  as  in  the  last 
article,  starting  with  the  term 

af*  (2  cos  ^  —  a?)**, 
we  have     2  cos  nd 

=  (2  cos  0Y  -  (n  - 1)  (2  cos  dj^  +  (^-2)(n-3)  ^^^^g  ^), 


(tt-3)(n-4)(n-5)  ,„        „,^  . 
- ^ '\^  a   3 (2 cos ^)»-»+ 

-  1(2  cos  ey^  -  (n  -  3)  (2  cos  ^)"-« 

+  <"-^><;-^>(2co8<?)»^- -j 

=(2co8^»-n(2co8^)^» +["("-^)(^-^)+(„-3)1  (gcos^) 
_  |-(»-3)(n-4)(n-5) ^ (n-4)(^.-5)j^^^^^^^ 


,n-4 


J. 
i^  •  •  •> 
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SO  that^  finally, 
2cosn^=(2co8^«-n(2coe^)*-«+^-^^(2coB^) 

-"<"7^><p^>(2co9g)*^+ (2). 

The  last  term  oonld  be  shewn  to  be 

n—l  n 

(-1)  •  .n.(2cos^)  or  (-1)*.2, 
aooording  as  n  is  odd  or  e^^en. 

**60.    To   expand      i    a   in  a  aeries  of  ascending 

powers  of  cos  0, 

As  in  Art.  48,  we  have 

sin  n0 

—, — 3-  =  coefficient  of  af^^  in  [1  —  2j?  cos  0  4-  a^]^ 
sin  r  ••  -■ 

=  coefficient  of  a?*^^  in  [1  +«  (a?  —  2  cos  0)]"^ 
=  coefficient  of  af*^^  in 

1  — a?  (a?  —  2  cos  tf)  +  ic*  (a?  —  2  cos  ^)*  — 

+(-iy  of  (x  "ioos  0y  + (1). 

Case  I.     Let  n  be  odd^  so  that  (n  —  1)  is  even. 
The  lowest  term  in  (1)  which  gives  any  coefficient  of 
af*^^  is  then  that  for  which 

n-1 

Hence,  in  this  case, 

—, — ^  =  coefficient  of  af*"*  in  1  —  a?  (a?  —  2  cos  r)  +  ••• 
sm  r  ^  ' 

»-l     n-l  »-l  n+l     n+1  n+1 

+(-1)  2  a?  a   (a;-2cos^)  «  +(-1)  «  a?  *   (a; - 2  cos  0)  2 

n+3    n-*-8  n+8 

+  (-1)  «  a?  2  (a.-2cos^)  «  + 

+  (-  i)n-i  a^i  (a.  -  2  cos  d)«-*  4- 


M 


FS:ii£^  ^<Et  the  requiied  coefficients  as  in  Art.  48,  we 


i-i 


^=V-1)*  +(-!)* 


2      "^ 


-l-l)«   . 


1.2 

»-r3  m-l  »  — 1  n  — 8 

2*2 


(-2co&0y 


1.2.3.4 


(-2cos^+... 

4-(2co8^~-\ 


H<eiMre.  finaDj.  vhen  n  is  <»dd,  we  have 


saiu  1.2  [4 


_y^-PH^-y>Oe-£)^^_ 


!6 


+(-1)  «  (2cos(9)«-\ 


(2). 


n.    Let  R  be  eren,  so  that  n—  1  is  odd. 

The  lowest  tenn  in  (1)  which  gives  any  coefficient  of 
IS  thai  that  for  iriiich 


n 


Hence»  in  this  case. 


^niil^ 


5^ — ^^coefficient  of  jc»~* in  !  —  «(«  — 2cos^)+... 

H^ (- n* JT  V -  2  cos^)^+(- 1)^"*""  a^'*"\a? -  2  cos  5)2  ""^ 
-^  ^^-  1)*  *%»**(*  -  2  cos  0)^^  +  ... 


+  (- 1)F^>  we—*  («  -  2  008  ^)»-»  + 
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BIN  9 

Picking  out  the  required  coefficients,  we  have 

+  (-1)^     .- 12  3  4,6 (-2cos^)» 

+ +(2cos^)«-^ 

Hence,  finally,  when  n  is  even,  we  have 

^■"^^        8in^ 

.ncos^-^^i^cos.^+!ii^^ 

13  [6 


?+i 


+  (- 1)«  *  (2  cos  ey-^ (3). 


N.B.  It  will  be  noted  that  equations  (2)  and  (8)  of  this  article  are 
simply  the  series  of  Art.  48  written  backwards.  This  is  dear  from  the 
method  of  proof,  or  the  statement  could  be  easily  Terified  independently. 

**6L    To  eacfpand  coand  in  a  aeries  of  aacending 
powers  ofcoaO. 

As  in  Art.  49,  we  have 

2  cos  nd  a  coefficient  of  iC"  —  coefficient  of  af*^  in 

(1  -  2a?  cos  e  +  fl^)-^ 

=  coefficient  of  a?**  —  coefficient  of  <b**~*  in 
l-a?(j?-2co8^)+ic»(a?-2cos^)*- 

+  (-l)*-af(a?-2cos^y  + (1), 

as  in  Art.  49. 

L.  T.  II.  5 
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Case  I.     Let  n  be  odd^  so  that  n  —  1  is  evexL 
The  lowest  term  in  (1)  which  will  give  any  of  the 
coefficients  we  want  is  that  for  which 

n-1 
^  =  -2-- 
Hence  2  cos  n0  =  coefficient  of  x^  —  coefficient  of  a^**"^ 
in 

n-l    n-*l  n—1 

l-a?(a?-2cos^)+...+(-l)  *  a?  «   (a?-2cos(9)a 

n+l     n+1  n+1  n+8    n+8  nH-8 

+(-1)  «   a?  2  (a?-2costf)  2  +(-1)  *  ^  *  (a?-2cos^)  « 
-h +(-l)'*a?«(a?-2costf)« 


=  (-1) 


2     r  _  - I  (^  9  /»r.«»  ^  J 


[-^'<- 


2  cos 


n+1 

+(-1)* 


w+1   n—1   n  — 3 


"+ ^  (- 2  cos  ^)- J-=4-5-^(- 2  oos^ 


n+3 


+  (-!)« 


2 


n  +  3  n  +  1   n  —  1 
~2~-~2~'~2~ 

1.2.3 


1.2.3 


(-2C08^)« 


n+3n+l«— In— 3n— 5 

2" 


(-  2  cos  fff 


1.2.3.4.6 
+ +  (2cos5)» 

.♦.    (-1)  *  .2cosnd 

=cos^[(n-l)+(n+l)]-^^±^^^^^co8»d[(n-3)+(n+3)] 

(n  +  3)(n  +  l)(n-l)(n-3)  ~  .^r/       b\  .  /    .  em  . 
+  ^         '^ '^ ^'cos»^[(n-6)  +  (n  +  5)]  +  .... 

+  (-l)"«"(2C08d)» 
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Hence,  finally,  when  n  is  odd^ 

n-l 

(-1)  *   cosn^ 

=  WCOSd ^:5 ^C08»^+— "^ '^ ^cosF^ 

12  II 

- (-1)*  •2«-*co8«^ (2;. 

Caje  II.    Let  n  be  even. 

The  lowest  term  in  (1)  which  will  give  any  of  the 
required  coefficients  is  that  for  which 

n-2 

Hence  we  have 
2  cos  nO  =  coefficient  of  a^  —  coefficient  of  a?*^  in 


«    2    n-2 


11-2 


l-a?(a?-2cos^)  +  ...+(-l)  2  a;  2  (a?-2cos^)  « 

n  n+2    n+2  n-t-2 


»    n 


+  ( 


i)»  aj«  (a?  -  2  cos  ey  +  ( 

+  (- 1)»*  a;»  (a? 


»-2 


=  (-!)*    [_i]+(_i). 


1)  «  a;  «  (a!-2coB5)  « 

2co8^)"  + 

«  n  — 2  I 

l-iy-|-(-2cOS<?)» 


W  +  2 


n4-2  w 

-J-J^(-2C08^)' 


«  +  2  n  R— 2  n  — 4 

2     ^-f"*"!" 


1.2.3.4 


(-2cos^)* 


5—2 
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n+4 


+(-1)* 


n  +  4  n+  2  n  n  — 2 
"T~'~2~'2"2~ 


(-2C08^)* 


1.2.8.4 

n  +  4  n  +  2  n  n  —  2  n^-it  n  — 6 


+ +(2cos^)^ 


f 


(-2cos^)« 


.*.    (-l)«.2cosn^ 
=  [l  +  l]-^-^[n(n-2)  +  (n  +  2).n] 


cos*  5 


^T 


I! 

[(n  +  2).n.(n  -  2)(n  -  4)  +(»  +4)(n+2).n.(w-2)] 


n 


+ +  (- 1)2  .  (2  COS  ^)» 

Hence,  finally,  when  n  is  even, 

-"'<"'-y-*')cos'g+... 

+  (-l)«2«-^cos»^ (3). 

N.B*    As  before,  the  equations  (2)  and  (3)  of  this  article  are  only  the 
series  (2)  of  Art.  49  written  backwards. 

##62.    From  equation  (2)  of  Art.  50  and  equation  (2) 
of  Art.  51  we  have,  if  n  be  odd^ 


(-!)■ 


2 


sinnd 
sind 


=  1- 


n»-P 


cos' 


0^(J^z2^m^co^e 


1* 


_(n«-P)(«'-3»)(.»-5')^^.        

+  (-1)  a  (2cos^)'»-*  + 


.(1), 
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aiid(— 1)*  cosn^»ncos5 ^— r^ — ^qos^O 

(2). 

In  these  equations  change  0  into  -q-^O,  and  therefore 

cos  0  into  sin  d. 

Then  sin  n0  will  become 

-5-— ntf),  ie.  (—1)  *  cosn^, 

and  cos  n^  will  become 

-^^n0\,  %,e,  (— l)"^8innft 

On  making  these  substitutions  we  shall  have,  if  n  be 
odd, 

w=scos^U i^r—  sm'5+i ff ^sm*5— ... 

-f-(-l)*  .  2«-i 8in«-i ^1 (3), 

and 

sinn^  =  nsin^ — ^— i^ — ^8m»^  +  -^^ P '^sin'^ 

+ +(-1)  *   2"-*sin"^ (4). 

#*53.    Again   from  equation   (3)  of   Art.  50  and 
equation  (3)  of  Art  61  we  have,  if  n  be  even, 

,    _2+i8innd  .    n(n»-2*)      ,. 

<-!>*    li^=«^««^--^-J3-^°««'^ 

+  "<"'-^^<"'-^>cos'g  + +  (-l)^\2C08tf)- 

(1). 


coswcrsB 
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and 

(-iycosng=l>--^co8'g  +  ^'        Uo^e- 

+  (-!)«  2~-i  (cos»  5) (2). 

In  these  equations  change  0  into  ^  ~  ^'  ^^^  therefore 

COS  ^  into  sin  0, 

Then  sin  nd  will  become 

-x-  —  n^j,  i.e,  (—1)*     sinn^, 
and  cos  n0  will  become 

cos  (-5 —  n0\ ,  ic.  (—  l)*cosnft 

On  making  these  substitutions  we  have,  if  n  be  even, 

— --^=wsm5 ^-Ts — ^sm»^  +  -^ r^^ ^sm*^... 

cos  a  jo  5 


?+i 


+  (-!)«     (2sin5)'*-» (8), 

and 

cos  ng  =  1  -  -^sin^g  +  ''^  ^""'j  ^'^sin*  g   ^ 

(2  [4 

+ (- l)a  2«-i  8in»  g (4). 

^^54.  Equations  (1)  and  (2)  of  Art.  52  and  equa- 
tions (1)  and  (2)  of  Art.  53  give  the  expansions  of  sinn^ 
and  cos  n0  in  ascending  powers  of  cos  0  for  the  cases  when  n 
is  even  or  odd.  Equations  (3)  and  (4)  of  the  same  two 
articles  give  the  expansions  of  the  same  two  quantities  in 
terms  of  sin  A 
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EXAMPLES.    Vm. 

2.  cos 7^=64008^^-112 008^9+56 cos* ^-7008^. 

3.  sm89=Bin^[128cos''^-192oos^^  +  8OoosS0-8cofl0]. 

4.  co88^sl-82sm>^+16O8in«0-256Bm<0  +  128Bin«^. 

5.  ain9^=sin^[256co6«9-448oo8^ 0+240 0OB«^-40cos>^+l]. 

6.  Express  cos  60  in  terms  of  cos  0  only  and  verity  for  the  cases 

0=8.    0=2 
respectiyely. 

7.  FroTC  the  algebraic  identity 

j>"+«*=(i>+«)*-«(i»+«)*"*M+-j— g-d'+J^'V  «'+•••• 

Dednce  that 


2  008  n0  =  (2  cos  0)»  -  » (2  cos  B)^^ + 1^?^  (2  cos  0)»-*  - 

#  #  55.    B3^    -^tnd  <^  VAZtKf  o/ 

0+Mc(  0  +  —  j+wc  (0  +  —  )  +  ...  ton  termtf 

0+««c'(0+  — j+««j2r0+— j  +  ...  ton  term. 


•••• 


«ec 


#«c'' 


From  equations  (2)  and  (8)  of  Art.  51,  we  know  that 

n(w«-l»)  ,    n(n«-12)(n«-8»)  .  ,    tv^*m-i  n 


12  t 

=  (-1)  *  cosn0 (1), 


w-l 
2 


when  n  is  odd, 
and  that 


n  ft 


when  n  is 

where  in  each  series  c  stands  for  cos  0. 
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If  cos  n^  be  now  giyen,  the  equations  (1)  and  (2)  give  oos  $, 
Bat  since  cosii^scos(n^+2«-)=oo8(fi^+4r) 


these  equations  would  also  give 

Hence,  in  each  case,  the  roots  are 

oosd,  cosf^+^j,  cos^tf+^V tonterms. 

In  (1)  and  (2)  put  c=-  and  multiply  by  y». 

9 

We  have  then  the  equations 

(-l)"^cosiidxy«-«.y'»-i+^i^l^y«»-t....  =  0 (3), 

when  n  is  odd, 

n 

^^  [(-l)^cosn^-l]y«»+|Lyn->._=0 ,..(4), 

when  ft  is 


The  roots  of  these  equations  are  respectively 

sec^,  sec^<?+~V  sec^^+^V.., 

Call  these  y^,  y„  ...,  y^. 

Then 

1^1 + ^8+ ... + y„= sum  of  the  roots 


ft  -«- 

— =( - 1)  •  ftsecft^,  when  ft  is  odd. 


w-l 
(-1)  '   COSfl^ 

&nd  bO,  when  ft  is  even. 

Also 

yi*+yj'+...+y»*=(yi+ya+...+y»)*-2(yiyj+y,y,+...) 

fi^ 


=  — p--^=sfi'sec*fi^,  when  ft  is  odd, 


It* 


and  a  -2 .        ,  »  ^„  ,  when  ft  is 

^^    COSft^-1     l-(-l)   cosii^ 
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BXAMPLTO.    DL 

Find  the  Talue  of 

1.  eoa0eos(0'h^\coa($+^\ oob  |^+(n-l)^l  . 

2.  anean(e+^\an($+^\ sin  |^+(«-l)^[. 

3.  oosec^^+oosec'  ( ^+— j +ooboc*  ($+  —  j to  n  terms. 

4.  tan«^+tan«/^^+^^  +  tan«r^+^^ ton  terms. 

[For  the  following  5  qtiestiona  commence  with  equation  (5)  of  Art. 
30.] 

5.  tand+tan  f  ^+-j+tan(  ^+— J ton  terms. 

6.  cot^+cotf  ^+-)+oot(^+  — j ton  terms. 

7.  tan^tanf  0+- ]tan[^+-^) ton  factors. 

8.  tan«d+tan«r^+-^  +  tan«^^  +  ~^  + tonterma. 

9.  If  n  be  odd,  prove  that  8=SC=n^-l,  where 

S=se6*-+seo*  —  +  sec* —  + ton-1  terms, 

n  n  n 

and         C=cosec'-+oosec' — +oosec^ h ton-1  terms. 

n  n  n 

10.    Find  the  sum  of  the  prodacis,  taken  two  at  a  time,  of  expressions 

(2rir\ 
^+ —  j  ,  where  r  has  all  valnes  from  zero  to  n- 1. 


CHAPTEB  V. 

EXPONENTIAL  SERIES  FOR  COMPLEX  QUANTITIES.  CIRCU- 
LAR FUNCTIONS  FOR  COMPLEX  ANGLES.  HYPERBOLIC 
FUNCTIONS. 

56.  When  o;  is  a  real  quantity  we  have  proved  in 
Art.  5  that 

e*  =  l+a?+^  +  j|  +  adinf. (1). 

When  X  is  not  real  but  is  complex,  %,e.  of  the  form 
a  +  bj^l,  the  expression  e*  has  no  meaning  at  present. 

Let  us  so  define  it  that  for  all  values  of  x  (whether 
real  or  complex)  it  shall  mean  the  series 

l  +  »  +  ^  +  S+adinf. (2). 

57.  We  can  easily  shew  that  this  series  is  convergent 
when  X  is  complex. 

For  let  x^r(co80  +  J'^sm0). 
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Then  ^=  "^"•"^'^  |2  "^  IS"*" ^^^f- 

/       /I  .   •  •    /ix     r*  (cos  2^ +  »  sin  2d) 
=  1  +r(co8  d  +  »8in  d)  +  — ^ 75 ' 

B 

r»  (cos  3d  +  »  sin  3d)  ,.  « 

+  -^ i« -+ adint 

I? 

^      r*  cos  2d      r»cos3d 
=  l+rco8d  + 12 + Tg —  +« 


^/— if     •    ^  ,   r'8in2d  ,  r'sinSd    .         "1 
+  V-1    rsind+  — 12 —  + ig —  + . 

The  quantity 

l+rcosd+  f5-cos2d+  T^co8  3d  + ad  inf. 

is  '^■^■*"^'^]2"*"l3"*" ^  ^^ 

and  is  therefore  convergent  since  this  series  is  convergent 
for  all  real  values  of  r.     (Art.  6.) 
Similarly  the  quantity 

r  sin  d  +  T^sin  2d  + 

is  convergent. 

Hence  the  series  for  e^  is  always  convergent. 

68.     When  a;  is  a  complex  quantity  the  quantity  ^ 
is  then  a  short  way  of  writing 

^+''  +  ]2  +  l3+ 

Unless  X  be  real,  the  e  in  6^  does  not  mean  the  series 
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When  X  is  complex,  6*  stands  for  a  series  of  the  same  form 

as  that  series  which,  when  x  is  real,  has  been  proved 

to  be  equal  to 

/  11  Y 

(^  +  1  +  12  +  13+ )• 

Instead  of  e*  the  expressions  E  {x)  and  ezp  (x)  are  sometimes  osed. 

59.  By  a  proof  similar  to  that  of  Art.  304,  C.  Smith's 
Algebra,  it  may  be  shewn  that 

whether  x  and  y  be  real  or  complex  quantities,  so  that 
the  functions  e^  and  ^  obey  a  law  of  the  same  form  as 
the  index  law. 

60.  If  X  be  put  equal  to  Oi,  where  0  is  real,  we 
then  have 

,^«l+^  +  ^+_-+ 


=  COS  ^  4-  i  sin  0.  (Arts.  32  and  33.) 

So  er^  —  cos  tf  —  i  sin  ft 

Hence,  by  addition,  we  have 

cos5  = 2 — • 

and,  by  subtraction, 

2i 
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Circular  fiinctioiui  of  complex  anglei. 

I  '61.     When  a;  is  a  complex  quantity,  the  functions 

sin  X  and  cos  x  have  at  present  no  meaning. 

For  real  values  of  x  we  have  ah*eady  shewn  in  Arts. 
I  32  and  33  that 

sr^       fF^       s^ 

sina;  =  a?-T^H--j--Ty+ ad  in£ 

and  cosa?  =  l--j^  +  ---j^+ ad  inf. 

Let  us  define  sin  x  and  cos  x,  when  x  is  complex, 
so  that  these  relations  may  always  be  true,  i.e.  for  all 
!  values  of  x  let 


Oj  St*  Sfj 

and  co8a;=l-^+^--  + (2). 

When  X  is  complex,  the  quantities  sin  x  and  cos  x  are 
then  only  short  ways  of  writing  the  series  on  the  right-hand 
sides  of  (1)  and  (2). 

62.  We  have  then,  for  all  values  of  a?,  real  or 
complex, 

...  -  .     .     fl^     oH     a^ 

li    I?    I! 

=  e*«.  (Art.  56.) 

So  cosa?— tsina?  =  e"^. 
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Hence  for  all  values  of  a:,  real  or  complex,  we 
e-t+e— '    _   ,    _, e-'-e-' 


a     '  31 

These  rcBults  are  known  as  Euler's  Exponential  Values. 

63.  We  can  now  shew  that  the  Addition  and  Sub- 
traction Theorems  hold  for  imaginary  uiglee,  i.e.  that, 
whether  a>  be  real  or  complex,  then 

Bin  {ix!  +  if)  =  sin  a:  cob  y  +  cos  x  sin  y, 

COB  (a? -f  y)  =  cos  n;  cos  y  —  sin  d:  sin  y, 

sin  (a:  —  y)  =  sin  a;  C08  y  —  cos  0!  sin  y, 

and  cos(a;  — i/)  =  cosa:cosy +  BinxBiQy. 

Since 


have  sin  ;e  cos  y  +  cos  a;  sm  y 

~       2t  2        "*"        2  2t 

e"".2ei^-e-**.2fl--»*     gi'+w'-e-i'+in*      ,._  ^^. 

4i 2i <^-^^> 

=  8in(a!+,y). 
ilarly  the  other  results  may  be  proved. 

14.     It  follows   that  ail   formuUe   which   have   been 
ed   for  real   angles   and   which   are  founded  on  the 
itioQ  and  Subtraction  Theorems  are  also  true  when 
ubstitute  for  the  real  angle  any  complex  quantity. 
Tor  example,  since 

cob3^  =  4cos'^-3co85. 
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where  0  is  real,  it  follows  that 

cos  3  {x-\-y%)  =s  4co8*(a?  +yi)  — 3co8  (a?  +  yi). 
Again,  since,  by  De  Moivre's  Theorem,  we  know  that 

cos  nd  +  %smvJd 
is  always  one  of  the  values  of 

(cos  0  +  i  sin  ^)* 
when  0  is  real  and  n  has  any  value,  it  follows  that 

cos  n  (a?  +  yi)  +  %  sin  w  (a?  H-  y%) 
is  always  one  of  the  values  of 

[cos  (a?  +  yi)  +  %  sin  (a?  +  yi)]**. 

65.    Periods  of  complex  circular  Ainctioiui.    In 

equations  (1)  and  (2)  of  Art.  63  let  x  be  complex  and  let 
y=27r. 

Then      sin  (a?  +  iir)  =  sin  a;  cos  27r  -h  cos  x  sin  2ir 

=  sina?, 

and  cos(a?  +  27r)=sco8a;co8  27r  — sina?sin  27r 

=  cosa?. 

Hence  sin  x  and  cos  x  both  remain  the  same  when  x 
is  increased  by  27r.  Similarly  they  will  remain  the  same 
when  X  is  increased  by 

47r,  Gtt, 2n7r. 

Hence,  when  x  is  complex,  the  expressions  sin  x  and 
cos  X  are  periodic  functions  whose  period  is  27r. 

This  corresponds  with  the  results  we  have  already 
found  for  real  angles.     (Art.  61,  Part  L) 


TEIQONOMETBY, 
•BTAlTPT.lift      Z, 

1  0083!= — I and  dnz= — ^ —  prore  that,  (or 

all  nLlaw  ott  and  f,  real  or  eomplei, 

1.    eo«>«+un*«=:l.  2.    «>»{--x)=ot»z. 

3.    dll(-z)=-Eiiiz,  4,    eoBixmoo^z-an'a^l-ian'x. 

5.    dnSx=8ifiiiE-4siii'z.    Q,    eosz-ooB^=3em^^  Bin^~— . 

PiOTetbat 

8.    {siB(a  +  S)-e"'MnS}"=»Iii"a«-"»'. 

10.     {■in(o-*)  +  «*»'Bmff}"=nn*-ia{8m(«-Ba)+«i**iinnS}. 

66.     In  the  formulae  of  Art.  62  if  a;  be  a  pore  imaginaiy 
quantity  and  equal  to  yi,  we  have,  ainee 
t»  =  -l, 


and 

co8y.=         2 

sinyi- g 

.eK-e-K 

=      2      '      2      • 

*     e-'-e"     .e->'-«* 
2i        '2(-l) 

17.    HypertioUo  Fonetloni.    Oef.    The  qaaatity 

3       ' 

ther  y  be  real  or  complex,  is  called  the  hyperbolic 
of  y  and  is  written  ilnh  y. 
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Similarly  the  quantity 


a 

is  called  the  hyperbolic  cosine  of  y  and  is  written 

cofh  y. 

[It  will  be  observed  that  the  valnes  of  Binh  y  and  coeh  y  are  obtained 
from  the  exponential  expresBlons  for  sin^  and  oos^^  by  simply  omitting 
the  t's.] 

The  hyperbolic  tangent,  secant,  cosecant,  and  cotangent 
are  obtained  from  the  hyperbolic  sine  and  cosine  just  as 
the  ordinary  tangent,  secant,  cosecant,  and  cotangent  are 
obtained  from  the  ordinary  sine  and  cosine. 


Thus 


and 


,      _  sinh  y  _  e^  —  g~y 
^""coshy'^  +  e-"'' 

cosech  y  =   .  ,     =  — — - , 

^     smhy     ^^e-^ 

sech  1/  =s  ^~— —  ^  — — — — 
^      coshy     ^  +  0-^ 

. ,              1         c*'  +  e-y 
coth  y  =  — = —  =8 

^     tanhv     ey-e^ 


y 

The  hyperbolic  cosine  and  sine  have  the  same  relation 
to  the  curve  called  the  rectangular  hyperbola  that  the 
ordinary  circular  cosine  and  sine  have  to  the  circle. 
Hence  the  use  of  the  word  hyperbolic. 

68.     From  Arts.  66  and  67  we  clearly  have 

cos  (yi)  =  cosh  y, 
and  sin  (yi)  =  i  sinh  y. 

So  tan  (yi)  ==  %  tanh  y. 

L.  T.  II.  fi 


82  TRIGONOMETRY. 

69.  Corresponding  to  most  general  trigonometrical 
formulae  involving  the  ratios  of  angles  there  are  formulaB 
involving  the  hjrperbolic  ratios. 

For  example,  we  have,  for  all  values  of  the  angle  a?, 

cos*a?  +  8in*a5=sl, 
so  that  cos-  (yf)  +  sin'  (yi)  =  1, 

and  hence,  by  the  last  article, 

cosh*  y  —  sinh*  y  =  1. 

[This  may  be  deduced  independently  from  the  definition  of  the  hyper- 
bolic fonotions.    For 

oo8h»y-8inh«y=^i-i^j  _  ^iJlL- j 

-  4  4  M 

Again,  for  all  values  of  u  and  v  we  have 

sin  (w  +  v)  =  sin  m  cos  i;  +  cos  u  sin  t;. 

Put  u^xi  and  v  =  yi, 

so  that 

sin  [(a?  +  y)  i]  =  sin  {ad)  cos  (yi)  +  cos  {xi)  sin  (yi)» 

The  expressions  of  the  last  article  then  give 

isinh (a? 4- y)  =  i sinh  x cosh  y  +  cosh x  x  i sinh y, 

.*.  sinh  (a?  +  y)  =  sinh  x  cosh  y  +  cosh  x  sinh  y. 

[Directly  from  the  definition  of  the  hyperbolic  ratios  we  have 

sinh  j;  cosh  y + cosh  X  sinh  ^ 


2  2       "^        2 

on  moltiplioation,  =  sinh  (x + y).] 
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Again^  for  all  values  of  6y  we  have 

^      ^^     3tan5-tan»^ 

tan  6u  =  — = — oT — r2r~*  • 
1  —  3  tan*  d 

Put  then  0  =s  xiy  and  we  have 

f oT>  /QW\ « 8tan(a?i)-tan»(a?i) 
tan(ari)=      i^3ten>(^-)       • 

Hence  the  substitutions  of  Art.  314  give 

'J.     1-  /o  X     3i tanh a?  —  i* tanh' a? 
***°^<*^> l-3t^tanh'ar 

_  3i  tanh  a?  + 1  tanh*  a? 
"■        1  +  3  tanh*  a?       ' 

4.1.  i.  X     1. /o  \     3  tanh  a?  +  tanh*  a? 

so  that  tanh  (3a?)  =    ^i — ^rr — tz . 

^     ^  1+3  tanh*  a? 

As  before,  this  may  be  easily  proved  from  the  definition 
of  tanh  X. 

70.  In  general  it  follows  from  (1)  of  Art.  68  that  any 
general  formula  which  is  true  for  cosines  of  angles  is  also 
true  if  instead  of  cos  we  read  cosh. 

From  (2)  of  the  same  article,  since 

sin*  (yi)  =  —  sinh*  y, 

it  follows  that  any  general  formula  involving  the  cosine 
and  square  of  the  sine  of  an  angle  is  true  if  for  cos  we 
read  cosh  and  for  sin*  we  read  —  sinh*. 

Similarly  from  (3)  we  may  turn  a  formula  involving 
tan*  into  another  by  writing  for  tan*  the  quantity  —  tanh*. 

In  this  manner  formulae  and  series  involving  the 
hyperbolic  functions  may  be  obtained  from  27,  28,  30,  44, 
46,  and  48 — 53  and  also  from  Part  I.,  Arts.  241  and  242. 

6—2 
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71.    From  the  valaes  in  Art  67  it  follows,  by  Art.  56, 
that 

^      a^      a^     s^ 

6inh«  =  ^[^  — tff-*] 

j^      of      ^  . 

='-^is*15^i7+ 

These  are  the  expansional  valaes  of  cosh  x  and  sinh  x, 

#72.    Periods  of  the  hyperbolic  funetionM. 

For  all  Talaes  of  0,  real  or  complex,  we  have  cos  HsiOoehB, 
Hence 

co8h(as+yt7=cos  { {x + yi)  i}  =^  COS  {xi-y)=cos[- 29" -k-xi-y]    (Art.  65) 

^eoa[{2ri+x+yt)%]=coeh[2ri+x+yt\ 

=  (similarly)  cosh  [4Ti+x+yt|= 

Hence  the  hyperbolic  cosine  is  periodic,  its  period  being  imaginary 
'and  equal  to  2vi, 

Again,  since  sinh  tf  =  - 1  sin  M,  we  haye 

sinh  {x+yi)  =  -  i  sin  {(x-\-yi)  i}  =  -  i  sin  [xi  -  y] 

=  -»sin[-2»+a?i-y]=-isin{[2T<+«+yq<} 

=  sinh  [2x1 + x+yi], 

so  that  the  period  of  sinh  {x+yi)  is  2irt. 

Similarly  it  may  be  shewn  that  the  period  of  tanh  {x+yi)  is  vi. 

The  hyperbolic  functions  therefore  differ  from  the  circolar  functions 
in  having  no  real  period ;  their  period  is  imaginary. 

73.    B3C.  1.    Separate  into  its  real  and  imaginary  parts  the  expression 
sin  {a + pi). 
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We  have  sin(a+/9{)=:Binaeo0/3i+oo8aBin/9t 

aama — jr +00Ba — jr. — 

2  2t 

BBina = — +«oosa = 

B  sin  a  oosh /9  +  i  008  a  Binh /9. 

Bx.  2.    Separate  into  iU  real  and  imaginary  parU  the  expreaion 
ton(a+/9i). 


We  have  tan(a+pi)«™</+fr'> 

^         '^  '      0O8(tt  +  fi») 


{tt+/3») 

2 8in  (a+fii)  cob  (a- pi) 
"2oo8(a+/W)  COB  (a-/3i) 

8in2tt+Bin2/3i 
oos2a+ooB2/3i 

oos2a+oo8h2/3  ^  ' 

Allter.    Let  tan  (a+/3i)a«+^t,  so  that  tan  (a-/)t)s«-yt. 
.*.     a;= i  [tan  (a + /9i)  +  tan  (a  -  /9{)] 

Bin  (g +fr')  eoB  (a  -  /gj) + eoB  (a + /K)  sin  (a  -  fit) 
2  008  (a + i9t) .  cos  (a  - /3i) 

Bin  2tt         _  Bin  2a 

0OB2a+0O8  2/9i  ""  cos  2a  +  coBh  2/3  * 

Also     y  si  [tan  {a+pi)  -  tan  (a  -  pi)] 

1  an  {a + pi)  ooa  (a  -  pi)  -  008  (a + pi)  sin  (a  -  /Si) 
^  §?  COS  (a + /3i)  008  (a  -  pi) 

1         Bin2j9i  8inh2/3 

^?  COS  2a + oos  2/3t  "  cos  2a + oosh  2/9 ' 

X     /      ^-x    sin2a+i8inh2/9 

.'.     tan(a+/9i)= jr— r-j^. 

^      '^ '     cos2a+0O8hl^ 

Bx.  8.    Separate  into  its  real  and  imaginary  parte  the  expression 
eo8h{a+pi). 


Ob  TSIOOHOIIETBT. 

™    ,  e'-'^  +  e— ^ 

We  bin  eothia  +  pii  = ^ (Art  67) 

"  J "-J "   (Alt. 

■ '-j -^ocmpcaaatt+tmapmi^a. 

MUm.    «»h{o+iSi)=OM{(o+^*fi|    (Art.68) 

— coa  (lu)  oos^+DD  {aii  sin  ^ 
=eosh  a  cxa  ^  + 1  anb  ■  till  p. 

EZAKFLBa    ZI. 

Froretbat 

L    coih2i=!l  +  2{dnhi)'=3  (eotbx)*-!. 

2.    eoeh(>-4-^)  =  oo«hac(Mh^  +  auihasiiih|9. 

^         '^'      l  +  taDhatanh^ 

5.  eoeh3s=4oogh>z-3coBhx. 

6.  Binh3i=3Binhz+«*iiiIi*x. 

7.  sinh  (i  +  yjcoBh  (i- j)=J  {ainh  2z-t-Binhay). 

8.  «a«h2x+eaBb&i+eosh&E-f-coablI;E 

.       ,  18i      .  _         .&i 
= 4  ooab -^  ooab  3x  ooah -^ 

9.  «>«h«+coBh(j:+y>  +  oo8h{a  +  ^)  + tontemu 


h(«4-V\)« 


i  (*+y)  +  «inh  {*+aj)+... 
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11.  8inh4?+n8iiih2«+5JJi^8mh8a:+ to  (n+1)  terms 

=2*  cosh*  I  iiiih  (^?+ 1^  «• 

12.  8izih/9Bma+icoBh^oosa=Btoo8(a+/3i). 

13.  Bm2a+i8iiih2/9=:2  8in(a+t/3)0O8(a-t/9). 

14.  cos(a+i/3)+i8in(a+t/9)ss«~^(0O8a+t8ina). 

15.  If  tany=tanatanh/9,  and  tAnssrootatanh/9,  thenpro^  that 
tan  (y + i;) = Binh  2/9  coseo  2a. 

16.  If  ti=log  tan  f  ^  +  s)  >  prove  that  tanh |— tan  ^ . 

Separate  into  their  real  and  imaginary  parts  the  quantities 

17.  C08(tt+/5i).  18.    cot(a+/3i). 
19.    oosec(a+/9i).                        20.    sec(a+/9t). 
21.    Binh(a+i90.                         22.    tanhCa+ZK). 
23.-   8eoh(a+/9t). 

Ail     t»-^      *!.  A     A     u+iv     sinu+isinho 

24.  Prove  that     tan -— s-  « 1: — • 

2         eosu+ooshv 

25.  If  sin  (il  +  iB)  s « + iy,  prove  that 

co8h?S'*"iSn^B'^^'  *^^  s5>T~co?I'"^* 

26.  If  tan  (ii + iB)  =  a; + iy ,  prove  that 

x^+y*+2xeo%2Assl,  and  ac^+y'-2yooth2B  +  l=0. 

27.  If  Bin  (^+^'^cosa+tsina,  prove  that  oos'^s  :fesin  a. 

28.  If  sin  (^ + ^) = p  (008  a + <  sin  a),  prove  that 

p^si[oosh20~cos20]  and  tan  as  tanh  ^oot^. 

29.  If  008  (^ + ^i) = i2  (cos  a + 1  sin  a),  prove  that 

'^    ^*'^*8in(tf  +  o) 

30.  If  tan(^+^')=tana+<8eoa,  prove  that  e^s  ^cotsi  and  that 
2^=nx  +  ^+o. 

31.  If  tan  (0 + ^i)  soos  a + i  sin  a,  prove  that 

^=^  +^ .  and  ^=Jlogtan  (J  +|) . 
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32,    If  A-^iBz^c tan  (x+iy),  then 

tan2a;= 


33.  Iftan(^+^)sBm(«+ty),  then 

ooth  y  fdnh  20 = oot «  Bin  2^. 

34.  If  tan  (a+t/9)st,  a  and  /3  being  xeal,  piOYe  that  a  is  indeter- 
minate and  p  is  infinite. 

Prove  that 

35.  i(Binhd;+8mx)=a;+-;g  + i^  + adinl 

36.  }(oosha?+co8ar)=l  +  j2+ig+ ad  int 

#  #  74.  ZoLTenie  Circular  Functions.  When  a  and 
fi  are  real  and  a  »  cos  /3,  we  defined,  in  Art.  237,  Part  I., 
the  inverse  cosine  of  a  to  be  that  value  of  /3  which  lies 
between  0  and  ir,  and  it  was  pointed  out  that  fi  was  a 
many-valued  quantity. 

If  now  a?  +  yi  =  cos  {u  +  vi), 

then  similarly  tt  +  m  is  said  to  be  an  inverse  cosine  of 
x  +  yi. 

But  since 

x  +  yi^  cos  {u  +  w)  =  cos  \2nir  ±  (m  +  w*)]     (Art.  65) 

it  follows  that  2ffnt  ±{u  +  vi)  is  also  an  inverse  cosine  of 
X + yi,  where  n  is  any  integer. 

The  inverse  cosine  of  ^  +  yi  is  hence  a  many-valued 
function.  When  the  many-valuedness  of  the  inverse 
cosine  is  considered  it  is  written 

Gosr^(x+yi), 

The  principal  value  of  the  inverse  cosine  of  a?-hyi 
is  that  value  of  2n7r±(t*  +  OT)  which  is  such  that  either 
2nir  +  tt  or  2mr  —  u  lies  between  0  and  ir. 
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This  principal  value  is  denoted  by  coB'"*(«+yi). 
We  have  then 

Co8~*  (x  +  yi)  =  2nir  ±  cos""*  (a?  +yO' 

##75.    Similarly  if 

«p  +  yt'sssin  (u  +  vt) »  sin  {n«ir  +  (—  l)*(u  +  vi)], 

then  nir  +  (—  1)"  (ii  +  vi)  is  an  inverse  sine  of  « +yt.  It  is 
a  many-valued  quantity  and  is  denoted  by  Sin~*  (x  +  yi). 
Its  principal  value  is  such  that  its  real  part  lies  between 

—  -5  and  ^ ,  and  is  denoted  by  sin""*  (x  +  yi). 

We  then  have 

Sin"*  (x  +  yi)  =  n^  +  (—  1)*  sin""*  (x  +  yi). 

Similarly  tan""*  (x  +  yi)  and  Tan""*  {x  +  yi)  are  defined, 
so  that  the  principal  value  of  Tan""*  (a? +  yi)  is  such  that 

its  real  part  lies  between  —  ^  and  +  ^ ,  and 

Tan""*  (x  +  yi)  =  rwr  +  tan~*  (x  +  yi). 
Similarly 

See"*  (x^yi)  =  2nir  ±  sec""*  (x  +  yi), 
Cosec"*  (a?  +  yi)  =  riTT  +  (—  1)**  cosec""*  (a?  +  yi), 
and  Cot"*  (a?  +  yi)  =  wtt  +  cot""*  (a?  +  yi). 

#  #  76.    We  shall  henceforward  use  sin"*,  Sin"*,  cos"*, 
Cost*,...  with  the  meanings  above  assigned. 

#  #77.    Invenie  hsrperbollc  flmctions.   If  x— cosh  y 
then  similarly,  as  in  Art.  74,  we  write  y  =  cosh"*  a?. 
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If  d;  be  real,  we  have 

«  =  — 2~' 
so  that  e^y-^ia^  +  l^O, 

and  hence  ^=a?  ±  ^a^  —  l 

=s  a?  +  Vic*  —  1  or 


aj  4.  Vic*  —  1 ' 

/.  y  =  ±  log  (a?  +  Va;»  -  1). 

The  positive  value  of  the  right-hand  side  is  the  one 
always  taken. 

Hence,  when  x  is  real,  cosh'^o;  is  a  single-valued 
function. 

Similarly  sinh"^  x  and  tanh""^  x  are  defined ;  they  are 
single- valued  functions,  when  x  is  real. 

##78.  I'  a+/9t=:oo8h(:c+yi),  then  x+y<  is  said  to  be  an  in- 
verse hyperbolic  cosine  of  a+/9t. 

Bat  cosh  (a;+yi)=coBh  {2nri±(a;+yi)},  as  in  Art.  72. 

Hence  2nTi^(X'\-yi)  is  an  inverse  hyperbolic  cosine  of  a-i-pi.  Its 
principal  valne  is  that  valne  whose  imaginary  part  lies  between  0  and 
Tt,  t.tf.  such  that  2nir^y  lies  between  0  and  r. 

Similarly  the  inverse  hyperbolic  sine  and  tangent  of  a+/9i  are  defined. 
In  this  case  the  principal  values  are  snch  that  the  imaginary  part  lies 

between  -^i  and  ^i. 


#  #  79.    Bz.  1.    Separate  into  real  and  imaginary  parts  the  quantity 

Hn"^  {cot  B+inn  $),  where  $  is  real. 
Let  sin~^(cos^+tsin  0)=a;+yi, 

so  that        cos0+isin0=:sin(:c+yi)=sin:ccosyi+cos:csinyt 

s  sin  «  cosh  y  •(- i  cos  a;  sinh  y . 

Hence  sin  :p  cosh  ys  cos  ^ (1), 

and  Qosxsinhyssin^ (2). 
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Sqnaring  and  adding,  we  have 
1  a=  Bin*  a;  oosh' y + 008*  a;  sinh*  y = sin' a;  (1  +  sioh' y) + 008*  «  sinh' y 

ssin'«-i>8inli*y. 

.*.    8inh*ys008'a;. 

Hence  from  (2)  we  have  oos>  x=8in  $,  assuming  sin  0  to  be  posiiiye. 
Therefore,  since  «  is  to  lie  between-^  and  +  s  (^^'  "75), 

we  have  cos  « a  +  Vain  $,  and  hence  x = cob~^  (Vsin  6), 

The  equation  (2)  then  gives 

sinhya+N/sin^, 
so  that  e^  ~  W  Jam  6  =  1,  a  quadratic  for  eK 

Hence  «»=Vmn?+Vr+8m?, 

*•«.  y= log  [V8inT+  Vl  +  sin  6]. 

Bz.  2.    Separate  into  itt  real  and  imaginary  parte  the  qtuintity 

tan-^{a+pi). 
Let         tan-i  («+/3i)  =  (a?+yi)»  so  that  tan  (a;  +  yt)=a+/3», 
and  t&n{x-yi)=a-pi, 

•*.  tan2a;=:tan{(x+yi)  +  (x-yi)} 

(a+pi)  +  {a-fii)   _       2tt 
''l-(o+/3i)(a-^i)~l-aa-i8^* 

.^        2tt 

I 

Again        tan  (2yi) = tan  [{x + yi)  ~{x-  yi)] 

(tt+/9i)-(tt-/30  _       2/3t 
"l  +  (o+/3i)(a-./90      l  +  a«+/3^' 


.      €^  _l  +  tt«+y+2/3_(l4-/3)«-ftt« 


92  TBIQONOMETRT. 

Or  agdn  a)  SIM        tanhar-j-j-^j^, 

10  Hurt  «s|taiih-^:= — ^-s. 

We  ihoiild  hATe  Tan*^  (a+/90=nr+tan'-i(a+/9i) 


SZAMFLBS.    XU 

Separate  into  their  real  and  imaginary  parte  the  quantities 
L    tan~^(eoBtf+t8intf). 

2.  eoe~^  (eofl  0 + i  sin  $),  where  ^  is  a  positiYe  acnte  angle. 
ProTBthat 

3.  rinh-ix=log(»  +  Vi?+I).  4L    tanh-i«=8inh-i-^==. 

■                                                             t  +  x 
5.    oosh-i  a;  s  log  (i^a*  - 1 + «).  6.    tanh-i4?=Jlogr . 

7.    Sin-i(ooBeo^)={2n+(-l)«}|+i(-l)«logcot|. 

A     m    _,tan2^+tanh20    _       .tan^-tanh^    _       ,.     .^    ^.^^ 


JP 
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LOGARITHMS  OF  COMPLEX  QUANTITIEa 

80.  If  a  =  6^,  where  a  and  x  are  real  quantities,  we 
know  that  x  is  called  the  logarithm  of  a  to  base  e  and  we 
have  shewn  in  Art.  5  that 

a  =  e*=l  +^  +  To +  Tq  + ^  i^« 

We  may  therefore  look  upon  the  logarithm,  x,  of  a  to 
base  e  as  being  derived  as  a  root  of  the  equation 

a  =  l  +  a;  +  T5  +  ~+ ad  inf. (1). 

If.    l£ 

As  in  other  cases  we  shall  now  extend  this  result  to 
complex  quantities. 

81.  Def.  If  x  +  yi  he  any  complex  quantity  and  if 
a+/3i  be  a  quantity  which  is  equal  to  e*'*"^'*,  i,e.  to  the  series 

1  .  /    .     -v  .  i^  +  yi)^     (x  +  yif 

l+(x  +  y%)+^—f^^^     y^  + , 


then  x  +  yiis  said  to  be  a  logarithm  ofa  +  fii. 
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We  say  "  a"  logarithm  because,  as  we  shall  now  shew, 
there  are  with  the  above  definition  many  logarithms  of  a 
quantity. 

We  have  a  +  i8i=^+y* (1). 

Now,  by  Art  62,  we  have,  for  all  integral  values  of  n, 

6»»»<  =  cos  2n^  +  i  sin  2yi7r  =  1 (2). 

Hence  from  (1)  and  (2)  we  have,  by  Art.  59, 

According  to  the  above  definition  we  see  that,  if  a?  +  yi 
be  a  logarithm  of  a  +  /3i,  so  also  is 

SB+yi+2nir%,  i,e.  x  +  (y+2nir)%. 

82.  We  proceed  to  find  the  logarithms  of  the  com- 
plex quantity  a  +  fii,  where  a  and  /8  are  real. 

By  Art  20,  we  have 

a  +  /8i  =  r  [cos  {2nir  +  0)  +  i  sin  (2mr  +  0)], 

where  n  is  any  integer,  r  =  +  Va'  +  ^,  and  0  is  that  value 

fit 

lying  between  —  ir  and  +  w  such  that  cos  ^  is  —  and  sin  0 

B  , 

is  — ,  i.e.  with  the  restriction  of  Art  20, 
r 

^=:tan-i^. 
a 

If  «+  yi  be  a  logarithm  of  a  +  /8i,  we  have  then 

r  [cos  {2nir  +  0)  +  i  sin  {2nir  +  0)]  =  (F^ 

=  e*.eJ'*  (Art.  59) 

=  e*  (cos  y  +  »  sin  y). 
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By  equating  real  and  imaginary  parts,  we  have 

e*  cos  y  =  r  cos  (2n7r  +  6), 

and  ^  sin  y  =  r  sin  {^nir  +  0). 

Hence  c*  =  r,  and  y  =  2n7r  +  0. 

Since  x  and  r  are  both  real,  x  is  the  ordinary  algebraic 
Napierian  logarithm  of  r,  so  that 

a?=log«r. 

Hence  a  logarithm  of  a  +  fii  is 

log«r  +  i(27i7r  +  ^), 

ie.  log«  Va«  +  ^  +  i  f  2n7r  +  tan-^  -j . 

Since  n  is  any  integer  we  see  that  there  are  therefore 
an  infinite  number  of  logarithms  of  a  +  /8i,  and  that  these 
only  diflFer  by  multiples  of  27ri. 

83.  With  the  extended  definition  of  a  logarithm 
given  in  Art.  81,  it  follows  by  the  last  article  that  the 
logarithm  of  any  number  is  many- valued. 

When  this  many-valuedness  is  taken  into  consideration 
we  write  the  logarithm  of  a  +  Pi  as  Log  (a  +  /8i). 

Hence 

Log  (a  +  /8i)  =  log,  s/a?  +  /3^  +  i  {^nir  +  tan-^  ^ . 

If  we  put  n  equal  to  zero  in  the  value  of  Log  (a  4-  /3i) 
the  result  is  called  the  principal  value  of  the  logarithm 
and  is  denoted  by  log  (a  +  ySi),  so  that 

log  (a  +  /3i)  =  log,  V(a^  +  0")  +  i  tan-^  ^ , 

and 

I^<>g  (a  +  fii)  =  2n7ri  +  log  (a  +  /8i). 
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This  distinction  between  log  and  Log  is  to  be  here- 
after assumed. 

84.  Any  positive  quantity  has  one  real  logarithm 
and  an  infinite  number  of  imaginary  ones. 

In  the  result  of  the  preceding  article  put  fi  equal  to 
zero,  and  we  have 

Log  a  =  2niri  +  log«  ou 
We  therefore  observe  that,  with  our  extended  definition  of 
a  logarithm,  every  real  quantity  a  has  a  real  logarithm 
(which  is  equal  to  log^a  as  ordinarily  defined)  and  an 
infinite  number  of  imaginary  logarithms,  which  are 
obtained  by  adding  any  multiple  of  ^iri  to  its  real 
logarithm. 

This  might  have  been  directly  deduced  from  equation 
(1)  of  Art.  80.  For  this  is  an  equation  of  infinite  degree 
and  therefore  it  has  an  infinite  number  of  roots,  of  which 
only  one  is  real. 

It  will  be  noted  that  the  principal  value  of  the 
logarithm  (according  to  our  extended  definition)  of  a  real 
number  is  equal  to  its  ordinary  algebraic  logarithm. 

86.  Logarithm  of  a  negative  quantity.  In  the  result 
of  Art.  83  put  /8  =  0,  and  a  =  —  a?,  where  «  is  a  real 
positive  quantity. 

. yS 

.'.  +  Va*  -f-  y8'  =  +  a?,  and  tan"^  - 

a 


—  a? 


[which  is  an  angle  such  that  its  cosine  is  -—  i.e.  —  Ij 

and  its  sine  zero  (Art.  20)]  is  equal  to  ir. 

.'.  Log(— a?)  =  27i7rt+logaa?  +  7ri, 
and  log(— a?)  =  logaa?  +  7ri. 
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Hence  the  principal  value  of  the  logarithm  of  a 
negative  quantity  ^x  (with  our  extended  definition)  is 
equal  to  the  ordinary  algebraic  logarithm  of  x  added 
on  to  iri, 

86.  Logarithm  of  a  quantity  which  is  wholly  imagin- 
ary.   In  the  result  of  Art.  83  put  a  =  0,  and  we  have 

Log  (^i)  =  2nm  +  log^  13 +  i^ 


^\og,fi+i(2n  +  ^ir. 


SO  that  the  logarithm  of  any  quantity  which  is  wholly 
imaginary  consists  of  two  parts,  the  first  of  which  is  real, 
and  the  second  of  which  is  imaginary  and  many-valued 
As  a  particular  case,  put  /9  ==  1,  and  we  have 


Log(V:ri)  =  i(2n  +  i)7r, 


TT  . 


SO  that  the  principal  value  of  Log  (v—  1)  is  ^i. 

87.     In  the  result  of  Art.  83  put 

a  =  cos  ^  and  /3  =  sin  ft 

/.  Log  (cos  0  +i sin  0) 

=  loga  1  +  i  (2n7r  +  ^)  =  0i  +  iniri 

.'.  Log  e^  =  0i  +  imri. 

The  principal  value  of  Loge",  i,e.  loge^,  is  therefore 
that  value  of  (0  +  2mr)  i  which  is  such  that  0  +  2mr  lies 
between  —  ir  and  +  tt. 

L.  T.  n.  7 
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88.    Bx.  &•   BesoUte  into  its  real  and  imaginary  parts  the  expression 

Logsin{x+yi), 
Let  Lognn  {x+yi^^u+vi,  so  that 

e*+*<=sin  {x+yi)=mnxeo8yi+coBxanyi 

=:8m4P— ^^  +  t008« ^— (1). 

As  in  Art.  18  let  the  right-hand  side  of  this  expression  equal 

r  [cos  (2fir + 0) + 1  sin  (2nr + ^)], 


80  that 


=i  V(«*» + «-»')  -  2  cos  2« 

=i  V2cosh2y^2cos2x=>^"^^^\"^^^J, 

and  ^=tan-i[cot*  5^]=tan-i[oot,tanhy], 

with  the  usual  restriction  of  Art.  20. 
We  haye  then  from  (1) 

e^  (cos  v+i sin  v)=r [cos  (2nT+^)  +t  sin  (2nr + ^}]. 

Hence  e** = r,  so  that  u = log«  r, 

and  v=2nir+$. 

.*.  Logsin(:c+yi)=tf-fvi=log«r+(2fir+0)i 
=1  log.  [■^\°°'^]+<[2n,+t»n-'  (ootx  tonh  y)]. 

By  putting  n  equal  to  zero,  we  have  the  principal  value  of 

Logsin(x+iy). 

Bz.  2.    Find  the  general  value  of  Log  ( -  3). 
Let  a;+yi=Log(-3),  so  that 

««+!«= -8. 

Put  -  3=r  {cos  {2nv+$)-i-i  sin  (2nT+^)}, 

as  in  Art.  18. 

Then  we  have  r=3  and  $=t* 
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Hence        3  {  oos  (2nir + t)  + 1'  sin  (2nir  +  t)  } 

as  e»+i^= «« .«»«=<«  {co8  y + 1  sin  y]. 
Hence  ««=8,  bo  that  «3log«d,  and  ys2nT+T. 

.-.  Log(-8)=log,3  +  (2nT+T)<. 
The  principal  valae,  obtained  by  patting  n  equal  t^  zero,  is 

l0g«3  +  Tt. 

EXAMPLES.    XTTL 

Prove  that 

1.    log(co8^+»8intf)=t^,  if -T<tf^fl-.  2.    log(-l)=in. 

3.  log(-i)=-^t. 

4.  log(l  +  0O8  2tf+tBin2tf)=log,(2coB^)+t^,  if  -T<^:^►f^. 

5.  log  tan  f^  +  |tj=ttan"*Binh». 

6.  logcoB{x  +  yi)=^logs  (^ ?^_?2!_f  J  -itan-i(tana?tanhy). 

7.  log.?i5L<£±yL)==2itan-i(cota?tanhy). 

8.  log  ^^(^-y^)  ^  2»  tan-i  (tan  x  tanh  y). 

®  cos  (a;+yi)  ^  ^' 

9.  i  log^^ss  T  -  2  tan-1 «. 

x-^t 

10.    log  (1 + 1  tan  a) = log«  860  a + ai^  where  a  is  a  positive  acute  angle. 

a  —  ot  a 

13.  liog  {  -  6)  =  log.  6 + (2nT  +  t)  <. 

14.  IiOg<l  +  i)  =  ilog.2  +  t^2nir  +  j). 

15.  Find  the  value  of  log  log  sin  (x + yi). 

7—2 
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89.  Definition  of  a*  when  a  and  z  are  any 
quantities^  complex  or  real.  When  a  and  x  are  real 
quantities  we  know  that 

a*  =  e*»«.»     (Art.  5.) 

When  a  and  x  are  complex  the  ordinary  algebraic 
definition  of  a*  no  longer  holds. 
Let  us  so  define  it  that 

for  all  values  of  x  and  a,  whether  real  or  complex. 

Now,  by  Art.  83,  Log  a  is  many- valued  and  complex 
when  a  is  complex.  Hence  a*  is  many-valued  and  com- 
plex, so  that 

qX  ^  ^hoffa  -.  ^  (2niri+Ioga) 

The  value  of  a*  obtained  by  putting  n  equal  to  zero  is 
called  its  principal  value. 

Hence  the  principal  value  of  a^ 

=  l  +  a?loga+ |^(loga)2+...      (by  Art.  56). 

If 

From  Art.  59  it  follows  that  if  principal  valnes  be  considered  we 
have  a*  x  aUi^oS^^y  so  that  the  principal  value  of  a*  satisfies  the  ordinary 
algebraic  law  of  indices. 

90.  It  may  now  be  shewn  that,  if  y  be  complex, 

111 

log(l+y)=y-2y»  +  gj/»-^y*+ ad  mf. 

The  proof  is  similar  to  the  proof  when  y  is  real. 

(Art.  8.) 

It  is,  in  general,  necessary  that  the  modulus  of  y  be  <  1 ; 
otherwise  the  Binomial  Theorem  does  not  hold  for  com- 
plex quantities.     (Art.  26.) 
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If  the  modalaB  of  y  be  eqoal  to  nnitj,  ao  that  y  may  be  pat  eqaal  to 
cos  ^  +t  sin  ^,  the  expansion  ean  be  shewn  to  be  still  trne,  except  in  the 
cases  when  ^  is  equal  to  an  odd  multiple  of  «-., 

Since         Log  (1  +  y)  =  2n7r%  +  log  (1  +  y), 
we  have 

Log(l  +  y)  =  2n7n  +  y-2y"  +  ^y»-;jy*+ ad  iii£ 

91.     To  separate  into  its  real  and  imaginary  parts  the 
expression  (a  +  ^if"^^. 

Let  a  +  fii  =  r(coa  0  +  i  sin  0), 

so  that,  as  in  Art.  18, 

, B 

r  =  Va*  +  y8»,andd  =  tan-i-. 

Then,  by  definition, 

s  ^«lof  9^-y(«+StMr)}+t{ylosr4-c(tf+Smv)} 

« r^ . ar-y (•+««»»)  [cos  {y  \ogr  +  x(0  +  2m7r)} 

+  i  sin  {y  log  r  +  a?  (tf  +  2m7r)}]. 

If  we  put  m  equal  to  zero,  we  obtain  the  principal 
value  of  the  given  quantity,  viz. 

f^er^*  [cos  (y  log  r  +  x0)  +  i  sin  (y  log  r  +  xO)]. 

♦♦92.    ax.  1.    Find  the  general  value  of  [n/^]^"^ 
We  have  [^ri]V^=e^^^LogN^. 
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But       Log  ,/-i =Logroo8r2nir+gj+t'Bmr2nr+ 1 j  J 

«Log  «(*"'+!)  *=(2»T+^)<. 

where  n  has  any  integral  value. 

The  principal  value  of  [V'^]^"^  is  «"  2- 

Bz.  a.    Find  the  general  value  of  Log^  ( -  3), 
Let  Loga  (-3)=aj+yi,  so  that  2*+**=  -3, 
i.e.  e(»+^)i^8=3{ooB(2»Mr  +  ir)  +  tBJn(2m7r  +  ir)}  (Art.  20). 

But  Log2=2wirt+log^,  and  3=e^*^, 

.     ^(«+yt)(2«irt+l0ge2)_J0g«5,g(2l»ir+ir)i 

/.   (« + yi)  (2rMri  +  log,2)  =  log.3  +  (2fiMr  +  ir)  i. 
Equating  real  and  imaginary  parts,  we  have 

X  loga  2  -  2niry = log,  3, 
and  x.2wir+yloge2=2mir+ir. 

Solving,  we  have 


x=. 


_  log,  3  log,  2  +  (2mir  +  y) .  2wy 


(log,2)«  +  4w 


(2inir  +  x)  log^  2  -  2w7r  log,  3 
^^  .     2/-  (log,2)='  +  4n2ir3  * 

Hence  I^oga  ( -  3) 

nog,31og,2  +  2n(2m  +  l)7rg|+iV{(2wi  +  l)log,2-27ilog,3} 
=^ "^  (log,2)2+4n2ir'' 

If  m=n=0,  the  principal  value  is  obtained,  viz, 

log,3  +  iri 
log,  2     ' 
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93.  It  could  now  be  shewn  that  the  general  values 
of  the  logarithms  of  complex  quantities  satisfy  the 
ordinary  laws  of  logarithms,  viz. 

Log  mn  =  Log  m  +  Log  n, 
and  Log  —  =  Log  m  —  Log  n. 

It  could  also  be  shewn  that  Log  m**  =  n  Log  m  +  ipiri, 
where  p  is  some  integer  or  zero.  The  proof  is  left  as  an 
exercise  for  the  student. 

BXAMPLTO.    XIV. 

Prove  that 

1.  o'sc"^'  {ooB  (log  a) +i  Bin  (log  a)}. 

2.  i«=C08  |(2in+2)  iral  +<Bin  Ksm  +  ^j  ^-^j  • 

3.  t*' = OOB  9 + 1  sin  0t  where 

^=(2m  +  yx.e--(«»'+i). 

4.  If  i^"^*^s=ii-f  £t,  principal  valaes  only  being  oonsidered,  prove 
that 

tan!^  =  |,  and  ii«+J5«=«-»^. 

5.  If  i^+^sa+zK,  prove  that 

6.  If  T\ — TTz::* = « + i^t*  prove  that  one  value  of  tan** "  is 

(1 -»)*-«•  a 

2i)x+«log,2. 

7.  If  (a  +  Wj'sm****,  prove  that  one  of  the  values  of  ^  is 

X 

2tan-i- 
a 

logTP+P)* 
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8,    K  a*+^*=(«+yi)«H^,  principal  valaoB  only  being  considered, 
prove  that 

and  that  iog.(»»+y«)=2p±^. 

0.    Prove  that  the  real  part  of  the  principal  value  of  (t)  ^OrHi  1b 

e~8  cos 


(jioga). 


10.  Prove  that  the  principal  value  of  {a+ib)*^*^  is  wholly  real  or 
wholly  imaginaiy  according  as 

5i8log(a»+6*)+atan-A- 
is  an  even  or  an  odd  multiple  of  -= . 

11.  Prove  that  the  general  value  of 

(1+itana)'^ 
is  ^+2m»  [oQg  |iog  oog  a  J  +  i  Bin  {log  cob  a}]. 

prove  that  one  of  the  values  of 

13.  Proyethat       Log^^^(73i)=^, 

where  m  and  n  are  any  integers. 

14.  Prove  that  the  general  value  of  Log4  ( -  2)  is 

(log2)*+m.(2n-hl)y»     .  (2n+l-iii)  irlog2 
2  (log  2)3+ 2m V      ■***    2(log2)a+2mM  * 

Explain  the  fallacies  in  the  following  arguments : 

15.  For  all  integral  values  of  n  we  have 

«^»*=sC08  2nx + {  sin  2nir = If 
so  that  e*""=e*^=«^sB 
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Baise  all  these  quantities  to  the  power  J"^ ;  thus 


«"*•=«•"*• =6^®*=, 


/.  2x=4ir=6T= 

16,  Fot  all  values  of  $  we  have 

cos  (^  -  it) + 1  sin  (^  -  x) = COS  (^  +  it) + i  sin  (^ + it), 
BO  that  «<(•-')=«»(•+»). 

Henoe  ^-ir=^+ir,  <.«.  «-s=0. 

17.  If  0  and  <t>  ^®  ^^  principal  values  of  the  amplitudes  of  two 
complex  numbers  x  and  y,  prove  that 

log  a^ = log  a; + log  y + 2niri, 

where  n  is  -1,  0,  or  +1  according  as  9+^  is  >«-,  greater  than  -w  and 
not  greater  than  t,  and  not  greater  than  -  r,  respectively. 


CHAPTER  VII. 
gbegoby's  series,    calculation  of  the  value  of  tt. 
94.    Oregory's  Series.     To  prove  that,  if  0  be  not 

TT  TT 

less  than  —  -j-  and  be  not  greater  than  +  -j ,  then 

0  =  tan  ^  —  o  tan^  0  +  t  tan^  ^  — ad  inf. 

o  o 

We  have 

1  +  i  tan  d  =  sec  9  (cos  ^  + 1  sin  0) 

=  sec  ^ .  €f\ 

Hence,  by  Art.  83,  we  have 

logtf  sec  0  +  0i  =  log  (1  +  i  tan  0). 

Therefore,  by  Art.  90,  if  tan^  be  numerically   not 
greater  than  unity,  we  have 

logtf  (sec  0)  +  01  —  log  (1  +  i  tan  0) 
=  itan  tf-  ^  i^  tan»  ^  +  5  *^tan»^~ 
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=  itan^  +  Ktan"^-K*tan'5  — :rtan*^+ ad  in£ 

2  3  4 
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£quating  the  imaginaiy  parts  on  each  side  of  this 
equation,  we  have 

6  =  tan  0- |tan*0  + 1  tan*0-|tan^0-h ...  ad  inf. ... 

(1). 

Since  this  series  is  true  for  acute  angles  such  that  the 
tangent  is  not  numerically  greater  than  unity  it  is  true 

for  all  angles  lying  between  the  values  —-7  and  H--^  aJ^d 
also  for  the  extreme  values  —  -7  and  +  -7 . 

96.  The  series  of  the  last  article  may  be  slightly 
transformed  by  writing  tan  O^^x,  w>  that  x  must  be  not 
less  than  —  1  and  not  greater  than  1. 

It  then  becomes 

tan-*x^x-|x»+|x»-|x'^+ adin£, 

where  tan"^  x  is  that  value  which  lies  between 

— -T  and  +  -r. 

4  4 

96.  Gregory's  Series  is  a  particular  case  of  a  more 
general  theorem  which  may  be  enunciated  as  follows : 

If  0  be  cm  angle  which  lies  between  pir  —  -j  and  pir  +  -7  , 
both  limits  being  admissible,  then 

1  1 

0 -- pTT  ^tan 0 -^  ^  tan^  0  •{--=  tan* 0  ^ ....^.  ad  iiif. 

00 
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For  let  0  —pir  +  ^,  where  ^  is  not  greater  than  —  and 

not  less  than  —  -j  • 

Then  1  +  ttan5  =  l+ttan^  =  8ec^(cos  <^  +  i8in<^) 

=  sec  ^ .  e*^ 

Hence,  by  Arts.  83  and  90,  we  have,  provided  that 
tan  0  be  numerically  not  greater  than  unity, 

%   log^sec^  +  ^i  =  log(l +ttan  d) 

=  %  tan  ^  —  ^*'  ^^^'  ^  +  «  *^  tan*  ^  — 

rsitan^+^tan'^-ittan'^+Ttan^^  +  ittan'tf--... 
2  3  4  5 

ad  inf. 

Equating  the  imaginary  parts  on  both  sides  of  this 
equation  we  have 

1  1 

^  =  tan  ^  —  Q  tan*  ^  +  ^ tan' ^  —  ••••.•.  ad  inf., 

1  1 

%,e.  ^— jp7r  =  tan  ^  — ^tan'  d+^tan'  5  — ...ad  inf.  ...(1). 

97.    Examples  of  particular  cases. 

If  $  lie  between  -p  and  -p,  t.«.  between  x-t  and  it+t*  we  have 

4  4  4  4 

|7=1  and  equation  (1)  of  the  preceding  article  becomes 

^-x=tan^-^tan«^  +  ^tan«^- ad  inf. 

o  0 

7ir  9w  IT  w 

If  9  lie  between  -r-  and  -7-,  i.e,  between  2x— -  and  2ir+ t  1  ^0  eqtia- 

4  4  4  4 

tion  becomes 

d-2x=tan^-itan8d+itan«d- ad  inf. 

9  o 
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Similarly,  if  9  lie  between  -  -j-  tod  -  -j- ,  <.e.  between  -  3«--  -  and 
-3«'+2>  wehaveps -3,  and  theeqoationbeeoinee 

tf+3ir=:tan9-^tan*tf+^tan*tf- ad  inf. 

9  5 

98.  If  ^  lie  between  -7  and  -r-,  or  between 

Sir       J  Ttt 

T*"^T 

or,  generally,  between 

mr+  —  and  n7r+    .—  , 

tan  d  is  numerically  greater  than  unity;  in  these  cases 
the  expansion  of  log  (1  +  %  tan  0)  does  not  hold,  and  there 
is  no  such  expansion  as  equation  (1)  of  Art.  96. 

99.  Value  of  9r.  One  of  the  chief  uses  of  Qregory's 
series  is  its  application  to  find  the  value  of  tt. 

In  Art.  95  put  a;  =  1,  and  we  have 

4"        'S'^5     7"*"9     

"  ^ "  (3  "  5) "  (7 "  9) "  (n  "I3) 

=  ^-43^  ■"^9"' 11^3  + ]• 

This  series  may  be  used  to  calculate  tt  ;  its  defect 
however  is  that  the  successive  terms  do  not  rapidly 
become  small,  so  that  a  very  large  number  of  terms  would 
have  to  be  taken  to  obtain  the  value  of  tt  correct  to  any 
great  degree  of  accuracy. 

For  this  reason  other  series  have  been  sought  for. 


110  TRIGONOMETBT. 

100.    Euler's  Series.     We  can  easily  prove  that 

tan"*  -x  +  tan""*  tt  =  -r . 
2  3      4 

In  Art.  95  put  in  succession  x  equal  to 


2  ^""^  3' 


and  we  have 


•••••• 


J  =  tan-*^  +  tan-ig 
=  1-1   I4.I  1-1   I4. 

+  1-1   I  +  l  I-l  1  + 

This  series  converges  more  quickly  than  the  preceding 
series;  but  more  than  eleven  terms  of  the  series  for 

tan""*^  would  have  to  be  taken  to  give  ir  correct  to  7 

places  of  decimals. 

101.  Machines  Series.  A  more  convergent  series 
than  the  preceding  is  Machines,  which  is  derived  from  the 
expression 

4  tan-i  1  -  tan-i  sL  =  ?        (Art.  240,  Part  I,  Ex.  4). 

By  substituting  in  succession  ■=  and  ^^  for  x  in  Art. 
95,  we  have 

4        [5     3"5'^5'5»     7*5'^ J 

_rj__l  J.        1  J. 1 

[239     3  ■  239*  ■*■  5  •  239 J* 


•  • 
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.r^_1.2»_      12^      1^  1 

*"       [lO     3  10»'*'510'     YlO^"*" J 

[239     3  239»^6  239 J' 


Now  ^^  '^  ^  =  ^'2 

16xi  :5^=    001024 
6  10* 

16x^.^=  -0000009102 


x|.2^=.  -0000000977 
3-2010250079 
Also     1^  ^  I  •  ^  =  0426666666 . . . 

16  xy.^= -0000292571 ... 

16  X  ^.^  =  -0000000298 ... 


4x2^5  =0167364017... 

'  -0594323552 

Hence  3-2010250079 

-  -0594323552 


w  =  3141 59265/27 

This  is  the  value  of  ir  correct  to  8  places  of  decimals. 

By  taking  the  first  series  to  21  terms  and  the  second 
series  to  three  terms  we  should  get  v  correct  to  sixteen 
places. 


112  TRIGONOMETEY. 

102.    Rutherford's  Series.    A  further  simplification 
of  Macfain's  formula  is  the  expression 

For  we  have 

,    .1  1      .    -1  1      X    -1    7099        ,    _,  29 
tan  ^  srr-  —  tan  ^  tttt  =  tan  ^  -^— — ^—  as  tan^  ^^^, 

70  99  «      11  6931 


^"*"  70*99 


tan""*  ;^^r;r  • 

239 
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AssTuning  that 

^  -  nir=tan  ^-5  tan»^+ e  tan'^- .... 

8  O 

write  down  the  value  of  n  when  $  lies  between 

-  Hit       ,  18ir  «      7ir       ,  9flr 

1.    ^r*^^"T'  2-    T*^^T' 

3.    -~and-j-.  4.     -^and--j-, 

-  llx       ,      13ir 
6.     --j-and--j-. 

6.  Prove  that 

7.  Prove  that 

r_2     11/2      1\  .  1  /2      1\ 

i  "*  8  ■**  7  "  3  VP ■*"  7"V  **"5  Vb»  ■*" 7V ""•• 

8.  If  X  be  </^2  - 1,  prove  that 
2  («-5«"+|a;» ad  inf.^ 

2a:        1/    2a:   \«  .1  /   2a:  \»  ,.   , 
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Find  the  value  of  t  to  three  places  of  deounals 
0,    By  using  Euler's  Series. 

10.  By  using  Maohin's  Series. 

11.  By  using  Butherford's  Series. 

12.  To  the  second  order  of  small  quantities,  prove  that 

^^/l  +  Bin^loga-^)  +  tan-l^sin(|  +  ^^=^^^^. 

13.  When  both  9  and  tan'^  (sec  B)  lie  between  0  and  ^  ,  prove  that 

tftn-»(Bec^)-%tan»^  -  gtan«2  + j  tan"  j-.,.. 


L.  T.  IL  8 


CHAPTER  Vin. 

SUMMATION  OF  SEBIES.      EXPANSIONS  IN  SERIEa 

103.  We  shall  now  apply  the  results  of  the  preceding 
chapters  to  the  summation  of  some  trigonometrical  series. 

The  chief  series  may  be  divided  into  four  classes ; 

(1)  Those  depending  for  their  summation  on  a 
Geometrical  Progression  ultimately, 

(2)  Those  depending  ultimately  on  the  Binomial 
Theorem, 

(3)  Those  depending  ultimately  on  the  Exponential 
Theorem,  including,  as  sub-cases,  the  Sine  and  Cosine 
Series,* 

and    (4)  Those  depending  ultimately  on  the  Logarithmic 
Series  and,  as  a  sub-case,  Gregory's  Series. 

104.  In  Arts.  105 — 108  we  shall  sum  one  example  of 
each  of  these  classes  It  will  generally  be  found  more 
convenient  in  summing  one  of  these  series  involving  sines 
of  multiple  angles  (such  as  sin  a,  sin  2a,  sin  3a  ...)  to  also 
sum  at  the  same  time  the  companion  series  involving  the 
cosines  of  the  same  multiple  angles 

{i.e,  cos  a,  cos  2a,  cos  3a  . . .), 

The  method  will  be  best  seen  by  a  careful  study  of  the 
following  four  articles. 
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106.     Ex.     Sum  to  n  terms,  and  to  infinity,  the  aeries 

1  +  c  co«  a +  c"co«  2a  + , 

where  c  is  less  than  unity. 

Let 
C  =  l  +  ccosa  +  c*cos2a  +  ...  +  c**"*cos(w  — l)a (1), 

and 

S=CBma  +  <^8m2a'^ +c"^^8m(n-l)a (2). 

Multiplying  (2)  by  i  and  adding  to  (1),  we  have 

C  +  Si  =  1  +  c  (cos  a  +  i  sin  a)  +  c"  (cos  2  a  + 1  sin  2  a)  + 

=  l+ce»*  +  c»6^<+...  +  c«"*e<»^^>**      (Art.  62) 

1  —  c**  ^'*** 
=      ^      .  ,  by  summing  the  O.P., 

• 

(1 -- c^  e"*'*)  (1  -  ce-^) 
"■    (1  -  C6**)  (1  -  ce-*0 

~         1  -  c  (e**  +  e-^)  +  c" 

I       i-            •  •     \      «•              •  •       \  .   -j-i  fcos  (w— l)a 
1— c(cosa  +  isma)— c**(cosna+ismna)+c'*'''M  .  .  .   /     \k    ■ 
^ ^        ^ (+i8m(n— l)a 

"  1  —  2c  cos  2a  +  c"  " 

Hence,  by  equating  real  and  imaginary  parts,  we  have 
1  —  c  cos  a  —  c*  cos  na  +  c**+^  cos  (n  —  1)  a 


a= 


and  iS  = 


1  —  2c  cos  a  -f  c^ 

c  sin  g  —  c^  sin  na  +  c**"*"^  sin  (n  —  1)  a 
1  —  2c  cos  a  +  c* 


The  sum  to  infinity  is  obtained  by  omitting  the  terms 

containing  c"  and  c*+S  which  become  indefinitely  small 

when  n  is  very  great. 

8—2 
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1  —  C  COS  a 


Hence  (7«  = 

00 


1  —  2c  COS  a  +  c" ' 


and  S.=         ^«^^« 


*      1  -  2c  cos  a  +  c" ' 

From  the  resnlts  for  C  and  8  it  is  now  clear  that  the  above  series 
might  have  been  summed,  without  the  use  of  imaginary  quantities,  by 
multiplying  both  sides  of  (1)  and  (2)  by  the  quantity  l-2coosa+e*. 

The  coefficients  of  c*,  c* c**^^  would  then  be  found  to  vanish  and  the 

values  of  C  and  8  be  easily  obtained. 

106.    Ex.    8wm  the  aeries 

^  «na  +  ^~A^^2a+  p'    '    giyi3a  +  ...  ad  in£ 

Let  5=       Q  8ma+ ^-rsmza  +  o    .   ^.sinSaH-..., 

and        0=1  +  0  co8a  +  o~TC08  2g-hg\i  fi  ^^  3a+  .... 

Hence,  multiplying  the  first  by  %  and  adding  to  the 
second,  we  have 

=  (1  -  e«0~*,  if  a  ¥  2n7r, 
by  the  Binomial  Theorem.    (Art.  26.) 
.*.  C7+/St  =  {l  —  cosa  — isina)"* 

=  |2  8in|(^8in|-icos|)| 

=  |2sin||"*|cos(|-|)  +  isin(|-|)P 

=  {2  sin  ||     jcos  (ZLZ£)  +  i  6in  ^?| . 
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Hence,  by  equating  real  and  imaginary  parts,  we  have 


0=|2ein|} 


and  fifs'^2  sin^rl-     sin 


ss^Zsin^f     SI] 


cos J— 

4 

TT  — a 


4    " 
If  a  =  2n7r,  clearly  S«  0  and  C=  « . 

KXAMPTiBB.    XVI. 

8am  the  series 

1.  sina+HBin2a+^8m8a+ ad  inf. 

2.  oo8a.coaa+coB<aoo8  2a+oo8'aoos8a  +..,..•  ftd  ii^t 

3.  sin  a.  sin  a + sin*  a  Bin  2a  +  sin' a  Bin  8a  + adinf.,  whereat +  x. 

4.  sin  a.  008 a+ sin* a.  008  2a+8in*a.  008  8a+ ad  inf., 

where  a^+^. 

5.  8ina+e8in(a+i9)+c*8in(a+2j9)+ ton  terms  and  ad  inl 

6.  l  +  ccosha+c*cosh2o+ +c*"*^oosh(n-l)a. 

7.  csinha+c'8inh2a  + + adinf. 

8.  l-2co8a+8co8  2a-*4oosda+ to n terms. 

9.  8  8ina+5  8in2a+7  8in8a+ to  n  terms. 

10.  When  a=^>  ^x^d  what  are  the  values  of  the  series  in  Ezs.  3 
and  4. 

11.  sina+nsin(a+j8)-|.5-^^-J8in(o+2)3)+ to  (n+1)  terms, 

n  heing  a  positive  integer. 

1  18 

12.  sin  a+^sin8a+^r-^sin5a+ adinf. 

13.  COS*  a-n  cos*^*  a  cos  a + ",  ~    '  cos*"'  o  cos  2a . . .  to  (n + 1)  terms, 
n  being  a  positive  integer. 

--  .         nln+1)  .    ft      n(n+l)(n+2)  .    .  ,,  ^ 

14.  nsina+    ;    ^  ^sm2a+  ■■    ,    ^   ^ — ^8m3a+ adinf. 

Ltd  X.^.O 
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1  1  13 

15.  l  +  ^coB2tf-^-^oo84tf  +  g   '    ^008  6^- adinf. 

16.  8iiihti-hn8inh2m'    ^       ^Binh3tt+ to  n+1  terms,  where  n 

is  a  positive  integer. 

107.    Ex.    Sum  the  series 

,     c^  cos  20  .  c*cos45  jf  .  ^ 

IH rs 1 [T 1- od  tnf. 


|2      +       |4      + 


Let    (7=1+ — 12 h — jT —  + ad  inf.  ...(1), 

and  S=        — jH —  +  — rj + admf.  ...(2). 

(2  [4 

Hence 
C+8i  =  l  +  ^  +  ^+ adin£ 

-1  J.  ^'^  4.  2!  4.  2'*  4. 

~    ■^(2"*"|4"*"|6''" ' 

where      y  =  oe**  =  c(cos^+isinfl). 

--.ilgCOMtf+UTSiiitf  ^  ±g-<jco8*-ic8intf y3\ 

=  -  gtfcoBtf  [cog  (c  sin  0)  +  i  sin  (c  sin  0)] 

4. 1  g-coMtf  [cos  (c  sin  0)  -  i  sin  (c  sin  ^)].       (Art.  62.) 

By  equating  real  and  imaginary  parts  we  therefore 
have 

a=|co8(csine)[e*^«««  +  e-^«»T 
«  cos  (c  sin  5)  cosh  (c  cos  ^), 
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and  iS=28in(c8m^[e^«*«-er-*ootr| 

s  sin  (c  sin  0)  sinh  (c  cos  0). 
Aliter.    From  (3)  we  have 

sscos(csin0  — iccosd)    (Art  62) 

=K  [co8(csind)co8  (tccos^+sin(csin0)  sin(tccos^] 

=s  [cos  (csin^)cosh(ccos^+i8in(csin^)8inh(c  cos^)] 

(Art.  68). 
Hence  0  and  8  as  before. 

108.    Ex    Swm,  tiie  two  series 

c  «i7i  a  + -5  «in  2a +o«n  3a  + ad  inf., 

and      ccosa-h  •aC0s2a  +  ^cosSa  + ad  inf., 

where  c  is  numerically  not  greater  than  unity. 

Let  S  and  C  stand  for  these  two  series;  then,  as 
before,  we  have 

G  +  Si^c  (cos  a  +  isina)  +  ^  (cos  2a  +  i  siA  2a)  + 

=  C^*+|6^*  +  |6»»*+ (1) 

=  -log[l-ce^   (by  Art.  90)     (2) 

=  —  log  [1  —  c  cos  a  —  ic  sin  a]  (Art.  62). 

Let  1  —  c  cos  a  =  r  cos  0,  and  —  c  sin  a  =  r  sin  ^, 

so  that 

/- — ■  ^     1  -  c  cos  a 

r  =  + vl— 2ccosa  +  c\    cos^  = , 
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and 

.    ^        c  sin  a    .     ^     ,       ,  -  c  sin  a 

sin  ^=! ,  t.e.  0  =  tan  ^ , 

r  1— ccosa 

with  the  convention  of  Art.  20. 

.'.  C-^Si  =  -  log  [VI  -  2c  cos  a +  c*  (cos  5  + 1  sin  0)] 
=  -  log  [Vl  -  2c  cos  a  +  c'-* .  e^] 
=  —  log  VI  —  2c  cos  a  +  (J*  —  Oi. 

••.  C  =  -  log 7(1  -  2c  cos  a-f  c")  =  -  2  log  (1  -  2ccosa  +  c^) 

(3), 

aad  flf=-^  =  -tan-»fTl£^l^)   (4). 

\1  —  c  cos  a/ 

Exceptional  cases.     When  c  =  1,  the  quantity  (2) 

=  log  [1  —  cos  a — f  sin  a]  =  log  [1  +cos  (a— tt)  +i  sin  (a  —  tt)]. 

This,  by  Art.  90,  is  always  equal  to  the  series  (1) 
except  when  a  —  tt  is  equal  to  (2n  + 1)  tt,  ie.  except  when 
a  is  a  multiple  of  27r. 

In  this  case  8=^0, 

and  ^~"^"'^'^2'*'3"^i"^ ' 

which  is  known  to  be  a  divergent  series. 
When  c  ==  —  1,  the  quantity  (2) 

=  log  [1  +  cos  a  +  i  sin  a]. 

This  by  Art.  90  is  always  equal  to  the  series  (1) 
except  when  a  =  (2n  -!- 1)  tt. 
In  this  case  8  =  0,  and 

^=i+i+i+i+ 
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The  results  (3)  and  (4)  give  then  the  sum  of  the  two 
series  except  when  (1)  c  =  1  and  a  =  2n7r,  (2)  c  =  —  1  and 
a  =  (2w  + 1) TT, and  (3)  when  c>  1. 

In  examples  depending  on  the  logarithm  series  it  will 
be  often  found  that  for  some  particular  values  of  the  angle 
there  is  no  sum. 

Particular  case.    Let  o^co^a,  where  a  lies  between 

TT 

0  and  ■^,  so  that 

S  =  cos  a .  sin  a  +  3  cos"  a  sin  2a + ^r  cos*  a  sin  3a  +. . . . 
In  this  case 

=  —  tan""*  (—  cot  a) 
remembering  the  convention  mentioned  above, 

TT 

EXAMPLBB.    XVn. 

Sum  the  series 

1,    sintt+c8in(a+i8)  +  nr8in(a+2)3)  + ad  inf. 

If 


c* 


2.  cosa+ccos(a+)3)+|^0O8(a+2j5)+ ad  inf. 

M    • «  «     008*  a        ^       cos'  a 

3.  l-co8aoo8/3+— f^— co8  2)3 r^— 0083j8+ adinf. 

If  12 

If  I* 
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_                  C08(a+2)3)  .  coB(a+4^)  ,  .  . 

5.    cos  a jg    ^^  +  — |g  ^' - ad  ml 


-      ^  -         C08h2a     0O8h3a  .  .   - 

6.  l+008ha  +  — j2 — +  ~J3 — + admf. 

.  ,        8iiih2a     sinhSa  ,  .  . 

7.  8mha+     lo      + — rs —  + admf. 

If         15 

8.  l+e~"»co8  (8in  a)  +  -i  e*"**0O8  (28ina)  + ad  inf. 

Ir 

^sina  gSsina 

9.  l+e*"**oo8(co8a)H f^-co8(2co8  a)  + — -^  eo8(8co8a)  + 

If  I? 

ad  inf. 

-^     6co8d     7oo8Sd     900859  ,  ,  . 

10.  —1—  +  — io—  + — iR  — + admf. 

1  [3  |6 

[In  the  following  examples  c  may  be  aesomed  to  be  positive  and  not 
greater  than  miity ;  when  c  equals  unity  there  will  be,  as  in  Art.  108, 
exceptional  oases  for  some  values  of  the  angle  a.] 

11.  e  sin  a -77  sin  20+0- sin  8a- adinf. 

2  o 

12.  esina  +  o^su^  ^A+7C^sin5a+ adinf. 

o  5 

13.  c  COS  a  +  5  c'  COS  3a+ =c*  cos 6a+ ad  inf. 

o  5 

14.  eoosa  -  ^c*0O8  8a+7c'^co8  6a- ad  inf. 

o  5 

15.  c  sina  -  7C*8in8a+7c'sin5a- adinf. 

o  o 

16.  cosa -^cosSa+rOOsSa  - adinf. 

o  o 

17.  c  cos  a  -  ^c*  cos  (a +2/3) +  -r  0*008(0 +  4/3)- adinf. 

18.  sin  a  sin /3+^  sin  2a  sin  2/3+ -sin  8a  sin  3/3+ adinf. 

19.  c  sin*  a-ic«  sin^  2a  +  i  c»  sinSSo- ad  inf. 

20.  sinh  a-^sinh2a+^sinh3a- adinf. 
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21.  «*co8/3-i«**coB3/J+^«*'ooB6i8- ad  inf. 

«•     1       2t     1        8t  .  1       4t  .  ,  .  . 

22.  c<>83+3CO«  8"  +  5<»*  3-  +  7^*"3  + ad  inf. 

23.  Ifd-a=tan«^8in2^-itan*|sin4tf+itan«|8in6^-...  adinf. 

proTe  that  tan  a= tan  ^ .  coe  w. 

24.  If  tf  and  0  be  positiTe  acute  angles  prove  that  the  sum  of  the 

series 

8in^co8  0  +  o  8in8^cos8^+7  8in5^cos60  + ad  inf. 

o  o 

is  7  or  0,  according  as  ^  >  or  <  0. 
Prove  that 

25.  tanhd;+gtanh'«+7tanh<^x+ 

11  T  T 

stand^-^tan'x+ptan'^d;- ,  where  x  lies  between  - -r  and +  7. 

80  4  4 

26.  28in»^+5.4Bm*tf+i.88in«d+ 

s2(tan*tf+gtan<^  +  gtan^®^  + V  where  ^  lies  between 

27.  sin^+^8in«^+^8in»d+ 

o  o 

=2^sind-isin3^+iBin6d- V  where  d^(2n+l)|. 

109.  We  subjoin  some  examples  of  series  which  come 
under  neither  of  the  foregoing  heads  nor  under  that  of 
Chapter  XIX.,  Part  I.  In  general  they  are  to  be  summed 
by  the  artifice  of  splitting  each  term  into  the  difference  of 
two  terms.  Considerable  ingenuity  is  often  required.  When 
the  answer  is  known  the  method  of  summation  can  usually 
be  easily  seen;  for  the  answer  when  n  is  put  equal  to 
unity  gives  the  form  in  which  the  first  term  of  the  series 
has  to  be  put. 
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Bz.  1.    Sum  to  n  terms  the  seriee 

Since  always  sin 30=8  sin 0-48in'0,  we  have 
8m«^  =  l  Using- BindJ, 

3.sin»^  =  -.8.[88inp-8in?]  =  -[8«sinp-8sin£], 

8'8in3j  =  J[3»sin|,-3«sinJ].    * 

3-isin«^  =  i[3«8inA-3-sinA.]. 
Henoe,  by  addition,  the  required  sum 

.![s.*f..^.]. 

Also  the  sum  to  infinity 

= I  [d  -  sin  ^].  (Art.  228,  Part  I.) 

Bz.  2.    Sum  the  series 

tan  a+2  ton  2tt+22  ten  2«a+ +2»-iten2»-*o. 

We  have  easily 

tan  a = oot  a  -  2  cot  2a, 

tan  2a=oot  2a  -  2  cot  2^, 

tan  2'a= oot  2<a  -  2  cot  2^0, 

and  tan 2*-'  a=cot  2«-ia- 2cot  2*a. 

By  multiplying  these  rows  in  succession  by  1,  2,  2\ 2"'^  we  have 

tana+2tan2a+2»tan2«a+ +  2*-itan2'*-io=cota-2»»cot2«a, 

the  other  terms  all  disappearing. 

The  required  sum  therefore = cot  a  -  2"  cot  2^a. 


i.    Sum  the  series 

tonaten(a+i9)  +  ton(a+i9)ton(a+2)3)  +  ton(a+2/3)ten(a+3/9)  + 

ton  terms. 
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Let  tt,=the  rth  term,  i.e, 

tan{a+(r-l)i8}tan{o+ri8}, 
(u^+l)tan/3 

=[l  +  tan{o+(r-l)/3}  tan  {tt+r)3}]xtanlo+r/J-(tt+fri|3)] 

=tan{a+r/3}-tan{a+r-l/3}.    [Art.  98,  Part  I.] 

Henoe  giving  r  in  sacoession  the  valaes  1,  2, n,  we  have 

(1  +  Uj)  tan  /3= tan  (a + /3)  -  tan  a, 
(l+us)  tan /3=tan  (a+a/S)  -  tan  (a+/9), 


(1 + ttj  tan /3= tan  {a + 11^}  -  tan  {a  +  (n  - 1)  ^), 
Henoe,  by  addition, 

(n+iSfJ  tan/3=tan  (a+n^)  -  tan  a, 

BO  that  g     t>n(«+np)-t»n.-ntan^ 

*  tan/3 
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Stun  the  series 

1.  coBeo^  +  oo8eo29  +  ooseo4^+ tonterms. 

2.  ooseo  d  cosec  2^+cosec  26  cosec  8^+oo8ec  3^  cosec  4^+ 

to  It  terms. 

3.  Beo^seo2^  +  Bec2^8ecS^  +  8ecS^ 8ec4^+ to nterms. 

4    seG^seo(9  +  0)  +  seo(^+0)8eo(9  +  20)  +  8eo(9  +  20)sec(9  +  3^) 

+ to  n  terms. 

5.   ; 5-  + ; s— + ; ^+ to  n  terms. 

oosa+cosda     oosa  +  cosSa     cos  a  +  cos  7a 

10      1  B       1.  6 

6.  tand  +  jtang+^tan^2  +  ^tan,2s+ ad  inf. 

1  B      X  B       X  6 

7.  tanh  0  +  2  tanh^  +  02**°^  2^  "**  ^^^^  28"*" *°  **  terms. 

8.  tan  B  see  20+ tan  20  sec  40  +  tan  40  sec  80+ to  n  terms. 

0  B  B  0  B 

9.  tan  ^  sec  0  +  tan  ^  sec  5  + tan  55  sec  55  + to  n  terms  and  to 

infinity. 

1  1  1 

^"'    2co8  0'*"22oo8  0cos20'*"2»cos0cos20co8  2a0'*' ^  «  wnns. 


to  ft  terms. 
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11.  sin2^oos'^-  ^  sin  4^  008*2^+7- Bin  8^  008' 4^- to  n  terms. 

12.  8in2^Bin2^+^Bln4^8inS2^+^sin8^sin34^  + tonterms. 

sing  Bin2g  sinS^ 

008^  +  COB2^       0O8^  +  0OS4d       008^  +  008  0^      

14.  tan'atan2a+n^ctn'2atan4a  +  ptan*4atan8a+ adinf. 

15.  008»^  -gCos» 90+  pOOB»3«d-peo8»3»^+ to  n  terms. 

16.  8in»|+38in»jj  +  82sin3p  + to  n  terms. 

1  3  .  .     ^ 

•*■'•    cot  ^-3  tan  ^■*"  cot  3^-3  tan3^'*' cot  3*^-3  tan  3«d 

cos  g  -  cos  S$       cos  S$  -  cos  S*$      ^  cos  3*^  -  cos  3'g 

^®'  sES^       ■*■  sin32^        ■*■  sin38^         "*" 

«u  n 

20.  tan~i5+  tan-i  -+  tan-^=^+  tan-i  ;r=-+ to  n  terms. 

21.  tan-ig+tan-ig+ +tan-^^^^a^^^  + adinf. 

.     ./Jn-^n-l  ,  ... 

■|.gin-i3-.  4. ad  mf. 

vn(n+l) 

Expansions. 

110.  In  some  branches  of  higher  Mathematics  it  is 
desirable  to  be  able  to  expand  certain  quantities  in  a 
series  of  ascending  powers. 

As  an  example  we  will  expand 

log(l-2acos5+a*) 

in  ascending  powers  of  a. 


to  n  terms, 
terms. 
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Since  2  cob  tf  =  e**  H-  «r**, 

we  have 

log  (1  -  2aco8^  +  a>)  =  log  [1 -a(6^  +  e-^ +a*] 

=  log[(l-cw^)(l-ae-^] 

^\og  {I  -- ae^  +  log{l  -- ae~^ 

—  cw^-ga^e"***  — «a»e"^— 

«-a.2cos^-5a>.2co8  2^-^a».2co8  3e 

=-2    aco8^+  2a«co82^  +  oflt'cos3fl+  . 

The  expansion  of  log(l  —  oc**)  is  legitimate,  by  Art. 
90,  if  the  modulus  of  —  ae^  be  less  than  unity. 

Now      —  de^  =  a  {cos  (tt  +  ^)  +  i  sin  (-n-  +  ^){, 

so  that  its  modulus  is  equal  to  a.  Hence  the  above 
expansion  is  legitimate  provided  that  a  is  less  than  unity. 

The  expansion  is  also  legitimate  if  a  be  equal  to  unity, 
provided  that  0  do  not  equal  an  even  multiple  of  tt. 

It  is  also  legitimate  if  a  be  equal  to  —  1  and  d  do  not 
equal  an  odd  multiple  of  tt. 

111.     Ex.     Expand 

l'-2aco8  0  +  a" 
in  a  series  of  ascending  powers  of  a. 
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We  have 

l-g'         _  2 -2a  COS  g 

1  —  2a  cos  tf  +  a*  1  —  2a  cos  d  +  a* 

«-l  2-a(g^  +  e-^) 

1  —  a  (e^  +  er^)  +  a* 

2-a(e^  +  e-^) 
""    "^(l-ae^Kl-^O 

1_  1 

1  —  oe^     1  —  aer^ 
=  «.l+(l-a^)-i  +  (l-ae-^)-i 

«  - 1  +  1  +  ae^  +  a^e^^  +a»e^  + 

+  1  +  aer^  +  a^'er^  +  a»er»^  + 

^l  +  a(^  +  €r^)  +  a^{e^  +  e-^)  + 

=  1  +  2aco8g  +  2a«cos2g+2a»cos3g+...ad  inf 

The  expansions  of  (1  —  a€^)~^  and  (1  —  ae~***)~^  by  the 
Binomial  Theorem  are  legitimate  if  the  modulus  of  ae^  be 
less  than  unity,  i.e.  if  a  be  numerically  <  1,  but  not 
otherwise.     (Art.  26.) 

The  above  series  is  the  one  assumed  in  Art.  49. 

Similarly  we  can  deduce  the  series  of  Art.  48.     For 

we  have 

2a  sing         ^1         a(^-e^ 

1  -2acosg  +  a*"'i  1 -a(e^  +  e^*)  +  a" 

_  1         ae^  —  aer^         _  1  ["      1 1      1 

"7(l-ae^0(l-a«"*0"^Ll-^'     l-a«-^*J 

=  i  {(1  +  ae<«  +  a«e^+ ...)~  (1  +  ar^  +  a»e-^«*  + ...)} 

=  2asing  +  2a*sin2g  +  2a»8in3g  + ad  inf. 

As  before  this  expansion  is  legitimate  only  if  a  <  1. 
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112.     Ex.     If  8inx^nsin(a  +  x\    expand  x   in   a 
seines  of  ascending  potuers  ofn,  where  n  is  less  than  unity. 

Since 

sin  a;  =  n  sin  (a  +  ^)  =  ti  (sin  a  cos  a;  +  cos  a  sin  x), 

n  sin  a 

.%  tan  X  =  = , 

1  — ncosa 

e^  —  e~**        ni  sin  a 
e**  +  e"**     1  — ncosa* 

6**      1  —  n  cos  a  +  ni  sin  a     1  —  we"** 


e~**      1  —  n  cos  a  —  ni  sm  a       1  —  ne^* 
.\  2xi  =  log  (1  -  ner'^  -  log  (1  -  ne«*) 

=  -  n^-«*  -  2  n^er^  -  ;^  n»e-***  - 


=  n(e«*-e-^0  +  o  w*(«^*'  -  ^^0 
+  3  w' («**'- «-»»*) ad  inf. 

=  n .  2i  sin  a  +  ^  w* .  2i  sin  2a  +  ^  n* .  2i  sin  3a  + . . . 

.*.  «  =  risina  +  ^n*sin2a  +  ^n'8in3a  + (1). 

In  this  equation  we  have  assumed  x  to  lie  between 

—  ^  and  +  o  ;  if  it  do  not,  then,  instead  of  Zod,  we  should 

read  2h7ri  +  2xi ;  the  left  hand  of  equation  (1)  would  then 
be  a;  +  kir,  and  we  must  choose  k  so  that  x  +  kir  shall  lie 

between  —  ^  and  +  -^  . 

As  before  the  expansions  are  legitimate  if  n  be  <  unity. 

L.  T.   II.  9 
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113.    Bz.     Expand  ^ coahx  in  a  aeries  of  ascending 
powers  of  X, 
We  have 

e^co8  6a?  =  6^. 5 

1  1 

1  ri_i_/    _i_L.-\     ^(a  +  6i^ _^ (a  +  K)»a^  .  1 

«2[l+(«  +  W)fl^+^— ^^^ +  v__Z_  + J 

The  coeflScient  of  aS^ 

(a  +  biy  +  ia-biy 


2\n 
If  a  +  6i  =  r  (cos  a  +  isin  a),  so  that 

ra=+ Va*  +  6*  and  tana  =  -, 

a 

with  the  convention  of  Art.  20,  then  the  coefficient  of  af^ 
_  {r  (cos  a  +  f  sin  a)}**  +  {r  (cos  a  —  t  sin  a)}** 

cosna 


^  f^ 


n     ' 


by  De  Moivre's  Theorem. 
Hence  we  have 

.j^       -L       t  ,                  .  r"cos2a   ,  .  r*cos3a  .  . 
e^cos6a?  =  l  +rco8a.a?H r^ — .a^H r^ —  a;*+ , 

where  ~" 

r  =  4-  Va»  4-  6*  and  tan  a  =  - . 

a 

This  expansion  is  legitimate  for  all  values  of  a,  b,  and 
X.     (Art.  57.) 
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where 


Expand  in  an  infinite  serieB 

.  l+aco8g  co8g-acog(g-0) 

■'"    l  +  2aco80-^a**  ■•       l-2aco00+a*  * 

^     8in^-a8in(^-0)  .       -iw-a 

5.    <**8in6tf. 
Prove  that 


c= 


7.  tan-ij-^5^^=a8in^  +  ia«sin2tf+ia»8in8^  + adinf. 

8.  2^°~^(^«^<"^^/3)='Binatan/3+g8in8atanS/3 

+g  sin  5a  tan«^+ ad  inf. 

9.  If  Bin  ^=07  cos  (^+ a),  expand  ^  in  a  series  of  ascending  powers 
of  X. 

10.  Expand  y  in  terms  of  cos  a,  where 

2tan2/s8ina;co8ec  -^— cosec— ^# 

11.  If  tan  X  s  n  tan  v,  and  m=:  ^-^ ,  prove  that 

l  +  »   *^ 

a?+rT=y-TO8in2y+^8in4y-y8in6y  + adinf., 

where  r  is  to  be  so  chosen  that  x+rr-y  lies  between  - 5  and  +  - . 

12.  What  does  the  series  of  the  preceding  question  become  when 

(1)  n=cos  o,  and  (2)  n= —7 

cos  2a 

13.  Expand  log  cos  f  ~  +  ^  j  in  a  series  of   sines   and  cosines  of 
ascending  multiples  of  6, 

9—2 
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14.  Expand  log  tan  g  +  f )  in  a  series  of  sines  of  ascending  multiples 
o{0. 

15.  Prove  that 

(1  +  e^  tan  o)  (1  +  €-•**  tan  o)  (1 + e^  cot  a)  (1 + €"*'  oot  o) 


>4(seo/3+eo8^)*, 


where  /S=  ^  -  2o. 


Hence  expand  log  (1+ cos /3  cos  d)  in  a  series  of  cosines  of  multiples 
of  ^. 

16,    Prove  that 
2aco8^ 


=  2a cos^+2a3  8in  2$ - 2a>cos  8^ -2a^sin 4^+ ad  inl 


l-Sasin^+a^ 

17.  Prove  that 

log 008^=  -Iog2+cos2^-^  oos4^+oC08  6^- ad  inf., 

if  ^  be  an  angle  whose  cosine  is  positive. 

18.  In  any  triangle  where  a  >  6,  prove  that 

h  16'  lb' 

logc=loga--cosC-;:  -aOOs2C-;r-rCos8C- ad  inf. 

®  ^       a  2  a*  3  o* 

rWehavec«=a»+6*-2a6cosC=a«(l-^e*<^Vl-j«-*<?Y'] 

19.  Prove  that  the  coefficient  of  a^  in  the  expansion  of 

««*  sin  6a:+e**  sin  ax 
in  powers  of  x  is 


2(a«+6«)2    ,    nv       n Pit     .^       ,5-1 

-^-1 ^  sm  -J-  cos  ;r  Ur  -  2  tau'^  -    . 

In  4         2L2  a  J 


20.    Prove  that  the  coefficient  of  c"  in  the  expansiou  of 

log(aS  +  5»  +  c'-8a6c) 


18 


1  r(  - 1)**-^  _      2cosn^      1 
n     (a+6)*»  ?    • 


whera  ton  ^~a+6  ^^' 


CHAPTER  IX. 

EESOLUnON   Iin'O  FACTORS.      INFINITE   PRODUCTS  FOR 

SIN  d  AND  COS  0. 

114.  We  know  from  Algebra  that,  if  P  be  any 
expression  containing  x  and  if  the  value  a?  =  a  would 
make  P  vanish,  then  a?  —  a  is  a  factor  of  P. 

Hence  to  find  the  factors  of  any  expression  P  we  first 
solve  the  equation  P  =  0.  Also  if  P  be  of  the  nth.  degree 
we  know  that  there  are  only  n  solutions  of  the  equation 

P  =  0.    If  the  roots  thus  found  are  a,  )3, 7, k,  we  know 

that  a?  —  a,  a?  —  )3, x^/c  are  factors  of  the  expression  P 

and  that  there  are  no  other  factors  which  contain  x. 

We  shall  apply  this  method  in  the  following  articlea 

115.  To  resolve  into  factors  the  eoppression 

af^  -  2x!^  cos  nd  •\' 1. 
We  have  first  to  solve  the  equation 

x^-2x^co8nd+l=^0, 

i  e.  a^—  2x^  cos  n0  -f  cos'*  nd=—  sin'  n^, 

so  that  a?**  —  cos n^  =  ±  V—  1  sin  nO, 

and  therefore 

1 

X  =  [cos  nO  ±  V—  1  sin  n^]*. 


COS 
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As  in  Art.  24  the  values  of  this  expression  are  the  2n 
quantities 

cos^±isin^,  cos(0-\ j±i8inf^H j, 

cos{e+^)±i,in{e+*^), 

Taking  the  first  pair  of  these  quantities  we  have  the 
corresponding  factors 

a?  — cos ^  —  i sin ^  and  «— cos^  +  isin^, 

or^  in  one  factor, 

ie.  the  quadratic  feu^tor 

0^^2X0090+  1. 

Similarly  the  second,  third,  ...  pairs  of  the  above 
quantities  give  as  factors  respectively 

ai'-ixcosfe +  —)  +  !, 
fl;»-2a?cos[^4-— )  +  l, 

{2n  — 2    ) 
0  '\ — ttX  +  I. 
n       J 

Also  on  multiplying  together  these  n  factors  we  see 
that  the  coeflScient  of  a^  in  their  product  is  unity,  which 
is  also  the  coefficient  of  ^  in  the  original  expression.  No 
other  numerical  £a*ctor  is  therefore  required. 
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Hence 

«{x«~axcose+i}|x«-axcosfe  +  ^)  +  i| 

By  dividing  by  af*  we  have 
a?»  +  — -2coswd«|a?+--2cos^Ua?  +  --2co8r^  +  — H 

...L  +  i-2co8(^+?^7r)| (2). 

The  relation  (2)  may  be  written 

I  rsM-ft  ex  /         2r7r\' 

a^  +  — -2co8w^=    n    V  +  --2cos(^4- -^)- 
af^  r-o    I       ^  \         n  J^ 

where     11     stands  for  the  product  for  all  integral  values 

of  r  from  rs=Otor  =  n  —  1  of  the  expression  following  it. 
Similarly  we  may  shew  that 

-{a^-2ax cos^  +  a*}  |iB»-  2ax cos (d  +  —J  +a4 

|a;2-2aa?cos  ^^4- — )+a4...  |aj»- 2aa;cos(^+?^^^^ 

(3). 

116.    The  proposition  of  the  last  ftrtide  may  also  be  proved  by 
indaotioxi. 
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We  shall  first  shew  that  x*H — -  -  2  cos  na  is  divisible  by 

x* 

1    „ 

X 

Let  x*-] — ^  -  2  cos  na  be  denoted  by  0  (n)»  and  x +-  -  2  cos  a  by  X,  so 

X  X 

that  we  have  to  shew  that  0  (n)  is  divisible  by  X,  for  all  positive  integral 
values  of  n. 

Assume  that  this  is  true  for  0  (n  - 1)  and  0  (n  -  2). 

We  have  then,  by  ordinary  multiplication, 

(^  +  i)x0(n-l)=|x  +  i|.|a:--i  +  ^-2cos(n-l)a| 

=  (^'*  +  i)  +  (^-•+^,)-2cos(n.l)«  X  (x+i) 

=  -la:*  +  ~  -  2  cos  nol 

+  ja;*-^*+-;jz-,-2cos(n-2)o>  -2cos(n-l)  o  <x+--2cosa[  , 
since  2  cos  na+ 2  cos  (n  -  2)  cft=4  cos  a  cos  (n  - 1)  a. 

Hence     (^  +  -)  x0(n-l)=0(n)  +  0(n-2)-2Xcos(n-l)o. 

.-.  0(n)  =  (a;+-j0(n-l)-0(n-2)  +  2Xco8(n-l)o (1). 

Now  0(l)=a;+--2coso=X, 

X 

and   0(2)=a:2+-5-2cos2a=  (  a;  +  --2co8aj  (a:  +  -+2co8aj 

=  X  f  a;  +  -  +  2cosaj  , 

so  that  0  (1)  and  0  (2)  are  divisible  by  X. 

Hence,  putting  n= 8  in  (1),  we  see  that  0  (3)  is  divisible  by  X. 

Similarly  putting,  in  (1),  n=4,  5,  6 in  succession  we  see  that, 

by  induction,  0  (n)  is  divisible  by  X  for  all  values  of  n. 

.*.  x*+-i-2cos na  is  divisible  by  x-\ 2cosa. 

X*  ''         X 
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Again         «*+-;r-2co8fio=«*+-^- 2  cos 
and  is  similarly  divisible  by 


-(»+?)• 


aj+--2oos 

X 


Proceeding  in  this  way  we  can  shew  that  it  is  divisible  by 

«+  —  2cos  I  a  +  —  I a:+--2co8  I  o  + 2t  j  , 

X  \**/  *  \**/ 

and  hence  obtain  equation  (2)  of  Art.  115. 

117.    De  MoiYre'B  Property  of  the  Circle. 

A  geometrical  meaning  may  be  given  to  the  equation 
(3)  of  Art.  115. 

Let  ABCD ...  be  the  angular 
points  of  a  polygon  of  n  sides 
which  is  inscribed  in  a  circle  of 
radius  a,  so  that,  0  being  the 
centre,  we  have 

^A0B^ZB0C^ZC0D=...^  —  . 

n 

Let  P  be  a  point  within,  or 

without,  the  circle  such  that 

OP  =  x,    and    Z.POA^e.  ' 
Then 


/:POB  =  0  + 


n  n 


and  we  have 

PA^  =0P^  +  OA^  -  20P .  OA  cos  POA 

.    =af^-2axcos0 -ha^, 

P&^OP^  +  OB''-  20P .  OBcosPOB 

=  iB»-  2aa?cos  (o  +  —J  +  a^ 
PC«  =  a^-  2aa?cos  (o  +  —]  +  a\ 
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Hence  PA^.PB'.PO  ...  to  n  factors 

=  |ai»-.  2cM?cos^+a4  \  ai*  -  2ax  cos  (o  +  — )  +  «4 

Jaj*  —  2ax  cos  (d-i 1  +  a*|- ...  to  n  factors 

ea^-  2a'*a?*>  cos  «^4-  a*^. 

118.    Ootes'  Property  of  the  Circle. 

In  the  preceding  article  let  the  point  P  lie  on  OA,  i.e. 
let  it  be  on  the  line  joining  the 
centre  to  one  of  the  angular  points 
of  the  polygon. 

In  this  case  0^0,  and  we  have 
PA^.PB" .PC.,  ton  factors 
=  a;»»  -  2a'»i»»  +  a»* 

:.  PA.PB. PC...  to  n  factors 
=  a5»  —  a**  or  else  a^  —  a?**. 

The  first  of  these  values  must  be  taken  when  P  is 
outside  the  circle,  on  OA  produced,  so  that  x  >  a. 

The  second  must  be  taken  when  P  is  within  the 
circle. 

We  therefore  have 

PA.PB.PO.PD...  ton  factors  =  ar'*-a«...(l). 

Again  let  a,  fi,y,  B...he  the  middle  points  of  the  arcs 
AB,  BC,  CD, ...  so  that  AaB^Cy ...  is  a  polygon  of  2n 
sides  inscribed  in  the  circle. 

By  (1)  we  have 
Pil . Pa . Pi5.  P)8 . PC. P7 ...  to  2n  factors  =  «»»- a2» 

(2). 

Dividing  (1)  by  (2),  we  get 

Pa.Pfi.Py  ...  tow  factors  =a;«  +  a~ (3). 
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The  equation  (8)  may  also  be  dedaoed  directly  from  equation  (8)  of 
Art.  115  by  patting  ^s  - .    We  then  have 

to  n  factors  =sjj**-2a»«» cos  r-^a*^ 

sr  a;** + 3o»«* + a**  3=  (a^ + a»)*, 

ue.  Po«.P/3*.  P7» to  n  factori=(a;»+a*)«. 

This  is  relation  (8). 

119.     To  resolve  into  factors  the  expression  a?*  —  1. 

We  have  first  to  solve  the  equation 

a;»-l=rO, 

t.tf.  aJ»  =  1  =  cos  2r7r  ±  i  sin  2r7r, 

where  r  is  any  integer, 

1 

so  that  a?  =  [cos2r7r  ±i8in2r7r]*  (1) 

First,  let  n  be  even. 

As  in  Art.  24  the  values  of  the  expression  (1)  are 

^  .   .  .    -,         27r  .  .   .    27r  47r  ,  .  .    47r 

cosO  ±tsmO,  cos  —  ±ism — ,  cos  —  ±t8in — , 

w  n  n  n 

n  — 2      .  .  .   w  — 2  nTT  .   .  .    riTT 

...cos 7r±isin tt,  cos — +isin  — . 

n  n  n  "  n 

But  cosO°±isinO°=:l, 

and  cos — ±i8m —  =  — 1. 

n  n 

Hence  in  this  case  the  roots  are  the  n  quantities 

.  -  27r  ,   .   .    27r  47r  ,   .  .    47r 

+  1,   cos  —  +  I  sm  — ,   cos  —  + 1  sm  — , 
n  n  n  n 

w-2      .  .  .   n-2 

•  ..  cos TT  ±  *  sin TT. 

n  n 
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The  factors  corresponding  to  the  first  of  these  pairs  are 
a?  —  1  and  a?  4- 1,  i.e,  the  quadratic  factor  a^  —  1. 
Those  corresponding  to  the  second  pair  are 

27r      .   .    27r         ,  27r      .   .    27r 

X  —  cos %  sin  —    and  x  —  cos  —  +%  sm  —  , 

n  n  n  n 

i.e.  the  quadratic  factor 

27r 

a;*  — 2a?  cos hi. 

n 

Hence  we  get  ^  pairs  of  quadratic  factors. 

When  multiplied  together  they  give  the  correct 
coeflScient  for  x^,  so  that  no  numerical  quantity  need  be 
prefixed  to  their  product. 

Hence,  finally,  when  n  is  even, 

»  - 1  =  (ar»  -  1 )  ^a?^  -  ac  cos  —  +  1  Var»  -  2a;  cos  —  +  l) 

...^a;3-2a?cos^?^^^  tt+i) (2). 

Secondly,  let  n  he  odd. 

As    in    Art.    24    the   values   of   the   expression   (1) 

are  now 

^  .  .  .    ^  27r  .   .  .    27r  47r  .   .   .    47r 

cos 0  ±  2 sm  0,  cos  —  +  t  sm  — ,  cos  —  ±  i  sm  — , ... 

n  "  n  n  n 

w  — 3      .   .  .    n  — 3  n  — 1         .   .    n— 1 

...cos TT  +  lSm TT,     cos TT  ±  t  Sm TT. 

n        "  n  n  n 

The  first  pair  reduces  to  the  single  root  4- 1. 
Taking  the  other  pairs  together,  as  before,  we  obtain, 
when  n  is.odd, 

a;»-  1  =(a?-  l)|a;3-  2a;cos  —  4-ll  U«-  2a?cos— 4-1  •  ... 


X 


)••  ^a/    """ 


2a?  COS  ^^  7r4- 1  j- (3). 
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Hence  we  have 


when  n  is  even,  and 


n-l 


a?*»-i=(«-i)  n*  (iB»-apco8— +iV 

when  n  is  odd. 

These  formulse  can  also  be  deduced  from  the  funda- 
mental one  of  Art.  115  by  putting  7id=s2w. 

120.     To  resolve  af^^-l  into  factors. 

We  must  solve  the  equation 

aj»  +  l  =  0, 

i.e.  iC*  =  —  1  =  cos  (2r7r  +  tt)  ±  i  sin  (2r7r  +  tt), 

where  r  is  any  integer, 

1 

so  that  X  =  {cos  (2r7r  +  tt)  ±  t  sin  (2r7r  +  tt)}" 

^rir  +  ir^   .  .    2r7r  +  7r  .-v 

—  cos -±tsm (1). 

JVr«^,  2^  72  &6  even. 

As  in  Art.  24,  the  values  of  the  expression  (1)  are 

TT  .   .  .    TT  Stt  .   .   .    Stt  ott  .   .   .    bir 

cos  —  + 1  sm  -  ,  cos  —  ±  I  sm  — ,  cos  —  +  *  sm  —  , 
n  n  n  n  n  n 

(n-  l)7r  .   .   .    (n  — l)7r 

...  cos  ^^ —  ±  I  sm  ^^ ^— . 

n  n 

The  factors  corresponding  to  the  Gi&t  of  these  paiiB  are 

«  — COS ism-   and  a;  — cos— +*sm  — , 

n  n  n  n 

%,e.  the  quadratic  factor 

IT 

«;*  —  2a?  cos  -  + 1. 
n 
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The   quadratic    £Eictor    corresponding  to  the  second 
pair  is 

«;*  —  2ic  cos hi, 

n 

and  so  on. 

Hence,  as  in  the  last  article,  when  n  is  even,  we  have 

a?"  +  1  s=  ^a:^  -  2a?  cos  -  4- 1]  (^  -  2x  cos  —  +  l)  — 

,..hr'-2a?cos^^'"    ^'^+l1. 

Secondly,  let  n  he  odd. 

The  values  of  the  expression  (1)  are  in  this  case 

TT         .     .      TT  OTT    .     .     .      OTT 

COS  -  +  t  sm -  ,  COS  —  +  t Sin  —  .... 
n"         n  n  n 


(n  —  2)  TT  .   .  .    (n  —  2)  TT  nir  ,   .  . 

■^^ ^—  ±  I  sm  ^ — ,   COS  —  ±%  SI] 


nir 

cos  -=^ ^—  +  I  sm  ^ — ,   COS  —  +  I  sm  —  • 

n       "  n  n  "  n 


The  last  pair  of  roots  reduces  to  the  single  root  —  1,  so 
that  07  + 1  is  one  of  the  required  factors. 

The  quadratic  factors  corresponding  to  the  successive 
pairs  of  roots  are 

ar*— 2o?cos- 4-1,  aj®— 2a7Cos h  1,  ••• 

n  n 

,     rt  w  — 2        - 

a^—^X  cos TT  +  1. 

n 
Hence  finally,  when  n  is  odd,  we  have 

"  +  1  ==  (^+  1)  fa:* -  2a? cos  - +l)  {af"  -  2x cos  — +1^ ... 

...|^^..2.?cos(ii::^ 


0) 


n-8 
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We  have  then 

'^"  *   /  2r+l  \ 

a?»  +  l=    n    (ir»-2a?co8 — -^tt+I), 
r-o   \  n  J 

when  n  is  even,  and 

2   /  2r  + 1  \ 

flf»  +  l  =(«  +  !)  n  faj»-2a?C08 — ^--tt+IJ, 

when  n  is  odd 

These  formulae  can  be  deduced  from  the  fundamental 
one  of  Art.  116  by  putting  nO^ir. 

121.    Bs-  !•    Expreu  at  a  product  ofn/aeton  the  qtumtitie$ 

cotn^^eotnS  and  eothn^-co$n0. 
In  equation  (2)  of  Art.  862  put  a;se^^  ao  that  xr^:=e''^\  and  henoe 

a; + a:-i =€**+«"♦*=  2  008  0, 

and  a^+«~*=e'^+e"*'**=2ooBw0. 

We  then  have 

2  008  n0  -  2  cos  n^= (2  008  0  -  2  008  tf)  [2  006  0  -  2  008  [  ^  + -^  j  I 

2oo8^-2co8f tf+ -^]  I tonfaoton, 

i.e.  OO8n0-OO8»tfsB2»~^{CO80-OO8tf}  <OOS0-  008(tf  +  —  jl 

.......  -[cOB^-  OOB  ($-k-  ""    yjj- 

s  2»-l'*n      Jo08  0  -  COB  f  tf  +  —  J  I  . 

Similarly  hy  putting  x=:e^  we  have 
cosh  n0  -  cos  nd 

aB2*»~i[co8h0-ooB^]    cosh0-cos  (^+---)  I 

cosh  0  -  cos  f  tf  +  — ^  IT )  I . 
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2.    Ifnhe  even,  prove  that 

„~    .    2r   .    4r   .    6ir  .    n-2         , 

2n       2n        2n  2n         ^ 


In  equation  (2)  of  Art.  119  put  n  equal  to  unity. 

a^-l_g'»-^-l-a?*"'+ +  X+1 


Then,  since       ^;^—j^ ^^-^^ , 


therefore,  when  x  is  unity,  —5 — =-  =  ^ . 

X    —  X        o 

Henoe  we  have 

•  ft        J        •       O   ""^         A        •       •   ^"^  t         •       •  W  "~  ^ 

t.«.  n=2.4  8m*7r-.4sin'7r- 4  8m'-ir—  ir, 

271  2?^  2» 

there  being  ^  ~  1  factors, 

=2*  ^.  sin^jr- sm*7— sin^-rr — r. 

2n         2;t  2n 

Hence  *V»=2^Bin|^6mil •i"^' W- 

Eaoh  of  the  angles  g- ,  g- 1 -g—  r  is  less  than  a  right  angle,  so 

that  each  of  the  sines  on  the  right-hand  side  of  (1)  is  positive. 

On  the  left-hand  side  we  therefore  replace  the  ambiguity  by  the 
positive  sign  and  have  the  required  result. 


EXAMPLES.    XZ. 

Faotorize  the  following  quantities. 

1.    x«+2ar»cosl20°+l.  2.  ic8-2ic*oos60«+l. 

3.    a;W-2x»co8^+l,  4.  x^^a*-\-l. 

5.    aji*+a;7+l.  6.  a^-l.  7.    «^+l. 

8.    «'-l.  9.  a*  +  l.  la    a;"-l. 

11.    a:«+l.  12.  a;"-l.  13.     «»+l. 
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14.  If  n  be  eren,  prove  that 

2'  sin ;;- Bin  2j- 8in  ^7- sin  j: — w^l 

2fi       2n        2/1  2fi 

.5=>        w        Sx  ii-l 

2ft        2n  2a 

15.  If  n  be  odd,  prove  that 

rt^   .    2«r   .    4t       .    n-l  .       -^         w        8x  11-2 

2»        2n  2n         ^  2m        2n  2n 

and  that 

o^   .     X    .    3t        .    n-2        ,      .—        2x       4t  n-l 

2»    Sin^r-Sinjr-  ...sin-;: X  =  l=s2*    eOB-— e0g;r-...C08-ir—  X. 

2n        2n  2ii  2fi       2ii  2fi 

16.  Provethat    sin-sin — sin »'=^=-7. 

n        n  fi  2*"* 

17.  If  n  be  odd,  prove  that 

,     x^     2x,     3x  ^      2f^»-l)' 

tan-tan — tan — tan  ^Jn, 

n        n         n  n  ^ 

18.  Shew  that  oos  n$ 
=2«-i(co8tf-cos^)(oostf-cosg) ^co8tf-coe?^x) 

Prove  that 

19.  sinn^=2»~^8in08in  (^  +  - ) WJi  (0  + ») 

-  2»-i  TT*  sin  r^  +  —  V 
[Put  07=1,  aTui  $=2^,  in  the  equation  of  Art.  115.] 

20.  «08««=2^»8in  ^0  +  ^)  rin(«+  g) 8in[«4  !?]i^"-]  • 

[Change  ^  into  ^+^  in  the  formula  of  the  preceding  question.] 

«n 

21.      2*-*  cos  ^008  [^  +  -jCOsf^  +  -^j 008  (^  + X  j 

n 

s( - 1)'  sin n^t  when  n  is  even, 
and  s  ( -  l)~s'  COS  n4>,  when  n  is  odd. 

Change  <f>  into  0+ „  ^^  ^^  re«t<Zt  0/  Ear.  19. 

L.  T.  IL  10 


. 
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AA  «— 1         '         3x        6t  2n-l  f?ir 

22.  2*-l  COB  rr- cos  s- COB  27- OOB -7: X  =  COB -^^ 

2»        2n        2u  2n  2 

AA  -    .     T    .    Sir   .    5ir  .    2/i  - 1        , 

23.  2»-* sin jr- sin ;r- sin jT- sin—- — «■=!. 

*^  2n       2n       27i  2ii 

24.  cos-ooB- «>8^— S =     2-^1     ' 


25.    Prove  that 

x*-a*ooBn^ 1     '^■g-^ 

a**  -  2a*a;*  cos  n^  +  a**  ~  nx»^   r.^ 


(a    2nr\ 

«  -  a  COB  (  ^  +  —  I 

«>- 2<ia?  cos/^  +  —  j +a« 


[In  th€  ^a^esnon  (8)  of  Art,  115  change  z  into  x  +  h,  expand  and 
equate  eoejieienti  ofK] 

26.  ^6  circtunference  of  a  circle  of  radins  r  is  divided  into  2n  equal 

parts  at  points  P^,  Pa, P^;  if  chords  be  drawn  from  P^  to  the  other 

points,  prove  that 

PA-APs PiP»=r*-V«. 

Also,  if  0  be  the  middle  point  of  the  arc  PiPut,  prove  that 

OP^ .  OP^ 0P^=  J2r^, 

27.  I'  '^i'^2 -^211+1  ^  A  regular  polygon  of  2/i  +  l  sides,  inscribed 

in  a  circle  of  radins  a,  and  OA^^^j^  be  a  diameter,  prove  that 

OA^.OA^ OAn=a\ 

28.  ^i^i ^n  ^  ^  regular  polygon  of  n  sides.    From  0  the  centre 

of  the  polygon  a  line  is  drawn  meeting  the  incircle  in  P^  and  the  circum- 
droleinPs. 

Prove  that  the  product  of  the  perpendiculars  on  the  sides  drawn  from 
Pj  is  to  the  product  of  the  perpendiculars  from  Pg  as 

cos*  -  cot'  -s-  to  1, 
n         2 

$  being  the  angle  between  OPPi  and  OA^, 

29.  ABCD is  a  regular  polygon,  of  n  sides,  which  is  inscribed  in 

a  circle  of  radius  a  and  centre  0 ;  prove  that 

PA^.PB^.PC^ =r»»- 2a*r*  cos  n^  +  a«*, 

where  OP  is  r  and  the  angle  AOP  is  $, 
Prove  also  that  the  sum  of  the  angles  that  XP,  BP,  CP make 

with  OP  U  tan-'  J"'^;^  ,. 
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ReiolnUon  of  iln  0  and  coi  B  into  llictori. 

122.     To  express  sin  0  as  a  product  of  an  infinite  series 
of  factors. 

We  have  sin  0  =  2  sin  ^  cos  ^ 

0  . 


2  8in2sin^|  +  |) (IX 


a  nr      6 

Similarly  in  (1)  changing  6  into  -x  and  «  +  H  succes- 
sively, we  have 

8in2  =  2 sin  gjsrn (^^  +25]  =  2sin  g-^sin  (^  +  ^j , 

*°^       «^°(f  +  D=2sin(J  +  ^).sin(|  +  |  +  |) 

Substituting  these  values  in  the  right-hand  side  of  (1) 
we  have,  after  rearranging, 

sin  tf  =  2»8in  2^  sin -^^  sin -^5— sin     ^     . .  .(2). 

Applying  once  more  the  formula  (1)  to  each  of  the 
terms  on  the  right  hand  of  (2)  and  arranging,  we  have 

sm  tf  =  2' sin  giSin-gj-sm -^^sm— gj— sm— ^jl— 

.    O7r  +  0  ,    67r  +  d  .    77r  +  0  ^. 

sm— gj— sin  —^—sm—^ (3). 

Continuing  this  process  we  have  finally 

sinS  =  2^^sm-sm sm ...  sm^^- ^ — ^^— 

p  p  p  p 

(4), 

where  jp  is  a  power  of  2. 

10—2 
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The  last  factor  in  (4) 


s  sm  MT =  sm . 

I  P    J  P 


The  last  factor  but  one 


=  sm  -^^- — 


+  0       .    r        27r-01       .    27r-^ 
=s  sin    TT =  sin , 

L  i>     J  P 


and  so  od. 

Hence,  taking  together  the  second  and  last  factors, 
the  third  and  next  to  last,  and  so  on,  the  equation  (4) 
becomes 

^=:  2*^1  sin -4sm sm Msm sm \ 

P\         P  P   )\  P  P    ) 

(5). 

The  last  fieu^tor  is 


sm 


sm 


P 


which  =  sin  [  TT  +  - )  =  cos  - . 

\^     pJ    ,     P 
Hence  (5)  is 

sm 


jmtf  =  2i^^sm-i  sm' sin'-      sm' sm'-   ... 

PL       P  Pj-L        P  PA 


•.  • 


sm' 

P 


IT 


—  sin'- 
P 

.    0 


0 

.COS  - 

p 


(6). 


Divide  both  sides  of  (6)  by  sin  -  and  make  0  zero. 


Since 


sin^ 

sin- 
L      PJ»-o 


0 


sin^ 


-h 


sin- 


=1>^ 


SIH  0  IN  FACTOBS. 


149 


we  have 

p=  2«!-».  8in»- .  8in«— 8in«—  ..,  sin'il L-  ...(J). 

P  P         P  P 


Dividing  (6)  by  (7),  we  have 


sinp  =  p8m- 
P 


Sin'  - 

1 2 

sin'  — 
P. 


1- 


8m*  - 


•  •  • 


sin*  — 
i>  J 

•  »^ 
sin'- 


1- 


8in*- 
£ 

P  J 


sin' 


'"-•(l->)i. 


d 

cos- 


.(8). 


Now  make  p  indefinitely  great. 

Since 

.    0 


[^""E-«  = 


sin  — 


.e 


p—co 


sin'- 
£ 

Sin*  - 

P^ 


pssCO 


0 

L  P 

.  .0    ir* 

"'^  p.    p*    g* 

f/--"      .  ,-7rtr' 
—    sm*  - 


«  d  (Art  228,  Part  1), 


=  5  (Art.  228,  Part  I), 
in 


and  so  on,  we  have 


ad  in£ 


This  theorem  may  be  written  in  the  form 


8in^  =  ^n(l-^). 
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123.     To  express  cos  0  as  a  product  of  an  infinite  series 
of  factors. 

In  equation  (4)  of  Art.  122  write  for  0  the  quantity 


TT 


^  +  tf,  and  the  equation  becomes 

n     o«_,    •    •w  +  25   •    37r  +  2d   .    57r  +  2^ 

cos  0  =  2^^*  sm  — s —  8111  — s s"i  — s ••• 

zp  2p  zp 

.    (2p-l)7r-t-2^ 


The  last  factor 


the  last  but  one 


.    r        7r-2^ 


2p 
2p     ' 


(1). 


=  sin 


(2p  -  3)  TT  +  2g"|  _  .    Stt  -^e 


]- 


2p  J  2p 

and  so  on. 

Hence  taking  the  factors  in  pairs,  as  before,  we  have 

003^=2*^'    sm— ;; SUl— s Sin ;; Sin -^ ... 

=  2-^[sin.^-sin.|][sin.|-sin.|]...(2> 


In  (2)  make  0  zero  and  we  have 

1  ==  21^1 .  sm"s-  •  8in^  "s-  •  sm^  -^r- 

zp  zp  zp 

Dividing  (2)  by  (3),  we  have 


.(3). 


008^  = 


.  ,20- 
1 2£ 

'^2pJ 


sm^ 


1- 


2^ 
2p 


sm- 


2p. 


1- 


sm^^ 
2jo 

57r 


sm' 


••• 


1- 


,2<?      • 
2jp 


.(4). 
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In  (4)  make  p  infinite ;  then,  as  in  the  last  article,  we 
have 

co.tf=[l-^[l-*^][l-*^]...adinf. 
This  theorem  may  be  written  in  the  form 
cos 


»-i{'-(i?^}- 


Since   cos^ss^r-^ — >;,  the   product  of  coqO  may  be 

2  sin  ^  '^  "^ 

derived  from  the  products  for  sin  20  and  sin  0. 

124.    ^e  equation  (4)  of  Art.  122  maji  by  means  of  Art.  115|  be 
shewn  to  be  true  for  aU  integral  valaea  of  jp.    For  we  have 
a;* -2x»  cos  2)^  +  1 

=  {a:»-2a?cos0+l}-|x*-2xoo8(^  +  — j+ll 

-[j;'-2j;oob  [  ^  +  — )  +  Iv to  p  factors. 

Pnt  xssl,  and  we  have 
2(1-co82)0)={2-2cos0}  •[2-2coBf  ^ +  -^  jl top  factors. 

t.€.48ina^==4Bina|.48in«(|  +  -). 4  sina(|  +  -y..toi>  factors. 

Put  ^=&t  ftnd  extract  the  square  root  of  both  sides.    We  have  then 

+  sin^=2i>  *sin-.  sin .sin sini^- ....(I). 

-  p  p  p  P 

If  ^  lie  between  0  and  t  all  the  factors  on  the  right-hand  side  of  (I) 
are  positive  and  so  also  is  sin^.  Hence  the  ambiguity  should  be 
replaced  by  the  positive  sign. 

If  $  lie  between  t  and  2x,  all  the  factors  on  the  right-hand  side  are 
positive  except  the  last,  which  is  negative. 

Hence  the  product  is  negative  and  so  also  is  sin  $,  so  that  in  this  case 
also  the  positive  sign  is  to  be  taken. 

Similarly  in  any  other  case  it  may  be  shewn  that  the  positive  sign 
must  be  taken/ and  we  have,  for  all  integral  values  of  jp, 

•    n    o«-i-i    ^     •    «'+^   .    2t+^  ,    (p"l)T+e 

8m^=2>^^Bin-.  sm sm — — - sin^^- — '         . 

p  p  p  p 
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126.     Sink  d  and  cosh  0  in  products. 

By  Art.  68  we  have 

sinh  tf  =  —  i  sin  {6%)  and  cosh  0  =  cos  {0%). 

Also  the  series  of  Arts.  122  and  123,  being  formed  on 
the  Addition  Theorem  are,  by  Art.  64,  true  when  for  0 
we  read  0i. 

....„,..-.,<«(i-^-)(i-g)(i-^) (1) 

»>d  coA  0=  (i  -  :i^*j  (i  -  ^')  (i  -  :^ ...  «i  inf 

The  products  (1)  and  (2)  are  convergent.  For  we  know  (G.  Smith's 
Algebra,  Art.  337)  that  the  infinite  product  11(1+ uj  is  convergent  if  the 
series  Zu^  be  convergent. 

In  the  case  of  (1),  Zu^ 

^/,     1      1      1  \ 

and  the  latter  series  is  known  to  be  convergent. 

126.  Sumi  of  powers  of  the  reciprocals  of  all 
natural  numbers. 

From  the  results  of  Arts.  122  and  123  we  can  deduce 
the  sums  of  some  interesting  series. 
From  Arts.  122  and  33  we  have 

(.  -  s  (•  -  ^)  (•  -  ^) -^  ^ 

""1 ^"l3+]5-^ ^'^^- 
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Taking  the  logarithms  of  both  sides,  we  have 

=  log^l-_  +  _-...J (1). 

Now,  by  Art.  8,  we  have 

so  that  (1)  ^ves 

^[l>  + 2*  "''3' "*"*■■  J      2  9r*Ll*     2*     S*"^*"] 


-log[l-(|-j^  +  ...)] 

\6      120  ■'"••V     2U      120 ■^'••/       •" 
6"^     U20     2'36;~ 

6      180"      ^^^' 

Since  equation  (2)  is  true  for  all  values  of  0  the 
coefficnents  of  0*  on  both  sides  must  be  the  same,  and 
similarly  those  of  0*,  and  so  on. 
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Hence  we  have 


11/1^1^1^       ^-  f\_       1 
~2^\T*     2*     S*'^ "  J 180' 

111  TT* 

Hence  p+ ^i  +  gj  +  ...  ad  inf.= -g-  (3), 

111  TT* 

and  p+2i  +  3i  +  -adinf.=  9Q  (4), 


127.    By  proceeding  in  a  similar  manner  with  the 
result  of  Art.  123  we  have 

=  cos^  =  l-|2  +  [4-M 
so  that 

+ ...  =log  I  1  -  Y  + 24  -  —  J  • 
Hence  as  before 
-4g'/l  .   1  ,   1  ,       ^.llS^/l.   1      1  \ 

U    24^-;   2U    24^*";^"* 
"    2 "'■24 ■''•••    2U   '")  ~    2    12   •••• 
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Hence,  equating  ooeffidentB  of  ^  and  ^,  we  have 
_4/J^      1      1  \  1 


v-U*"*" 3*^  5* ■*■•••;  12' 


and  hence  p  +  ^i'^'si^  —  '^'S ^*^' 

J  11.1  -^  /ax 


128.     WallU*  Formula. 

In  the  expression  of  Art  132  pot  0^^  ,  and  we  hs^ 

yl.S    3.5   5.7  (2ft - S) (2n - 1)    (2it-l)(2n+l) 

~2   2»   •   4»  •  6«   •••—        (2b-2)«       •  (2n)»  ' 

where  n  is  infinite, 

-  2     I'.y.y.T* (2n-l)«.(2tn-l) 

•*'  ;^~  2^4«.6« (2ji)«  • 

It  follows  that  when  n  is  very  great  (bat  not  necessarily  infinite)  then 

2.4.6 2n  lie ._    ~IT  , 

1.8.6 (2»-l)°V8  <2»+^)  '««y  "•«'' 

^^Jww,  nltimately. 


t.6. 


This  is  called  Wallis'  Formula,  and  gives  in  a  simple  form  a  very  near 
approach  to  the  prodnot  of  the  first  n  even  numbers  divided  by  the  first  n 
odd  numbers  when  n  is  very  great. 
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129.    Bz-    Prove  that 

tan  e=S0  \j^oj^  +  3,^,  _  4^j  +  ga^a  ^  4^,  + J. 

From  Art.  123  we  have 

log008»=10g(l-:^)+log(l-^)+10g(l-iJ,)+ (1). 

In  this  equation  sabstitatmg  ^+ ^  for  ^  we  have 

logcoB(^  +  /i)=log[l-i;(^+/i)«J+log[l-^(^+fc)«]  + (2). 

Now  log  COB  {B+h)^  log  [cos  $  (cos  h  -  tan  0  sin  h)] 

=logco8^+logri-^  + -tan^(A-^+ ) J  (Art.  33) 

= log  cos  ^ + log  [1  -  ^  tan  0  +  higher  powers  of  h] 
= log  cos  tf  -  A  tan  $  +  powers  of  h,    (Art.  8.) 

Also    l0g[l-^(^+;i)«]  =  l0g^^  +  l0g[l-;;^.+ ] 

«log  1^1 --^J  -  ^j5--^,+powers  of  ft, 

and  lo«[l-3t«(*  +  '^>'] 

«log  [1  -  35^,J  -  3y_4^+POwer8  of  h. 


Substituting  these  valnes  in  (2)  and  equating  on  each  side  the  coeffi- 
cients of  -  ft  we  have 

Se              60                90 
•*^  ^~^ » 4^2  +  32^  -  4^ "'"  5«ir* -  4^3  **■ ••...•(3) 

='2*  ®^ 


;io  (2r+l)M-4^* 
The  series  (3)  may  also  be  written 

*      o        2  2.2  2 

tan  d  = rr- — r  + 


w-20     T  +  20     3t-2^     3t  +  2^     

[The  student  who  is  acquainted  with  the  Differential  Calculus  will 
observe  that  equation  (3)  is  obtained  by  differentiating  (1)  with  respect 
to  0.] 
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130.    Bs.    Prove  that 

eo§hfa-eat2e 

-w»n[i+(^)*]. 

where  r  u  wero  or  eatjf  poeitive  or  am^  megeAive  integer. 
We  have 

«)Bh2a-00B2tf-0(M2ai-008  2tf=28m(9+a»)siii(tf-ai) 
.2(*+«,[l-<^[l-l^-]...... 

x(,-«-)[l.<^«)!][l-(^^ (1). 

_r(x  +  tf  +  ai)(x-tf-ain  r(ir  +  ^-tti)  (y~tf +ttin 

Henoe  (1)  gives 

[^?=^=5^>int (2). 

In  (2)  pnt  a=0  and  we  have 

asin.  »=iW  .il^'  .  <^*  .  e=ii£ ,  <?^'  «l  inf (8). 

Dividing  (2)  by  (3)  we  have 
cosh  2a -COS  2^ 

.,^..[..g[..(.4i)-]D.(.-f,)^[.*G-^.)T 

The  factors  of  0O8h2a+co8  2^  may  now  be  obtained  by  changing  6 

into  e+^  and  they  are  found  to  be  2  008^011  -jl  +  r    *     j  }■  where  r  is 
any  odd  integer,  positive  or  negative. 
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EXAMPLES.    XXL 


Prove  thai 


,       1111  A  '  *      -^ 

L    X5-2^+p-r^+ adm£,  =  j^. 

1  1  1  1  A-     ^         ^ 


A      1      8      6      10  J  .  ,      »"  /t     «-^\ 

4.    ^.  +  -.+  ;;i+7^  + admf.=^(^l-j^j 


3*     6*     7*     9* 


5,  Prove  that  the  sum  of  the  products,  taken  two  and  two  together, 

IT* 

of  the  reciprocals  of  the  squares  of  all  odd  numbers  is  -^^ . 

6.  Prove  that  the  sum  of  the  products,  taken  two  and  two  together, 
of  the  reciprocals  of  the  squares  of  all  numbers  is  j^ . 

Prove  that 

=  -4 4 4 +  ;r-  + ad  lUf. 

Q  /l-l  1  1  1  1  1  1  , 

8.    co8ec^-^-^-^-^-j^  +  ^-2^  +  ^^2,-^33^     d  +  Sw'^'" 


and  hence  that 

l  +  ^cosecg_  1         1       .        1  ,.f 

C7«e  tfee  relation  cosec  ^  =  s  (  *<*»  9  "*"  ^^*  o  )  ' 

8-  ^ ''^ "= :;?r4g-^ - 3%-^ - 4g«  +  5M^ - "^^ 

Fuie  t^  relation  2  «ec  ^=«an  (  ^  +  ^  j  +  cot  (  j  +  5  j  . 
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in      ^      ta  1  1  1  1 .         -.- 

[il/)p22f  theproeeu  of  Art,  129  to  £A«  rcniZt  obtained  in  that  article,] 

11.    cos«i'tf=l  +  ^^+j5^  +  ^^-l^  +  ^^,+  ....dinf. 
ProTe  that 

Bin  a         \       o/ V      »-«/  \       T+a/ 

(*+2;rr.)(i-2;^) 

sll  f  1 j ,  where  r  is  any  positive  or  negative  integer  or  zero. 

13.    ^ — ^=n  ( 1  + J  ,  where  r  is  any  positive  or  negative 

integer,  indading  zero. 

•**•        cosa         V      »+2aA      ir-2oyV      8«-+2«/\       9t-2ii) 

r*        2d   "1 
s=n    I+o~~T —    I  where  r  is  any  odd  integer  positive  or  negative. 

15.    =  11  fl  -  — I ,  where  r  is  any  odd  integer,  positive 

or  negative. 

cosg+cos«_r ^Lnn  _^iri      ^   1 

^^'        l  +  cosa     ""L       (jr  +  a)aJL       (ir-a)='JL       (3ir  +  o)»J 

«nri.^-%l 

L       (nr  +  o)«J' 
where  r  is  any  odd  integer  positive  or  negative. 

[Multiply  together  the  reeults  of  Exs,  14  and  15  and  then  change  2$ 
and  2a  into  $  and  a.] 

17.  5^»r?^-=]i_gii    _^1 

1— cosa  (      a^j     [      (2ir  +  a)-J 

where  r  is  any  even  positive  or  negative  integer,  including  zero. 
Hence  deduce  the  factors  of  cosh  x  -  cos  a. 
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19,  2oosh9+2coBa 

-'•"'5''['+irS;^]' 

where  r  is  any  odd  integer  pofdtiTe  or  negative. 

20.  Prove  that 


r=»-l 

«inh  nii = n  sinh  u   II 


8inh«  ^  "^ 
1  + =. 


2n. 

and  deduce  the  expression  for  sinh  u  in  the  form  of  an  infinite  product  of 
quadratic  factors  in  u. 

[Start  with  the  result,  when  0  U  zero,  of  Ex,  1,  Art.  121.    In  this 
result  put  0  equal  to  zero  and  divide,] 

21.  Prove  that  the  value  of  the  infinite  product 
is  -sinhir. 

T 

22.  A  semicircle  is  divided  into  m  equal  parts  and  a  concentric  and 
similarly  situated  semicircle  is  divided  into  n  equal  parts.  Every  point 
of  section  of  one  semicircle  is  joined  to  every  point  of  section  of  the 
other.  Find  the  arithmetic  mean  of  the  squares  of  the  joining  lines  and 
prove   that  when   m  and  n  are  indefinitely  increased  the  result  is 

fknh 

a^+l^ J-  9  where  a  and  h  are  the  radii  of  the  semicircles. 

23.  ^6  radii  of  an  infinite  series  of  concentric  circles  are  a,  » *  o  *••• 

From  a  point  at  a  distance  c  (>a)  from  their  common  centre  a  tangent 
is  drawn  to  each  circle.    Prove  that  

sm  $1  sm  ^2  81J1  ^8 =  A  /  —  ®"*  — » 

where  $i,  $^,  6^ are  the  angles  that  the  tangents  subtend  at  the 

common  centre. 
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24.  An  infinite  Btniight  line  is  dlTided  by  an  infinite  namber  of  points 
into  portions  each  of  length  a.  If  any  point  P  be  taken  so  that  y  is  its 
distanoe  from  the  straight  line  and  x  is  its  distance  measnred  along  the 
straight  line  from  one  of  the  points  of  division,  prove  that  the  smn  of  the 
squares  of  the  reciprocals  of  the  distances  of  the  point  P  from  all  the 
points  of  division  is 

w  a 


ay        .  2irv  2vx 

^  cosh  — ^  -  cos  — 
a  a 


\V%t  the  result  of  Ex,  7.] 
25.    If  a,  6,  c denote  all  the  prime  numbers  2,  8,  5 prove  that 

(-i)('-p)('-i) -f- 

*^  (i+s)  (i+p)  (*+J) =S- 

26.    fxore  that 

c       sin  {t  iJc*-\-x} 


Jc" 


+x 


smvc 


JL  T.  II.  1 1 


CHAPTER  X. 

PRINCIPLE  OF  PROPORTIONAL  PARTS. 

131.  In  the  present  chapter  we  shall  consider  the 
Principle  of  Proportional  Parts,  the  truth  of  which  we 
assumed  in  Chapter  XL,  Part  I. 

We  then  assumed  that  if  n  be  any  number  and  n+1 
the  next  number,  whose  logarithms  were  given  in  our 
tables,  and  if  A  be  any  fraction,  then,  to  7  places  of 
decimals,  it  is  true  that 

log(n-hA)  — logn_, 
log(^+l)-  logn~ 
The  truth  of  this  statement  we  shall  now  consider. 

132.  Common  Logarithms.  We  have,  by  Art. 
12, 

logio(w  + A)-logion  =  logio^-jp-  =fJLl0ge(l  +  -j, 

where  f6  = '43429448... 

Hence,  by  Art.  8,  we  have 

logio(rH-A)-logio7i  =  ^-|-[+i^3- (1). 
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Now  in  our  ordinaiy  logarithm  tables  n  contains 
6  digits,  i,e,  n  is  not  less  than  10000.     Hence,  if  A  be  less 

than  unity,  we  have  ~  —i  less  than 

^  (-43429448...)  xjj^,. 

i.e.  less  than  '^^^^y'"  ,    ve.  <  -0000000021... . 

ii  A*  . 
Also  K  -;  is  less  than  one-ten  thousandth  part  of  this. 
3  n»  ^ 

Hence  in  (1)  the  omission  of  all  the  terms  on  the  right- 
hand  side  after  the  first  will  make  no  difference  at  least  as 
far  as  the  seventh  place  of  decimals.  To  seven  places  we 
therefore  have 

logio(w  +  A)-logion  =  ^. 


n 
n 


So  logio  (n  + 1 )  -  logion  = 

Hence,  by  division, 

logio  (n  +  h)-  logipn  ^  ^ 
logio(^+l)-logion 

The  principle  assumed  is  therefore  always  true  for  the 
logarithms  of  ordinary  numbers  as  given  in  our  tables. 

133.    We  may  enquire  what  Is  the  smaUest  number  in  the  tables  to 
which  we  can  safely  apply  the  principle  of  proportional  parts.    We  mast 

find  that  value  of  n  which  makes  ^  <  =7^= ,  so  that  n^>^.W. hK 

The  greatest  value  of  h  being  unity,  we  then  have 


ws >  ^ .  10',  i.e.  >  2171472 -4. 


.'.  n>1473. 
The  number  1473  is  therefore  the  required  least  number. 

11—2 


164  TRIGONOMETRY. 

134.  Natural  Sines.  Suppose  we  have  a  table 
calculated  for  successive  differences  of  angles,  such  that 
the  number  of  radians  in  these  successive  differences  is  h. 

[In  the  case  of  our  ordinary  tables  A  =  number  of 
radians  in  1' 

=  ^A  ^-.QA  =  -000290888. . .,    %.e.  h  <  -0003.] 
60  X  180  ■" 

Also  let  k  be  less  than  L    Then  our  principle  was  that 

sin  (^  +  fc)  —  sin  ^  _  A? 
sin  (d  +  A)  —  sin  d  ~  A ' 

We  shall  examine  this  assumption. 
We  have 

sin  (^  +  A?)  —  sin  ^  =  sin  ^  cos  k  +  cos  ^  sin  fc  —  sin  0 
=  sind    1  —  7^4- Tj-...     +cosd    i— 1^+...     —  sin^ 

(Arts.  32  and  33) 

=  A:  cos  ^  —  ^  sin  ^  —  7^  cos  ^ ... 

If  If 

The  ratio  of  the  third  term  to  the  first  =  t?  A;*  and  this 

6 

is  always  less  than  ^  (0003)*,  i.e,  always  less  than  -00000002. 

The  third  and  higher  terms  may  therefore  be  safely  neg- 
lected, and  we  have 

sin  (d  +  A?)  —  sin  ^  =  A?  cos  ^  —  1^  sin  0 (1). 


The  numerical  ratio  of  the  second  term  to  the  first 
term 

:=^ktm0 (2). 
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This  ratio  is  small,  except  when  0  is  nearly  equal  to  ^ . 

Hence,  except  when  the  angle  is  nearly  a  right  angle,  the 
second  term  in  (1)  may  be  neglected,  and  we  have 

sin  (5  +  fc)  —  sin  ^  =  A:  cos  0, 

So  sin  (^  +  A)  —  sin  ^  =  A  cos  0, 

J  i_  sin  (O  +  k)  —  sin  0     k  ,^. 

and  hence  .    ;/%.,; ^— 5  =  T (3)- 

sm(^  +  A)— smS     h  ^  ^ 

When  0  is  very  nearly  a  right  angle  we  cannot  say 

that 

sin  (^  +  A:)  —  sin  5  =  A?  cos  0, 

and  hence  in  this  case  the  relation  (3)  does  not  hold  and 
the  difference  in  the  sine  is  not  proportional  to  the 
difference  in  the  angle.  In  this  case  then  the  differences 
are  irregular.     At  the  same  time  the  differences  are 

insensible ;  for,  when  0  is  nearly  -^ ,  A;  cos  d  is  very  small. 

In  fact  A;cos^  has  nothing  but  ciphers  as  far  as  the 
seventh  place  of  decimals,  so  long  as  d  is  within  a  few 
minutes  of  a  right  angle.    Also 

^  sin  ^  is  always  <  C?^^ ,  ie.  <  -00000005... 

Hence  when  the  angle  is  nearly  a  right  angle  a  com- 
paratively small  change  in  the  sine  will  correspond  to  a 
comparatively  large  change  in  the  angle ;  also  at  the  same 
time  these  changes  are  irregular. 

135.  Natural  Cosines.  Since  the  cosine  of  an  angle 
is  equal  to  the  sine  of  its  complement  this  case  reduces  to 
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that  of  the  sine.  The  principle  is  therefore  true  except 
when  the  angle  is  nearly  zero,  in  which  case  the  differences 
are  insensible  and  irregular. 

136.     Natural  Tangents.     With  the  same  notation 
as  before  we  have 

f     /'/>     M     +     />—  ^^^"^^^^     i.     /!_    tanA:sec*^ 
^         ^  "1— tan^tanfc  ~1— tan^tanA? 

=  tan  A;  sec^^(l  +  tan  ^  tan  k  +  tan^  0  tan*  A?...) 
=  sec»d    A?  +  -o+...       1 +tan^^A;+-o +  — ) 

+  tan»  0  (k"  +...)]     (Art.  34) 

=  A?sec«^  +  ifc«^^  +  A;»sec«^r^  +  tan»^]+ (1). 

cos*^  L3  J 

The  third  and  higher  terms  may  be  omitted  as  before, 
except  when  0  is  nearly  a  right  angle. 

Unless  the  quantity  l^ ^  be  large  we  shall  then 

have 

tan(^  +  A?)-tan^  =  A?sec2  5 (2), 

and  the  rule  is  approximately  true. 

When  ^  is  >  "7  the  second  term  of  the  equation  (1)  is 

>  2l(^,  so  that  taking  the  greatest  value  of  k,  viz.  about 
0003,  this  would  give  a  significant  figure  in  the  seventh 
place.    The  principle  is  therefore  not  true  for  angles 


TT 


greater  than  -7 ,  when  the  differences  of  the  tabulated 


angles  are  1'. 
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137.  Natural  Cotangents.  As  in  the  last  article  it 
can  be  shewn  that  the  principle  must  not  be  relied  upon 
for  angles  between  0  and  45^. 

138.  Natural  Secant.    We  have  sec  (d  +  A;)  —  sec  d 

^ 1 ]_ 

cos  tf  COS  A?  —  sin  ^  sin  A?     cos  0 


=  sec^ 


-1 


1-A:tan^--A;«... 


=  sec  0 


ptand  +  A»(| 


2  +  tan*^ 


)....] 


=  A;  sec  ^  tan  ^  +  A;»sec  ^  (9  +  ^'^^  ^)  + 0)- 


]• 


TT 


The  ratio  of  the  second  to  the  first  term 

This  is  small  except  when  0  is  nearly  zero  or  ^ .     Hence, 

except  in  these  two  cases,  we  have 

sec  (^  +  A;)  —  sec  ^  =  A:  tan  0  sec  0 

and  the  rule  is  proved. 

When  0  is  small  the  term  h  sec  0  tan  0  is  very  small, 
so  that  the  differences  are  insensible  besides  being 
irregular. 

When  0  is  nearly  ^  this  term  is  great,  so  that  the 

differences  are  not  insensible. 
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139.  Natural  Cosecant.  Just  as  in  the  case  of  the 
secant  it  may  be  shewn  that  the  differences  are  insensible 
and  irregular  when  6  is  nearly  90°,  and  iiregular  when  6 
is  nearly  zero.     Otherwise  the  principle  holds. 

140.  Tabular  Logarithmic  Sine.     We  have 
Aosin(e  +  A?)  -iiosin  g  =  logio^^°^j^  ^ 

=  logio [cos i  +  cot  d sin  A?]  =  logio    1 +icot  d—  -^  ... 

(Arts.  32  and  33) 

=  /iArAcot^--^-iA;»cot«^  +  ...  I    (Arts.  8  and  12) 

=  fti  cot  ^  —  ^^ cosec*  ^  .... 

The  numerical  ratio  of  the  second  term  to  the  first 

1,  1  h 


2    'siu^cosd     sin  2d* 

This  is  smaU  except  when  0  is  near  zero  or  a  right  angle. 
Hence,  with  the  exception  of  these  two  cases,  we  have 

L eiii{d  +  k)  —  L sin  0^  fjL cot  d  xk, 

so  that  the  rule  holds  in  general. 

If  0  be  small  the  term  fik  cot  0  is  large,  so  that  the 
differences  are  large  as  well  as  irregular.  We  cannot 
therefore  apply  the  principle  to  small  angles  in  the  case 
of  tables  constructed  with  difference  of  1". 

Even  if  the  tables  were  constructed  for  differences  of 
10"  we  are  not  sure  of  being  free  from  error  in  the  7th 
place  of  decimals  unless  d  be  >  o"". 
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If  0  be  nearly  -^  the  terms  fik  cot  0  and  f-^  cosec®  0  are 

both  small^  so  that  if  the  angle  be  nearly  a  right  angle  the 
differences  are  insensible  as  well  as  irregular. 

141.  Tabular  Logarithmic  Cosine.  The  rule 
holds  approximately,  since  the  cosine  is  the  complement 
of  the  sine,  except  when  the  angle  is  small,  in  which  case 
the  differences  are  insensible  as  well  as  irregular,  and 
except  when  the  angle  is  nearly  a  right  angle,  in  which 
case  the  differences  are  large. 

142.  Tabular  Logarithmic  Tangent.     Here 

itan(d  +  A)-itane  =  log,o^^^2L^^ 

_  ,       1  +  cot  g  tan  A?  _ ,        fl+fccot  ^"1 
"  ^""^^^  1  -tan  etan Jfc  ""  ^^^^^  [l-Jbtan^J 

=  logio  [(1  +  h  cot  0)  (1  +  ft  tan  ^4-*"  tan^  ^  +  ...)] 

^  [sin  e  cos  ^  ■*"  cos»  0     2  sin»  ^  cos^^         J 

(Arts.  8  and  12) 

""sine cos ^      ^^^  sin«2e"^-- 

The  numerical  ratio  of  the  second  term  to  the  first 
=  A?  cot  2ft  This  is  small  except  when  0  is  near  zero  or  a 
right  angle. 

Hence,  with  the  exception  of  these  two  cases,  we  have 

itan(e  +  A;)  — itane=  .    o/i'^> 
^         ^  sm  2c^ 

so  that  the  principle  is  in  general  true. 
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k 

In  each  of  the  exceptional  cases  — — ^^  is  not  small,  so 

that  the  differences  are  then  irregular  but  not  insensible. 

The  same  statements  are  true  for  the  tabular  loga- 
rithmic cotangent. 

14S.    Tabular   Logarithmic   Secant  and  Cose- 
cant.   We  have 

i  sec  (^  +  i)  —  i  sec  ^  =  i  cos  ^  —  Z  cos  (^  +  i) 

and      i cosec (tf  +  fc)  —  X cosec  6  =  Lmn0^Lwi{0'\-k), 

Hence  the  results  for  the  L  sin  and  L  cos  are  also  true 
for  the  L  cosec  and  L  sec. 


CHAPTER  XL 


ERRORS  OF  OBSERVATION. 


144.  We  have  up  to  the  present  assumed  that  it  is 
possible  to  observe  any  angles  perfectly  accurately.  In 
practice  this  is  by  no  means  the  case.  Our  observations 
are  liable  to  two  classes  of  errors,  one  due  to  the  instru- 
ments themselves,  which  are  hardly  ever  in  perfect  adjust- 
ment, and  the  other  class  due  to  mistakes  on  the  part  of 
the  observer. 

146.  An  error  in  any  of  our  observations  will  clearly, 
in  general,  cause  an  error  in  the  value  of  any  quantity 
calculated  from  that  observation.  For  example,  if  in  Art. 
192,  Part  I.,  there  be  a  small  error  in  the  value  of  a,  there 
will  be  a  consequent  error  in  the  value  of  x  which,  as 
we  see  from  the  result  of  that  article,  depends  on  a. 

.  146.  The  importance  of  an  error  in  a  length  depends, 
in  general,  upon  its  ratio  to  that  length.  For  example  in 
measuring  a  piece  of  wood,  about  six  feet  long,  a  mistake 
of  one  inch  would  be  a  very  serious  error ;  in  measuring  a 
mile  racecourse  a  mistake  of  one  inch  would  be  not  worth 
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considermg;  whilst  in  measuring  the  distance  from  the 
Earth  to  the  Moon  an  error  of  one  inch  would  be  abso- 
lutely inappreciable. 

147.  We  shall  assume  that  the  errors  we  have  to 
consider  are  so  small  that  their  squares  (when  measured 
in  radians  if  they  be  angles)  may  be  neglected  and  we 
shall  give  some  examples  of  finding  the  errors  in  derived 
quantities. 

We  shall  assume  that  our  tables  and  calculations  are 
correct,  so  that  we  have  not  to  deal  with  mistakes  in 
calculation  but  only  with  errors  in  the  original  observa- 
tion. 

148.  »x.  1.  JfP  (Fig,  Art.  42,  Part  I.)  is  a  vertical  pole ;  at  a 
point  0  distant  a  from  its  foot  its  angular  elevation  is  found  to  he  6  and 
its  height  then  calculated;  if  there  be  an  error  d  in  the  observation  of  0, 
find  the  consequent  error  in  the  height. 

The  calculated  height  ^=a  tan  $,  dearly. 

If  the  error  9  be  in  excess,  the  real  elevation  is  0-5^  and  hence  the 
real  height  h'=za  tan  {0  -  d). 

Hence  the  error  ft-  V=a  tan  0 -  atan  (0-S) 

sin  8  «      . 

C0S^C08(tf-«)     '•'"^''•«'» 

if  we  neglect  sqnares  and  higher  powers  of  8, 
The  ratio  of  the  error  to  the  calculated  height 

=5  sec^  ^-j-tan  ^=-;— r;-. 

sin  2^ 

Except  when  sin  29  is  small  this  ratio  is  small  since  d  is  small.    It  is 

least  when  sin  29  is  greatest,  i,e,  when  9  is  7 . 

4 

The  ratio  is  large  when  0  is  near  zero  and  when  it  is  near  ^ . 

Hence  a  small  mistake  in  the  angle  makes  a  relatively  large  mistake 
in  the  calculated  result  when  the  angle  subtended  is  very  small  or  when 

it  is  very  nearly  ^ . 
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When  $  is  small,  both  the  oalcolated  height  and  the  absolute  error, 
viz.  atan^  and  aseo^^.d,  are  small,  bat  the  latter  is  great  compared 
with  the  former. 

When  $  is  nearly  90°,  both  these  quantities  are  great 


9.  The  height  of  a  tower  i$  found  as  in  Art,  192,  Part  J.;  if 
there  be  an  error  $  in  excess  in  the  angle  a,  find  the  corresponding  correc- 
tion to  be  made  in  the  height. 

The  real  yalne  of  a  is  a-^;  hence  the  real  Talae  of  the  height  is 
found  by  substituting  a- ^  for  a  in  the  obtained  answer,  and  therefore 

sin  (a -^)  sin /3  .    .  sin  a  cos  9  -  oos  a  sin  9 

^  *  — : — 7s :rr  =  *  Bin  p  -: — tx j :; r^ ? — : — :; 

sm(/3-a+^)  ^8m(/3~a)oos^+oos(/3-a)sin^ 

8in(/5-a)      l  +  ^cot(^-a)  ^  ' 

''^^0^li-»c»iaKi-ecoi(fi-aH ] 

_a sing  sin /3    ^     asin'jS 
"  Binifi-a)  ^^Bin«03-a)* 

The  error  in  the  calculated  height  is  therefore  $.  ,  ^,^      . ,  and  is 

^  sin*  03  -  a) 

one  of  excess. 

Also  tiie  ratio  of  the  error  to  the  calculated  height 

_       $mnfi 

""  sin  a  sin  (/3  -  a)  * 

Hz.  8.  The  angles  of  a  triangle  are  calculated  from  the  sides  a =2, 
6=3,  and  c=4,  but  it  is  found  that  the  side  c  is  overestimated  by  a  small 
quantity  d ;  find  the  consequent  errors  in  the  angles. 

From  the  giyen  values  of  the  sides  we  easily  have 

^7  _     11  ^1 

COS^=Q,  COSB=Sj^,  COSC=-j, 

.      .     2V15         .    _    3^16  ,      .    ^    V16 

Bin^s^l^,     8inB=-^,    and    smC=-^. 
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Corresponding  to  the  yalue  4-9,  let  the  yalnes  of  the  angles  he  A -6^, 

Then      cos(^-^J=-^^j-^=^j-(l.-)    , 

ue.  C08J  +  8inJ.(?i=l[21-85][l+|]  =  l[21-H5j. 

[Arts.  82  and  33] 
.  7^2V15^_7     11^ 


8  "    16    ^     8     96 


so  that  (?,=  -^a 


Ai  /!>     /ix     (4-«)a  +  2«-8«     11-85/      aW 

Also         cos(B-(^J=^-^^^-^-2-.=  -^^(l-j)     . 

.         iJ+BinB.^,=  ^[11.8«][l  +  £]  =  ^[ll-5«]. 

8V15^  21. 


so  that  e^^lj^s 

oU 


(1). 


.(2). 


Also  cos(C-^3)^ 2.2.8        =-"l2-' 

t.«.  4+"l6~^»-"4'*'T' 

so  that  <^8=^«. 

45 

The  errors  in  the  angles  are  therefore 

-1V16.      -2V15,  ?V15^      ,.     ^ 

—180" ^»    "180"^'  ^^  -3g^3 radians, 

so  that  the  smallest  angle  has  the  least  error. 

We  note,  as  might  have  been  assnined  a  priori^  that  the  sum  of  the 
errors  in  the  three  angles  is  zero.  This  is  necessarily  so,  since  the  sum 
of  the  angles  of  any  triangle  is  always  two  right  angles. 
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EXAMPLES.    XZn. 

1.  The  height  of  a  hill  is  found  hy  measuring  the  angles  of  elevation 
a  and  /9  of  the  top  and  bottom  of  ti  tower  of  height  b  on  the  top  of  the 
hill.  Prove  that  the  error  in  the  height  h  caused  by  an  error  $  in  the 
measurement  of  the  angle  a  is  0 .  cos /3  seo  a  cosec  (a  - /3)  times  the  cal- 
onlated  height  of  the  hill. 

2.  At  a  distance  of  100  feet  from  the  foot  of  a  tower  the  elevation  of 
its  top  is  found  to  be  80°;  find  the  greatest  and  least  errors  in  its 
oalcolated  height  dae  to  errors  of  V  and  6  inches  in  the  elevation  and 
distance  respectively. 

3.  In  the  example  of  Art.  196  find  the  errors  in  the  calculated  values 
of  the  flagstaff  and  tower  due  to  an  error  8  in  the  observed  value  of  a. 

If  a=1000  feet,  a=30°,  /9=15°,  and  there  be  an  error  of  V  in  the 
value  of  a,  calculate  the  numerical  value  of  these  errors. 

4.  AB  is  a  vertical  pole,  and  CD  a  horizontal  line  which  when 

produced  passes  through  B  the  foot  of  the  pole.    The  tangents  of  the 

angles  of  elevation  at  C  and  D  of  the  top  of  the  pole  are  found  to  be 

4  3 

^  and  7  respectively.    Find  the  height  of  the  pole  having  given  that 

CD =35  feet. 

Prove  that  an  error  of  V  in  the  determination  of  the  elevation  at  D 
will  cause  an  error  of  approximately  1  inch  in  the  calculated  height  of 
the  pole. 

5.  The  elevation  of  the  summit  of  a  tower  is  observed  to  be  a  at  a 
station  A  and  /9  at  a  station  B,  which  is  at  a  distance  c  from  A  in  the  direct 
horizontal  line  from  the  foot  of  the  tower,  and  its  height  is  thus  found  to 

be  "'°  "^f  feet, 
sm  (a  -  /3) 

If  AB  be  measured  not  directly  from  the  tower  but  horizontally  and 

in  a  direction  inclined  at  a  small  angle  $  to  the  direct  line  shew  that,  to 

correct  the  height  of  the  tower  to  the  second  order  of  small  quantities,  the 

...      ccosasin^jS    6^         .  ,        ,^^_  .   , 
quantity  — ^  .    , — ^.  —  must  be  subtracted. 
^  "^  cos/3sm(a-/3)  2 

6.  A,  B,  and  C  are  three  given  points  on  a  straight  line;  D  is 
another  point  whose  distance  from  B  is  found  by  observing  that  the 
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angles  ADB  and  CDB  are  eqnal  and  of  an  observed  magnitude  9;  prove 
that  the  error  in  the  calculated  length  of  DB  consequent  on  a  small 
error  5  in  the  observed  magnitude  of  dy  is 

2a6(a  +  6)gsing 
~(a2+6S-2a^oos2d)f 
approximately,  where  AB^a  and  BC^b, 

7.  In  measuring  the  three  sides  of  a  triangle  small  errors  x  and  y 
are  made  in  two  of  them,  a  and  b ;  prove  that  the  error  in  the  angle  C 

will  he  ^j:  cot  A  —  cot  B,  and  find  the  errors  in  the  other  angles. 
0  a 

8.  In  a  triangle  ABC  we  have  given  that  approximately  a =86  feet, 

5=50  feet,  and  C^tan^^j;  find  what  error  in  the  given  value  of  a  will 

cause  an  error  in  the  calculated  value  of  c  equal  to  that  caused  by  an 
error  of  5"  in  the  measurement  of  C, 

9.  A  triangle  is  solved  from  the  parts  (7=15°,  a=i^6,  and  &=2; 
prove  that  an  error  of  10"  in  the  value  of  C  would  cause  an  error  of  about 
13*66"  in  the  calculated  value  of  B. 

10.  Two  sides  b  and  e  and  the  included  angle  J  of  a  given  triangle 
are  supposed  to  be  known ;  if  there  be  a  small  error  0  in  the  value  of  the 
angle  A,  prove  that 

(1)  the  consequent  error  in  the  calculated  value  of  B  is 

-  ^  sin  B  cos  C  cosec  A  radians, 

(2)  the  consequent  error  in  the  calculated  value  of  a  is  c  sin  B .  ^, 
and  (3)  the  consequent  error  in  the  calculated  area  of  the  triangle  is 

$  GoiA  times  that  area. 

IX,  There  are  errors  in  the  sides  a,  b,  and  c  of  a  triangle  equal  to 
a,  y,  and  z  respectively ;  prove  that  the  consequent  error  in  the  calculated 
value  of  the  circum-radius  is 

^  cot -4  cot  B cot  C  [«  sec  -4  +y  sec  B  +  «  sec  C], 

12.  The  area  of  a  triangle  is  found  by  measuring  the  lengths  of  the 
sides  and  the  limit  of  error  possible,  either  in  excess  or  defect,  in 
measuring  any  length  is  n  times  that  length,  where  n  is  small.  Prove  that 
in  the  case  of  the  triangle  whose  sides  are  measured  as  110,  81,  and 
59  yards,  the  limit  to  the  error  in  the  deduced  area  of  the  triangle  is 
about  3 '143311  times  that  area. 
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13.  The  three  sides  of  a  triangle  are  measured  and  found  to  be 
nearly  equal.  If  the  measurements  can  be  wrong  one  per  cent,  in  excess 
or  defect,  prove  that  the  greatest  error  that  can  arise  in  calculating  one 
of  the  angles  is  80^  nearly. 

14.  It  is  observed  that  the  elevation  of  the  summit  of  a  mountain  at 
•each  comer  of  a  plane  horizontal  equilateral  triangle  is  a ;  prove  that  the 

height  of  the  mountain  is 

-^  a  tan  a, 

where  a  is  the  side  of  the  triangle.    If  there  be  a  small  error  n"  in  the 
elevation  at  C,  shew  that  the  true  height  is 


1      .        n  .       Sinn"     H 

-T^atana    1+=— ; . 

V3  L      SsmacosaJ 
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CHAPTER  XII. 

MISCELLANEOUS  PROPOSITIONS. 

Solution  of  a  Cubic  Equation. 

149.     The  standard  form  of  a  cubic  equation  is 

Put  y  =  a?  —  a,  and  this  equation  becomes 

fl;»-3(a2-6)a?  +  (2a»-3a6  +  c)  =  0, 

i,e.  it  becomes  of  the  form 

a^-Spx  +  q^O (1). 

Hence  any  cubic  equation  can  be  reduced  to  the  form 
(1),  which  has  no  term  containing  a^, 

160.     To  solve  the  equation  a^  —  3jw?  +  j  =  0. 

Put  «  =  -,  and  we  have 
n 

;s^-3pw»^+5n»  =  0  (2). 

Now,  by  Art.  107,  we  always  have 

cos  3^  =  4  cos*  ^  —  3  cos  dy 

3             1 
so  that  cos»^-tCos^-tCos3^  =  0 (3). 
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Now  (2)  and  (3)  are  the  same  equation  if 

3  1 

;g:  =  cos^,  3pn*  =  T>  and  --TCO8S0  —  qn* 

Hence  """(i^)' 

and  therefore         cos  3^  =  —  4g  f  ^7" ) W- 

The  equation  (4)  can  always  be  solved  (by  means  of 
the  tables  if  necessary)  if 

p  be  positive,  and         4^  f — j  <  1, 

i.e.  if  g^<4p». 

[The  student  who  is  aoqaainted  with  the  Theory  of  Equations  wiU 
notice  that  is  the  case  whioh  cannot  be  solved  by  Cardan's  Method.  It 
is  the  case  when  the  roots  of  the  original  cubic  are  all  real.  ] 

I 

If  0  be  the  smallest  angle  satisfying  equation  (4),  then 
the  values  ^  +  -q-  aiid  ^  +  -^ 

also  satisfy  it,  so  that  the  roots  of  the  equation 

«•  —  Spx  +  J  =  0 

1        /I      1        /zi  .  27r\         J  1        /^     47r\ 
are       -  cos  ^,     -  cos  ^  +  -x-  1 ,  and  -  cos    a+  -s-    , 
n  n       \       3/  n        \        3/ 

i,e,  2\/pcos^,    2>v/pcos[6|  +  -^j,  and  2Vi>cos(tf+-^j. 

151.    Bz.    Solve  the  equation 

a:»+6a^+9aj+3=0. 

Put  9=y  -  2,  and  the  equation  becomes 

y8-3y  +  l=:0. 

12—2 
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Put  y=-i  and  the  equation  is 

«»-3n»a+n»=0 (1). 

3  1 

Now  COS*  tf-T  COB  tf-T  COS  8^  =  0 (2). 

4  4 

Equations  (1)  and  (2)  are  the  same  if 

«=cos^,  n*=-r,  and  -■jCOsStfssn', 

4  4 

t.«.  if  **~o» 

and  oos39=  -5=co8l20<> (3). 

The  roots  of  (3)  are  dearly 

40°,  40° +120°,  and  40° +240°, 
80  that  «=oos  40°,  or  cos  160°,  or  cos  280°. 

/.  ^=2oos40°,  or  2 cos  160°,  or  2 cos 280°. 
/.  x=^-2=-2+2cos40°,  or  -2-2cos20°,  or  -2+2cos80°. 
On  referring  to  the  tables  we  then  have  the  values  of  x. 


EXAMFLEa  xxm. 

Solve  the  equations 

1,    2a? -3a: -1=0.  2.  a;«+3»a-l=o.  3.    «»-24«-82=0. 

4.    «»-6a:«+6a;+8=0.  5,    xS-21x+7=0. 

6.    a:»+4a:3  +  2a5-l=0.  7.    ar»-7a;+6=0. 

Mazimum  and  Minimum  Values. 

162.  In  Art.  133,  Part  I.,  we  have  given  one  example 
of  the  maximum  value  of  a  trigonometrical  expression. 

We  add  another  example. 

If  X  and  y  he  two  positive  angles  whose  swm  is  a  constant 
angle  a(:^7r),  find  when  sin  x  sin  y  is  a  maximum,  and 
extend  the  theorem  to  mxyre  than  ttvo  angles. 
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We  have     2sind;siny»2sinar8in(a  — or) 

=  cos  (a  —  2a?)  —  cos  a. 
Hence   2  sin  a?  sin  y  is  greatest  when  cos(a  — 2;r)  is 
greatest,  i,e.  when  a  s=  2^,  and  therefore 

a 

The  product  is  therefore  gi*eatest  when  the  angles  x 
and  y  are  equal. 

Let  there  be  three  angles  a,  y,  and  z  whose  sum  is 
equal  to  a  constant  angle  yS  (:^  tt).    If,  in  the  product 

sin  a;  sin  y  sin  z, 
any  two  of  the  angles  w  and  y  be  unequal,  we  can,  by  the 
preceding  part  of  the   article,  increase   the  product  by 
substituting  for  both  x  and  y  half  their  sum  without 
increasing  or  diminishing  the  sum  of  the  angles. 

Hence  so  long  as  the  angles  x,  y,  and  z  are  unequal, 
we  can  increase  the  given  product  by  thus  making  the 
angles  approach  to  equality. 

The  maximum  value  will  therefore  be  obtained  when 
the  angles  x,  y,  and  z  are  equal. 

This  argument  can  clearly  be  applied  whatever  be  the 
number  of  the  angles  x,y,z,.,. 

163.  We  can  now  shew  that  the  maximwm,  tricmgle 
that  can  be  inscribed  in  a  given  circle  is  equilateral. 

For,  if  R  be  the  radius  of  the  circle,  we  have  (as  in 
Ex.  xxxvi.  10,  Part  L)  the  area  of  the  triangle 

=3  2i2^  sin  il  sin  £  sin  (7, 

where  il  +  5  +  (7=  27r,  a  constant  angle.     By  the  preced- 
ing article  it  follows  that  the  triangle  is  greatest  when 


182  TRIGONOMETRY. 

154.    Ex.    Find  the  minimum  positive  value  of  the 
quantity  a^  tan  x  + 1^  cot  x. 

Let  a'  tan  x  +  i^cotx^y, 

so  that  a^t&n^x  —  y  .tsLnx  +  l^^O. 

Solving  this  quadratic  equation,  we  have 

2a» 

Since  tan  x  is  real  the  quantity  under  the  radical  sign 
must  be  positive,  so  that  y*  must  be  >  4a*6*. 

Hence  the  least  value  of  y  is  2ai>,  and  the  corresponding 

value  of  tan  xia-. 

a 

EXAMPLES.    XZIV. 

1.  If  «+y  be  a  given  angle,  less  than  x,  prove  that 

(1)    Binx+smy,    and    (2)    oosrecos^ 
both  have  their  greatest  values  when  x=y, 

2.  If  x+y  be  a  given  angle,  <  ^ ,  prove  that  both  eos  a;+co6  y  and 

cos^x+oos^y  have  their  greatest  values  when  x=y. 
Find  the  greatest,  or  least,  values  of 

3-    -;;3-+2^^-  ^    asece^-fttan^. 

OOSeC^tf-COt^  -  ••«/,.  ro  ^n 

5-    coseo^^+cot(^'  «•    a«sin»^  +  6»coseo»(?. 

7.  a>seo^tf+ft»oosec"tf. 

If  d;+y  be  equal  to  a  given  angle  2a,  which  is  less  than  x,  find  the 
minimum  value  of 

8.  tandj+tanjf. 

9.  8ecd;+secy. 

[We  can  easily  prove  that 

8ec«  +  secy=5008ar — -. r — ; —  + -. r — : — |  |. 

2  Lcos  (a  -  x)  -  am  a     cos  (a  -  x)  +  sin  a  J  J 
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10.  If  :B+y =a,  where  a  is  :f  ^  ,  find  when  tanas  tan  y  is  a  maximonu 

We  have  l-tana;tanf^s : ; — ;r~ \  • 

L  00Bo  +  cos(a-2aj)  J 

11.  Prove  that  the  maximum  triangle  having  a  given  perimeter  is 
equilateral. 

f"  A        S        G  '^ 

The  area  of  a  triangle  can  be  proved  to  equal  «^  tan -^  tan -^  tan  ^  . 

12.  If  dp,  y, «...  be  angles  whose  sum  is  eqnal  to  a  given  angle,  and  if 
each  of  the  angles  be  positive  and  less  than  a  right  angle,  prove  that  the 
product  cos  a;  cos  2^  cos  z is  greatest  when  the  angles  are  equal. 

13.  If  ABC  be  a  triangle,  prove  that  the  quantities  sin  il + sin  jB + sin  C 
and  BmABiaBsinC  have  their  greatest  values  when  the  triangle  is 
equilateraL 

14.  Prove  that  the  area  of  the  pedal  triangle  of  an  acute-angled 
triangle  is  never  greater  than  one  quarter  of  the  area  of  the  latter. 

15.  If  ABC  be  a  triangle,  prove  that  the  least  value  of 

3 

cos  2il  +  COS  2B+C0S  20  is-  ^ . 

Prove  also  that  oos^l+cosB+oosC  is  always  >1  and  not  greater 
than^. 

16.  If  ABC  be  a  triangle,  prove  that  the  quantities 

cotA  +  eotB-^ooiC  and  cot'^l  +  cot^B  +  oot'C 
both  have  their  least  value  when  the  triangle  is  equilateral. 

On  the  geometrical  representation  of  complex 
quantitieB. 

165.  In  Chap.  IV.,  Part  I.,  we  pointed  out  that  if  a 
distance  in  any  direction  (say,  horizontally  towards  the 
right)  be  represented  by  a,  then  —  a  represents  the  same 
distance  drawn  in  an  opposite  direction,  i,e.  horizontally 
towards  the  left. 
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The  effect  of  prefixing  ~  to  a  is  therefore  (Fig. 
Art.  48,  Part  I.)  to  rotate  OA  in  the  positive  direction 
through  two  right  angles.  The  operation  —1  performed 
on  a  therefore  means  turning  a  through  two  right  angles. 

156.  Now  V—  1  X  V—  1  s=  —  1 ;  hence  whatever  mean- 
ing we  give  to  the  operation  V—  1  it  must  be  such  that 
performing  that  operation  twice  shall  be  the  same  thing  as 
performing  the  operation  —  1. 

« 

Let  us  therefore  assign  to  the  operation  V— 1  the 
turning    any  length  through   one  right    angle    in    the 

positive  direction.  Performing  the  operation  V— 1  on  a 
twice  will  therefore,  as  it  should  do,  turn  a  through  two 
right  angles. 

Hence,  with  this  interpretation,  V^^  a  means  a  line 
drawn  at  right  angles  to  the  line  denoted  by  a. 

167.    We  can  now  shew  what  is  denoted  by 

X  +  V—  1  y. 

Draw  OX  and  OT  two  lines  at  right  angles.     Measure 
along  OX  a  distance  OM  equal  to  x  and 
then  draw  MF  parallel  to  OF  and  equal 

to  y,  so    that  MP  represents  V—  ly. 
Then  P  is  the  point  that  represents  the 

quantity  x  +  V—  1  y,  or,  again,  we  may    o  m 

say  that  OP  is  the  line  representing  this  quantity. 


We  have    OP^^^OM^  +  MP^^^/af'  +  y^, 

and  ZifOP  =  tan-iS  =  tan-i^. 

OM  X 
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Hence  the  length  of  OP  represents  the  modulus  and 
MOP  the  principal  value  of  the  Amplitude  of  fl?  +  ty 
(Art.  18.) 

168.    Addition  of  two  complex  quantltieB. 

Let  OP  represent  the  complex  quantity  x  +  iy  and 
OQ  represent  u  +  iv,  so  that  y 

ON=x,NP^y,OM  =  u, 

and  MQ  =:  v. 

Complete     the    parallelogram 
OPRQ,  and  draw  RL  perpendicu-       oik       n  l 
lar  to  OX  and  PS  perpendicular  to  RL. 

Since  PR  is  equal  and  parallel  to  OQ,  we  have 

NL^PS^OM,  and  SR  =  MQ. 
Hence  OL  =  ON  +  NL  ^x  +  u, 

and  LR=^LS  +  8R^y  +  v. 

Therefore  OR  represents  the  complex  quantity 

so  that  the  sum  of  two  complex  quantities  is  repre- 
sented by  the  diagonal  of  the  parallelogram  whose  two 
adjacent  sides  represent  the  two  given  complex  quantities. 

159.    Let 

x  +  iy^r  (cos  0-\-i  sin  0), 
as  in  Art.  18. 

Then 
(cos  a  +  i  sin  a)  (x  +  iy)  =  r  (cos  a  +  i  sin  a)  (cos  O  +  ismO) 

=  r[cos(a  +  ^)  +  tsin(a  +  tf)] (1). 

Now  r  [cos  0  +  i  sin  0] 

means,  with  our  interpretation,  a  line  of  length  r  drawn  at 
an  angle  0  with  OX. 
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Also  r  [cos  (a  +  ^  +  i  sin  (a  +  0)] 

means  a  line  of  the  same  length  r  drawn  at  an  angle  a-\-d 
with  OX  (Art.  157). 

Hence,  by  (1),  the  eflfect  of  multiplying  x  +  iy  by 
cos  a  +  i  sin  a  is  to  turn  through  an  angle  a  the  line  that 
represents  x  +  iy. 

160.     Oeometrical  mea/ning  of  De  Moivre's  Theorem. 
The  quantity 
(cos  a+i  sin  a)  (cos  )3+i  sin)3)  (cos  7  +  i  sin  7)(cos  8+ i  sin  S) 

means  the  line  represented  by  cos  S  +  i  sin  S  turned  first 
through  an  angle  y,  then  through  fi,  and  finally  through 
a,  ie.  altogether  turned  through  a  +  )S  +  7. 

But  this  total  operation  gives  the  same  line  as 

[cos  (a  +  )S  +  7)  + 1  sin  (a  +  yS  +  7)]  [cos  S  +  i  sin  S]. 

Similarly  for  any  number  of  £a,ctors. 

Hence  De  Moivre's  Theorem  expresses  algebraically 
the  geometrical  &ct  that  to  turn  a  line  through  a  number 
of  angles  successively  has  the  same  effect  as  tumiug  the 
line  through  an  angle  equal  to  the  sum  of  the  angles. 

MMm    The  three  oabe  roots  of  nnity  are  easily  found  to  be 

2t  2t 

oosO+isinO,   cos-^+tsin -;r-, 

_  4»     .  .    2t 

and  oos^+tBiny, 

80  that  ire  have 

(oo80+»8inO)(eosO+i8inO)(ooBO+tsmO)=l, 

(^oo.^+i8in^j(^oo8-^+.8in-^j(^coe-^+»8m^j=l. 

3    /       4w     ,  .    4tw\  /      4»     .  .    4»\  /      ix  .  .  .    i»\     , 
^d    (^0O8-j+tsm-g.j^oo8-j+t8m-3-j^ooe-+.sm-j=l. 
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The  first  of  these  equations  states  that  taming  a  line  three  times  in 

succession  through  a  zero  angle  gives  the  original  line. 

The  second  states  that  taming  it  three  times  in  succession  through 

2r 
an  angle  -^ ,  (i,e,  altogether  through  2t)  gives  the  original  line, 
o 

The  third  states  that  turning  it  three  times  in  sacoession  through  an 

4t 
angle  -^ ,  {i.e,  altogether  through  4t)  gives  the  original  line. 

These  statements  are  all  dearly  trae. 

161.    Multiplication  of  two  complex  quantitieB. 

If  flj  +  iy  =  r  (cos  d  +  i  sin  0), 

and  u-\-iv^p  (cos  <^  +  i  sin  <^), 

we  have 

(u  +  iv)  (x  -f  iy)  =  rp  [cos  (tf  +  ^)  +  %  sin  {0  +  <J>)J. 

The  effect  of  multipljdng  a  complex  quantity  x+iy 
by  another  u-\-iv  \a  therefore  to  turn  the  line  repre- 
senting x-\-%y  through  an  angle 

<^ke.tan-iy, 

and  to  alter  its  length  in  the  ratio 

1  :  /5,  i.6.  1  :  *slu^  +  v*. 

Hence  the  multipl3dng  of  one  complex  quantity  by 
another  is  represented  by  "  a  turning  and  a  stretching." 
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MISOELLANEOUS  EXAMPLES.    ZZV. 

1.  Prove  that  the  equation  tan  x=kx  has  an  infinite  number  of  real 
roots. 

2.  UAfB  and  C  be  the  angles  of  a  triangle,  prove  that 

1  -  8  COB  il  cos  B  cos  (7 
is  always  positive. 

3.  If  a  and  /9  be  the  imaginary  cube  roots  of  nnity  prove  that 


ae 


+^._ri[fBin^  +  oos^]. 


4.  If  j;  be  less  than  a  radian  prove  that  x=i2\/  -= very 

^  y      6+co8a; 

nearly,  the  error  in  the  left-hand  member  being  nearly  ^^  radians. 

5.  If  COS  (tf + 1» = seo  (a + 1/9),  where  a,  /9,  6,  and  0  are  all  real,  prove 

that 

tanhS0oo8h3/3=:sin*a  and  tanh3/3ooshS0=sin9tf. 

6.  If  «=:2oosacosh/9  and  y=28inasinh/3, 

prove  thai 

4x 
see  (a + 1/3)  +  seo  (a  - 1/3)  = 


x«+y*' 


and  seo(a+tp)-seo(a-»j8)=^^^. 

7.  PK>ve  that 

sin*  ^008110+ nsin*-^  ^oos  (n- 1)  ^  sin  (tf  -  ^) 

+!Lfc?:il)8in»-»0oos(n-2)d8in»(d-^)+ +  8in*(^-0) 

^sin'^tfoosn^. 

8.  Prove  that  the  roots  of  the  equation 

o^  an  ««  -  lu^i  sin  (ntf + ^) +^M|!^  ««->  sin  (««+ 

— to  (n  +  l)  termssO, 

are  given  by  «s8inrtf-f  ^-i-jcoseef^tf-i- j, 

where  n  is  an  integer  and  h  has  any  integral  valne  from  0  to  n-L 
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0.    Prove  that  the  stun  to  infinity  of  the  series 

.    ^.  laia*e  ,  1.3sin»d. 


is  ^,  if  9  be  aonte,  and,  generally,  is  nT  +  (-l)*^,  where  n  is  so  chosen 
that  nw+i-iy^S  lies  between  -  -  and  +» • 

10.  If  the  arc  of  a  circle  of  radins  unity  be  divided  into  n  equal  arcs, 
and  right-angled  isosceles  triangles  be  described  on  the  chords  of  these  arcs 
as  hypothennses  and  have  their  vertices  oatwards,  prove  that  when  n  is 
indefinitely  increased  the  limit  of  the  product  of  the  distances  of  the 

a. 
vertices  from  the  centre  is  e*,  where  a  is  the  angle  subtended  by  the  arc 
at  the  centre. 

11.  The  sides  of  a  regular  polygon  of  n  sides,  which  is  inscribed  in  a 

oirde,  meet  the  tangent  at  any  point  P  of  the  circle  in  ^1,  £,  (7,  i> 

Prove  that  the  product  PA.PB.PCPD =a«tann^  or  a»tan«ntf, 

according  as  n  is  odd  or  even,  where  a  is  the  radius  of  the  cirde  and  $  is 
the  angle  which  the  line  joining  P  to  an  angular  point  subtends  at  the 
circumference. 

12.  A  regular  polygon  of  n  sides  is  inscribed  in  a  circle  and  from  any 

point  in  the  circumference  chords  are  drawn  jto  the  angular  points;  if 

these  chords  be  denoted  by  c^,  c^, ...  c^,  beginning  with  the  chord  drawn 

to  the  nearest  angular  point  and  taking  the  rest  in  order,  prove  that  the 

quantity 

Cj  Cj + CgC,  + . . .  +  e^^ic^  -  c^Cj 

is  independent  of  the  position  of  the  point  from  which  the  chords  are 
drawn. 

13.  A  series  of  radii  divide  the  circumference  of  a  circle  into  2n  equal 
parts;  prove  that  the  product  of  the  perpendiculars  let  fall  from  any 
point  of  the  circumference  upon  n  successive  radii  is 

^sinn^, 

where  r  is  the  radius  of  the  circle  and  $  is  the  angle  between  one  of  the 
extreme  of  these  radii  and  the  radius  to  the  given  point. 

14.  If  a  regular  polygon  of  n  sides  be  inscribed  in  a  circle,  and  {  be 
the  length  of  the  chord  joining  any  fixed  point  on  the  circle  to  one  of  the 
angular  points  of  the  polygon,  prove  that* 

|2m 
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15.  ABCD.,,  is  a  regular  polygon  of  n  sidea  which  ie  inBoribed  in  a 
oirole,  whose  radius  is  a  and  whose  oenire  is  O ;  prove  thai  the  product  of 
the  distances  of  its  angular  points  from  a  straight  line  at  right  angles  to 
OA  and  at  a  distance  6  (>a)  from  the  centre  is 

6«  [cos*  (1  sin-i  fj  -  8in«  Q  sin-i  |)]  . 

16.  Prove  that  there  is  one,  and  only  one,  solution  of  the  equation 
^=cos  $  and  that  it  is  less  than  -j, 

17.  Prove  that  the  general  value  of  $  which  satisfies  the  equation 

{ooBd+i  sin  $)(eoa  2$+i  sin  20) to  n  faotors=l 

is  —7 =-, ,  where  m  is  any  integer. 

n(n+l) 

18.  Prove  that 

«»+«-»= 2  {l  +  2«}  {l  +  fl)}  {^  +  (1)} *^^^'- 

10,    Prove  that 

20.  Shew  that 

21.  Shew  that  the  sum  of  the  series 


^■*r       1  1      1.    Sir*     - 

3i  L(3r-1)*  ■**  (3r + 1)*J  "  729  " 


22.    Prove  that 

2ir  4ir.        6ir  .  1^«"  _l  «^«  l^*"         ^ 

cos  j=+C0fl-j;^  +  COS^+...+CO8  jy  +  C08-p^=  -g, 

2ir  4ir  .  14ir  .        16t    ^ 

and  secY=  +  8ecj=  +  ...  +  seo-j]^+Becy=-=8. 
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23.  If  as:2ir ,  prove  thai  the  values  of 

cos  a + cos  5a + COS  17a 
and  cos  11a  +  cos  18a + cos  19a 

are  respectively  v^^"^  and  ->/21-l . 

24.  Prove  that 
tana+tan  (  a  +  ~  j  +tanf  a+-^  j 

+  tan  f  a  +  -^  J+tan  (a+-g-]—^^^^^' 


25.  Shew  that  the  equation  whose  roots  are  tan  -=-= ,  where  r  is  any 

10 

number  including  unity  less  than  and  prime  to  16,  is 

afl  -  92a:«  +  ISix*  -  28a;«  +  1=0. 

26.  From  the  sum  of  the  series 

sin2^-^8in40+^sin6^-...  ad  inf., 

or  otherwise,  shew  that 

irV2     -  .  1      1     1     1       1  ,  .   - 

27.  Assuming  equation  (4)  of  Art.  63,  shew  that 

^      .  ,^    2sin*^     2.4  sin«^ 


28.    Prove  that 

1        sinha; L- =T  f  ^  1. I 

2x  cosh  «  -  cos  a  ~  o*+a;'    ^i  \{2nT  -  o)*+«"     (2nir+o)*+«')  * 

20.    Prove  that  the  general  value  of  sinh'^d;  is 

t&T + ( - 1)*  log  [a?  +  ViT^, 
where  k  is  any  integer. 

30.    The  side  BC  of  a  square  ABCD  is  produced  indefinitely,  and 
along  it  are  measured  CC^,  CiC^^  O^C^, ...  each  equal  to  JBC. 

1^  hi  ^8*  ^8*  —  ^  ^^  angles  BACy^y  BAC^,  BAC^, ,  prove  that 

sin ^1  sin^j sin  ^, ...  ad  inf. =2  ^^ 'L , 


192  TRIGONOMETRY.  [Misc.  EXB.  XXV.] 

31.    If  Pi9  Pa* Pn  ^  ^^  distanoes  of  the  vertices  of  a  regular 

polygon  of  n  sides  from  any  point  P  in  its  plane,  prove  that 

11  In  fOi^^aP^ 


where  a  is  the  radios  of  the  cironmcircle  of  the  polygon,  r  is  the  distance 
of  P  from  its  centre  0,  and  $  is  the  angle  that  OP  makes  with  the  radias 
to  any  angular  point  of  the  polygon. 

32.    If  ^+ 0+ ^=2ir,  prove  that 

cos>  0 + cos^  0 + cos' ^  -  2  00^  ^  cos  0  cos  ^s  1. 

Hence  deduce  the  relation  between  the  six  straight  lines  joining 
4  points  which  are  in  one  plane. 


'\ 


ANSWEES  TO  PAKT  11. 

L    (Pages  9—11.) 
8.    log,  2.  9.    log,  3 -log.  2. 

n.    (Pages  21—26.) 

1.  J2  (oos  ^  + 1  sin  ^  j . 

2.  V2[co8(--^)+»siii(-^)]. 

3.  2  [cos -g- + 1  sin -g- J  .  4     ^U^^-sJ' 

, r  V2  +  1      .1-1 

6.  ( V6  -  ^/2)  l^cos  12  "^  *  ®^^  12J  • 

7.  cos  (10^  +  12a)  -  i  sin  (10^  +  12a). 

8.  cos  (a  +  )3-  y  -  8)  +  1  sin  (a  +  )3  - y-  S). 

9.  cosl07d-isinl07A  10.     -1. 

11.  sin  (4a  +  5)3)  - 1  cos  (4a  +  5)3). 

12.  2»-^sin»^coBn'^±|±^. 

23.     cos  ■=■  +  t  sin  -=• ;  cos  -=-  +  t  sin  -=-. 
5-  5'  5  -  5 

m.    (Page  30.) 

1     1.  zlW?              a     +i.   V3±*.  -v/3±t 
^    2 *  ^     ±^ 9       2      '  2 

3.  +  f  cos  Y^  + 1  sin  r-^  j ,  where  r  =  3,  7,  or  11. 

4.  + 1,  and  +  f  cos  tt:  ±  »  sin  j^r  j ,  where  r  =  1  or  3. 
L.  T.  13 


ii  TRIGONOMETRY.      (PART  II.) 

6.     +  jy 2  f  COS  24  ■•■  *  ®^^  24/  *  ^^®^  **  =  1>  9,  or  17. 

6.  ^2048  ["cos  ^  + 1  sin  ^1 ,  where  r  =  5,  1 1,  or  17. 

7.  ±  v^2    cos  Y2  -*  sin  Yo    >  where  r  =  1  or  7. 

8.  ^2    cos  Yg  +  tsin  jg    ,  where  r=  1,  13,  or  25. 
cos  jg  +  ^  sin  ^    ,  where  r  =  - 1,  5,  11, 17,  or  23. 

A  * 


4. 

14     1. 


10.  +  2  and  +  2». 

11.  2,  and  2    cos  -^  + 1  sin  -^    ,  where  r  =  2  or 

12.  -1024.  13.     j-llj^andt^^^'^         14. 

16.  ±  1,  ±  *,  ±  (cos  g  +  ^  sin  ^  j ,  and  +  (cos  ^  + 1  sin  ^  j . 
^he  last  four  values. 

17.  -  1  and  cos  -=-  + 1  sin  -=- ,  where  r  =  1,  3,  or  5. 

18.  -  1,  cos  ^  + 1  sin  ^ ,  ±1  cos  j  + 1  sin  -j  ] , 

and  +  (  cos  —  +  »  sm  —  j , 

19.  2  ^2  cos  -^ ,  where  r  =  1,  7,  or  13. 

«7 


6. 
7. 

8. 


IV.    (Pages  36,  37.) 

5  tan^  -  10  tan'g  +  tan°  $ 

l-10tan«d  +  5tan*d     * 
7  tan  ^  -  35  tan»^  +  21  tan»  ^-  tan^  6 

1  -  21  tan'd  + 35  tan*d-7  tan«^~"  • 
9  tan  g •- 84  tan»^  -h  126  tan°^-36  tan^^  +  tan^^ 
~l-36tan«^+126tan*d-84tan«d  +  9tan8d 


i 


ANSWERS.  lU 

V.  (Pages  46-48.) 

6.  3"48'5r.       7.    ^.       8.    -^.       9.    ?.      10.     ^. 

11.     3.  12.     j^.  13.     0.  14.     "     ^        ' 

15.    -i.  16.     2.  17.    -^.  18.    -J.. 

2  0  14 

19.     -C30.  20.     2        ,     .  21.     ^. 

22.    |(2iz!^\  23:    24.  24    0. 

6      Tan 

25.    log?.  26.    e.  27.     6».  2a     -9. 

0 

29.     1.  30.     0.  31.     1.  32.     e"'. 

33.    0.  37.    |;  -\. 

VI.  (Pages  52,  53.) 

8.     «» -  55aJ*  +  330ar»  -  462a:«  +  165x  -11  =  0. 

IZ.    (Page  73.) 
1  \  "^ 

2.  (-l)'^'2i^,8in7^,(r*odd);  (^-\f  ^^((i--QmrS\{n^v%v). 

1  Tld 

3.  n'  cosec'  n^,  (w  odd) ;  -^v?  cosec*  -^ ,  (n  even). 

4.  w'sec'wd  —  w,  (w  odd) ;  n*  -r  [1  -  (—  1)*  cos  7S\  —  n,  (a  even). 

5.  "  ncot(-^+ndj,  6.     ^cotn^. 

7.  (-  1)^  tan  nO,  (n  odd) ;  (-  l)\  (w  even). 

8.  w«  cot«  (  y  +  n^)  +  n  (n  -  1). 


IV  TRIGONOMETRY.      (PART  IL) 

inn  ^* 

xu.     V  or  ^ ^— ^  according  as  «  is  odd  or  even. 

(-l)»cosn^-l 

XL    (Pages  86-88.) 
17.     cos  a  cosh  j8- 1  sin  a  sinh^. 
,  g      sin  2a  -  i  sinh  2/3 
cosh  2/3  -  cos  2a  * 
ig      g  sin  a  cosh  j8  —  i  cos  a  sinh  p 

cosh  2j8  -  cos  2a 
2Q      g  cos  g  cosh  j8  -{-  i  sin  a  sinh  fi 

cos  2a  +  cosh  2p 
2L     sinh  acosfi-\-i  cosh  a  sin  fi. 
no      sinh  2a  + 1  sin  2)8 
cosh  2a  4-  cos  2j8  * 

23      2  ^^*^  a  cos  j8  -  »  sinh  a  sin  p 
cosh  2a  +  cos  2fi  * 

Xn.    (Page  92.) 

1       j^  ^  .  *  1      1  +sind  ,. 

-44^^  l_sing  '  accordmg  as  cos ^  is  positive  or 

negative. 

2.     sin-i  (J^^)  +  i  log  [71+ sin  ^  -  ^im^]. 

XnL    (Page  99.) 

15-     2  ^°^  ^**'  +  «?*)  +  »  tan"^  - ,  where 

1,      cosh  2y— cos  2a; 
«*  =  2  ^^ 2 '  ^^  t?  =  tan-i  (cot  a:  tanh  y). 

XV.    (Pages  112, 113.) 
1-     3.  2.     2.  3.     5.  4.-1.  5.     -3. 

XVL    (Pages  117, 118.) 
4  sin  a 


5  — 4cosa' 
2.     0,  provided  a  does  not  equal  a  multiple  of  w. 


ANSWERS. 


^  sin*  a  ^      sin  a  (cos  a  —  sin  a) 

1  -  sin  2a  +  sin'  a  *  1  —  sin  2a  +  sin*  a 

_      sin  a  —  c  sin  (a  -  )3)  -  c*8in  (a  +  np)  +  c*+^  sin  {a+  (n- 1 )  ^f 

l-2ccos/3  +  (r»  ' 

sin  a  —  c  sin  (a  —  /8) 


6. 


7. 


l-2cco8j8+c* 

\—c  cosh  o  -  c*  cosh  wa  +  c*"*"^  cosh  (r»  —  1)  o 
1  —  2c  cosh  a  +  c* 

6  sinh  a 


1  —  2c  cosh  a  +  c* ' 


J.      cos  a  +  (—  1)*"^  {(n  +  1)  cos  (n  —  1)  a  +  n  cos  na) 

2  (1  +  cos  a) 

-.      sina+  (2ri  +  3)  sin  na-  (2n  +  1)  sin  (n  +  1)  a 

2(1—  cos  a) 

10.  0,  if  n  =  4w»  or  4wi  - 1,  and  1,  if  n  =  4m  -  2  or  4m  -  3 ; 
0,  if  w  =  4m  or  4m  —  3,  and  —  1,  if  n  =  4m  —  1  or  4m  —  2. 

11.  (2coBD".8in(«  +  f). 

12.  (2  sin  a)  ~*  sin  ( J  "^  9  )  >  ©xcept  when  a  =  nir, 

13.  0,  if  n  be  odd ;  (-  l)*sin*a,  if  n  be  even. 

14.  ^2  sin  ^  j     .  sin  T-^  -  -h")  ,  if  n  be  <  1. 


IT  ,         IT 


15.     ^cos  ^  (1  +  COS  ^),  if  ^  be  between  —  ^  and  +  ^ . 


16.     (  2cosh^j    .  sinh 


rn-2 
— ;c—  w. 


XVn.    (Pages  121—123.) 
1.     6*~"^8in(a  +  csin^).  2.     c"^'^C08(a  +  cRin^). 

13—3 


1 


^   "  ^  V*«  H. 


^'      ""^^  "^^'^'^  "'liSL  •  =  :  aii£»=  la- 


it.  ^  ^ 

»oiU,if4n  lit  ^/t, 
lit,    ,jH\(t  »  «;  f  ^1  4  2-?  WM  2IT7), 

MA  '<  1 

a*  21.    - jj tan-> (co« )9 cosech a). 

Mn.   ^  I  V''i  l<%  (a  *  ^.1)  -  »i. 


.    N 


ANSWERS.  Vii 

ZVnL    (Pages  125, 126.) 

I.     cot  2  -  cot  2*-^  0.  2.     cosec  0  {cot  $  -  cot  (n  +  1)  0], 

3.  cosec  0  {tan  (n  +  1 )  ^  -  tan  0}. 

4.  cosec  <^  {tan  (0  +  ?i^)  -  tan  0], 

6.     H  cosec  0  {tan  (n  + 1)  d  -  tan  ^}. 

6.  '^»=2^iCot^,-2cot2^;^^=l-2cot2A 

1  ^ 

7.  2coth2^-^^^coth— J.  8.     tan  2»^- tan  ft 

9.     tan  0  -  tan  ^  ;  tan  ft 

10.  sin^(cot^-cot2«^). 

11.  2  sin  2^  +  (  -  l)»+i  J;^^  sin  2«+i  ft 

12.  lsin2d-J;j-j8in2»+ift 

13.  J  cosec  -  ^sec  — ^—  ^  -  sec  -  j  . 

1^     a9„  =  — jtan2»a-2tana;  ^«  =  2a-2tana. 

15.  J  ja  cos  6  +  (^y  'cos  3»  ^1 . 

16.  J{3»sin^„-sin^}. 

17.  g[3»tan3»^-tan^]. 

18.  -^[cotO-  3»  cot  3»  d]. 

19.  tan-i  {(n+l)(n+  2)}  -  tan"^  2. 

20.  tan-^  (n  +  1)  -  tan-^  1,  i.e.  tan"^  -^ . 

21.  S^  =  tan-^  2«-  tan-i  1 ;  a^«  =  t  • 

4 


lii  TRIGONOMETRY.      (PART  H.) 

22.    5.-8iii-'l-sin-'-7i=;  6'„=^. 
v«+ 1  ^ 

XOi.    (Pages  131, 132.) 
L     l-fflcoatf  +  a?cos2tf-(^cos3^  +  ...  adinf. 

2.  cos  9  +  a  cos  (^  +  ^}  -I-  a*  cos  (d  +  2^)  +  ...  ad  inf. 

3.  6in0  +  a sin (6 +  >(,)  +  a' sin (fl  +  20)  +  ...  ad  inf. 


ao06{$ +  <!>)  + 


5.     r*8in^+-j^sin20+-jg-ai 


+  ...  ad  ini 
^+  ...  ad  ioL, 


here 

■r  =  +  ^ 

/a»+6=  and  ^  =  tan-'-. 

9. 

«c».-'., 

Hn2a-|a!'co8  3a  +  |x'8in4a 

+  iiB'cos6a-...  ad  inf. 

,. 

iB  +  y  — r>r  =  — 

C0Basin^-Aco5'asin2^-lcos'asin3= 

(1)    m=tan*|;    (2)   w(  =  -tan'a. 

-  log  2  -  sin  2fl  +  1  coE  4^  +  g  Bin  6^-  J  cos  80 

-isinlO^+...  ad  inf. 
2rsintf-l8in3^  +  Jsin5^-...adinf.]. 
log  ^2  cos  /S)  +  (tan  a  +  cot  a)  cos  6 
in''a  +  cot'a)coa2tf +  ^(Un'a  +  cot*o)cos30-...adinf. 


ANSWERS.  U 

XX.      (Pl«68  li4r-146.) 

L     nra:'  +  2«co8(3r  +  l)-^  +  ll,  where  r  =  0,  1,  or  2. 

2.  nrx*-2ajcos(6r  +  l)  ^  +  ll,  where  r-0,  1,  2,  or  3. 

3.  nra»-2a;cos(6r+l)^  +  ll , 
where  r  =  0,  1,  2,  3,  or  4. 

4.  nra:«-2a:cos(3r+r)^  +  l"|, 
where  r  =  0,  1,  2,  3,  4,  or  5. 

5.  nrx»-2a;cos(6r  +  2)^  +  l"| , 
where  .  r  =  0,  1,  2,  3,  4,  5,  or  6. 

6.  (a;  - 1)  n    a*  -  2a;  cos    ^  +  M  >   where  r  =  1  or  2. 

7.  nT a"-  2a:  cos  (2r  +  1)  |  +  M »  ^^^re  r  =  0,  1,  or  2. 

8.  (x  —  1)  n    a;*  -  2a5  cos  -=-  +  1    ,  where  r  =  1,  2,  or  3. 

9.  (a;+l)nra;«-2ajcos(2r+l)^+  ll , 
where  r  =  0,  1,  2,  or  3. 

10.  (a5»-l)nrar'-2a;co8^+ ll,  where  r  =  1,  2,  3,  or  4. 

11.  (a;+l)n  Taj" -2a; cos (2r+l)^+  ll , 
where  r  =  0,  1,  ...5. 

12.  (x'*-l)nra;>-2a;cosy  +  ll ,  where  r=l,  2,  ...6. 

13.  nrar»-2a;co8(2r+l)^  +  ll,  where  r  =  0,  1,  2,  ...9. 

29.  Take  the  logarithm  of  both  sides  of  the  expression  of 
Art.  115  reading  r  instead  of  x ;  differentiate  with  respect  to  r 
and  then  integrate  with  respect  to  6. 


TRIGONOMETRY.      (PART  II.J 

ZXn.    (Pages  175, 177.) 

2.     +  -32746 . . .  ft.,  and  +  -24989 ...  ft 

acos2p  a  sin^  fi 

^*      C08'(a+2py  "^"^   cos»(a  +  2^)    '• 

i^  and    ^(^-f)-feot. 
54  54 

-      g-ycosC  y^xcoaC  ^^  ,.  „^ 

f .     ; — fj—  ana  ; — ;i —  racuans. 

c  sin  B  c  sin  il 

8.     "  -TR  inches. 
40 


1.     ~1,  and 


XXTTT.    (Page  180,j 
1±n/3 


2 

2.  -  1  +  2  cos  40%  -  1  +  2  cos  160%  and  - 1  +  2  cos  280". 

3.  -4,  and  2+2^3.  4.     4,  and  1  +  ^/3. 

5.  2^7  cos  0,  where  ^  =  33'  37'  52",  153"  37'  52",  and 

273"  37'  52". 

6.  _  I  +  h^  cos  ^,  where  $  =  39"  5'  51",  159"  6'  51",  and 

279"  5'  51". 

7.  I  x/2T  cos  0,  where   ^  =  44"  50'  49",  164"  50'  49",  and 

284"  50'  49". 

XXIV.    (Page  182.) 

3.  The  least  value  is  -  2. 

4.  The  least  value  is  J'a^  -  6*. 

5.  The  greatest  and  least  values  are  3  and  ^  respectively. 

6.  The  least  value  is  2ab. 

7.  The  least  value  is  (a  -  bf. 

8.  2  tan  a.  9.     2  sec  a. 
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